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The use  of r e a l  va lued  m a r t i n g a l e s  i n  p r o b a b i l i t y  theory  h a s  grovn s t e a d i l y  
s i n c e  t h e i r  d e t a i l e d  i n t r o d u c t i o n  by Doob i n  1950. Vector  valued m a r t i n g a l e s  v e r e  
f i r s t  s t u d i e d  e x p l i c i t l y  i n  1960 by C h a t t e r j i  and independent ly  S c a l o r a ,  and v e r e  
r a p i d l y  recognised a s  a  p w e r f u l  t o o l  f o r  t h e  s t u d y  of c e r t a i n  Banach space  s t r u c t u r e s  
( s e e ,  f o r  example, D i e s t e l  and Uhl, 1977) .  

Bes ides  i n t roduc ing  t h e  i d e a  of a  v e c t o r  va lued a a r t i n g a l e  t h i s  a r t i c l e  g ives  
a "geometric" proof of t h e  fo l lowing  convergence theorem which makes no use  of proba- 
b i l i t y  t heo ry  and invo lves  a  minim~nn of measure t heo ry .  

'IHU)RM 1. Let (I,, fnl be a martingale i n  L (I,u;X/ uhere 1 < p < - m.d X i s  a unifom!? 
P 

m u e x  Bmroch space. Then :here eais te  fw  c L (Z,g;X) 1~6th Ilfn + 0 i f  (and a 2 3  
P 

i f )  1 in\/? 5 K for a l l  n d .erne X > 0. 
P 

Our proof is p a r t i c u l a r l y  s imp le  when p = 2 and X is  an H i l b e r t  s p a c e .  S ince  t h i s  
ca se  vould  u s u a l l y  be in t roduced  f i r s t ,  t h e  proof f o r  o t h e r  c a s e s  has  been r e l e g a t e d  
t o  f o o t n o t e s  and remarks.  

The a r t i c l e  oves  much t o  t h e  sugges t ions  of my c o l l e a g u e s ,  i n  p a r t i c u l a r .  
Xr. L. K a v a l i e r i s ,  made du r ing  a  s e r i e s  of seminars  a t  t h e  U n i v e r s i t y  of N e w  England. 

5 1 PRELIMINARIES. 

Throughout t h e  a r t i c l e ,  1 d e n o t e s  a  o-a lgebra  of subsete  of Ci and p a  countably  
a d d i t i v e  p r o b a b i l i t y  measure on Z ( t h a t  is p(El 2 0 f o r  a l l  E c Z and ~ ( ' 2 )  = 1). 

R is  a  H i l b e r t  space  over  t h e  r e a l  f i e l d ,  v i t h  i nne r  p roduc t  ( - , - I ,  and X i s  
a  r e a l  Banach space .  We s a y  X ie u n i f o m l y  c a v e z  i f :  every  sequence  (z-l f o r  which 

Z + Z  
n 

n rn 
llzn 1 1  and 1i 2 I 1  have a conmron l i m i t  a s  n,m +- ,  is a  Cauchy sequence  (and hence 

convergent)  . ( I )  I t  i s  an e a s y  consequence of t h e  pa ra l l e log ram r u l e  t h a t  B is u n i f o r d y  
2 - Z  n m 2  2 Z + Z  

convex (11- I 1  = Y I Z ~ I I  + Y I Z ~ I I ~  - I I ~ I I ~ ) .  

( 2 )  
Bochner i n t egmt iun  for vector valued functiune. 

The r e a d e r  i n t e r e s t e d  on ly  i n  r e a l  va lued mar t inga l e s  cou ld  pas s  ove r  t h i s  
m a t e r i a l  provided B ( t h e  r e a l  numbers) is everywhere s u b s t i t u t e d  f o r  6' o r  X and i n t e g r a l s  

( 1 )  T h i s  form of t h e  d e f i n i t i o n  is most s u i t e d  f o r  our  purpose.  The equivalence  wi th  
C la rkson ' s  o r i g i n a l  d e f i n i t i o n  be ing  a  s imple  ma t t e r .  

(2) For d e t a i l s  s e e  e i t h e r  Dunford and S c h v a r t q 1 9 5 8  o r  D i e s t e l  and Uhl, 1977. 



a r e  Fn te rp re t ed  i n  t h e  s ense  of Lebesgue. 

A f u n c t i o n  j: R -+ X is  u-measurcbZe Ff t h e r e  e x i s t s  a sequence of sFmple 

f u n c t i o n s  (S  I w i th  IIS (wl - f(wlll * 0 f o r  u-almost a l l  w E R. 

A simple func t ion  i s  of t h e  form 

f o r  some z1,xZ, ..., xN e X and E l ,  ..., E e 1, which,without l o s s  of g e n e r a l i t y ,  may be N 
assumed t o  be p a i r v i s e  disjoint. Here w d  e l s e v h e r e ,  X i s  t h e  c l - a r a c t e r i s t i c  f u n c t i o n  

E 
of rhe  s e t  E. The i n t e g r a l  of such a  s lmple  f u n c t i o n  f i s  d e f h e d  i n  t h e  obvious vay;  

A u-measurable  f u n c t i o n  is  i n t e g r a b l e  i f  t h e r e  e x i s t s  a  sequence ISn) of 

s ' s p l e  f u n c t i o n s  w i th  

I  - f I  d  * 0 . (Lebesgue i n t e g r a l )  

R 

I2 t h i s  ca se  t h e  norm lFmi t ,  as n  * m, of S  d~ e x i s t s  f o r  each E E Z and i s  inde- 
I n  

pendent of any p a r t i c u l a r  choice  f o r  IS  I .  By d e f i n i t i o n ,  f du is t h i s  common l i m i t .  L 
'C 

For 1  S p < we denote  by L IZ,u;X) t h e  space  of f: R * X f o r  which 
1  P 

I = I J' ilf(u)liP E ~ ) B  < o. 
r R 

I t  i s  a  s i g n i f i c a n t  r e s u l t  t h a t  t h e  e lements  of L (1,u;XI a r e  p r e c i s e l y  t hose  1  
i . a c i i o n e  which a r e  i n t e g r a b l e  i n  t h e  above sense .  It f o l l w s  from K61der1s i n e q u a l i t y  

d t h e  f i n l t e n e s s  of u t h a t  t h e  e lements  of L fZ,p,X) a r e  i n t e g r a b l e .  F u r t h e r ,  a s  i n  
P 

the  s c a l a r  ca se ,  1 I . I I  i s  a  Banach space  norm f o r  t h i s  space .  13) 
P  

1 - 3  2 .  LZIZ,u;lil i s  a H i l b e r t  space .  

F i m P .  = jn( f Iw) ,gIu))  dp d e f i n e r  an inner-prod,wt  on LZ(Z.~;%) 

X . 3 .  Day r19411 proves  t h e  fo l lowing .  

A 3 .  L IZ,p;X) i s  A f o m Z y  m v e z  if 1  < p < - -2 X is 9orifsmLy c n v e z .  
p 

.71 S t r i c t l y ,  th2 space  of equ iva l ence  c h s e s  modulo almost everyvhere  z e r o  f u n c t i o n s .  

- 5 2  - 



Let Z be a proper  sub 0-algebra of 1 .  then L ( Z  u ;X)  is  a proper  subspace 
0 

of L IZ,u;X). 
P oJ 

i 
Clea r ly  f o r  any given f  e L (E,u;X) t h e r e  can be  a t  most one f  6 L ( 1  p;X) 

r ( 
P 0  P o '  

with  jE f  & = b f o  d y  f o r  a l l  E e Lo. 

When such a  f  e x i s t s  i t  w i l l  be r e f e r r e d  t o  as t h e  -i t-kmal e q e c i d t i a  
0 

3f  f with r e s p e c t  t o  Z and denoted by E ( f ( Z O ) .  
0  

L W  4 .  f o  r Mo = L ( Z  ,u;H) i n  the wnditional e r p e c t a t i a  o f  f  : A t h  respec t  to 
2  0  

Z ,  df cnd m Z y  i f  ( f  - f o , g )  = 0  f o r  a l l  g  e Mo. 

??,w?. I t  is s u f f i c i e n t  t o  cons ide r  g  = dE  where z e A  and E  e Z O  (Mo is  t h e  

closed l i n e a r  span of such f u n c t i o n s ) .  N w ,  

>:a i f  - f G , z  XS = 0  i f  and only  i f  

(1 i f  - f o ) i u i  d u , z )  = 0  f o r  a l l  r r a. 
E  

While i t  i s  no t  necessary  f o r  our subsequent work, one k p o r t a n t  consequence 

sf i X s  lemma i s  t he  e x i s t e n c e  of E ( f  1 ~ ~ )  f o r  every f  e L 2 ( Z J p ; B )  a& sub a-a lgebra  Z O .  

T-is f o l l w s  s i n c e  f o  i s  t h e  f o o t  of t h e  p e r ~ e n d i c u l a r  f r m  f' t o  H0 i f  and only  i f  f o  - 
i s  :he c l o s e s t  p o i n t  f r w  No t o  f ,  t he  e x i s t e n c e  of which i s  e m u r e d  by the  uniform 

c c r ~ e x i t y  of L (Z,u;B!.  2  

Another consequence is  t h e  f o l l w i n g .  

C:XLUKY 5 .  For f  r L 2 i Z J y ; A ) ,  I IE( f lZG) l lZ  5 llfl12. ( )  ~ r z i e e d  rip - c p i n g  j + ~ ( f  i o l  

l e  z ~ a r n  m e  l i n e 0  pro jec t ion  m t o  L 2 ( Z l r ~ ; B I .  

-- - 
: LCF. 

2  
11: C 11 = i f o , , f o )  

= (f - i f  - f o ) , f o )  

= ( f , f o ) ,  by lemma 4 .  

5 I\~lillf 1 1 ,  by the  Cauchy-Schvartz i n e q u a l i t y .  S 



By a  . m t i n g a Z e  f Z  f  I i n  L  fZ,p;XI we mean a  nes ted  sequence 
n' n  P 

T, 5 Li S ... dn 5 ... I; Z of sub o -a lgeb ras  and a  sequence of f u n c t i o n s  - - 
- p ' f l , .  . . , fn,. . . w i t h  fn 6 L  fZn,b;XI, which s a t i s f y  t h e  m r t i r q a l e  cordition 

P 
f- = 7:fE 1 Z j f o r  a11 n  2 m. (51 

m 

A s  a n  example n o t e  t h a t  f o r  any n e s t e d  sequences  of sub a -a lgeb ras  

Z, 2 , 5 ... 5 E 5 ... r Z and any f  c L2fZ,p;HI,  ( 1  , E ( f j I E j )  i s  a  a a r t i n g a l e .  

To check t h e  m a r t i n g a l e  cond i t i on  observe  t h a t  f o r  n  r m and E c Zm we have 

I I 
E f f l Z m )  du = f d u ,  by the  d e f i n i t i o n  of - P f .  ( . I ,  

J E J E  

I 
= E f f l Z n I  d,~, a g a i n  by t h e  d e f i n i t i o n  of E ( - ( . I  and t h e  

J E  
f a c t  t h a t  E  r In. 

.?YC,~ o f  t& Main Theorem. 

Ue a r e  now i n  a  p o s i t i o n  t o  prove  Theorem 1. 

.;/ A proof of t h i s  r e s u l t  f o r  g e n e r a l  p c [?,-I i s  t h e  f o l l w i n g .  By t h e i r  
d e n s i t y  we may assume t h a t  f  is  a  s h p l e  f u n c t i o n ,  then 

n  P r Jr: E f f  Z Ih.11 X E  1 ( 1  du, b y  Jensen 's  i n e q u a l i t y .  
0  G- 1 t t  

P 
= 1, f 2 lzill X ) dp ,  by d e f i n i t i o n  of .Ei. / z o )  and t h e  f a c t  

i=? Ei il c r0 .  

' t ,  S e t t i n g  unfEI = jE  fn  dp, f o r  a 1 1  E  E Z n ,  t h e  m.arting.de cond i t i on  may be  

re-expressed a s :  For n  2 m t h e  r e s t r i c t i o n  of u t o  Zn is  pm. n  



Let  ('i , f l be  a  m a r t i n g a l e  i n  L2(Z,p;H) w i t h  I l f  U 5 K f o r  a l l  n .  L e t  
n n n  2 

= L,!IE,;i;Hl, t h e n  we have  t h e  f o l l o v i n g  s t r u c t u r e .  . - 
A n e s t e d  sequence  of  c l o s e d  s u b s p a c e s  M < M 5 ... s Mn 5 ... and a  

0 -  I  
s z i f c r m l y  bounded s e q u e n c e  fo,fl, . . . , fnJ . . .  w i t h  fn e Mn. 

I I  f o r n s m .  By t h e  m a r t i n g a l e  c o n d i t i o n  and c o r o l l a r y  5  we have l l f n U Z  5 

?"us II.sOll , ] I f l  11 2,. . . , l l f n l l  2,.  . . is a n  i n c r e a s i n g  sequence  of real n d e r s  bounded 

a o w e  by K ,  and s o  c o n v e r g e n t  f rom below t o  some r e a l  number 2 .  

F u r t h e r ,  f o r  n  < m 

r ilE(fn + ~ ; l r / Z ~ l l l ~  = ~ l l f  I 1  
n  2 

l a g a i n ,  by c o r o l l a r y  5  and t h e  m a r t i n g a l e  c o n d i t i o n ) ,  s o  

I + -- 
'n 'm li- 1 1 2  -+ k a s  m,n -t -. 2 

?ence ,  by t h e  u n i f o r m  c o n v e x i t y  of  L (1, p;h ' ) ,  fo,  fl,. . .,fn,. . . is a  Cauchy sequence  
2 

zr;d s c  by t h e  c o m p l e t e n e s s  of  t h e  s p a c e ,  c o n v e r g e s  t o  some f- e L2iZ,2;?/. 

I f  Z_ d e n o t e s  t h e  o - a l g e b r a  g e n e r a t e d  by u In, i t  is t r i v i a l  t o  check that 
?I - -- t IJ .4 = L2(Z, p;H) - t h e  p r o p e r  home f o r  o u r  m a r t i n g z l e  l i m i t .  - n n 

On t h e  b a s i s  of  o u r  e a r l i e r  o b s e r v a t i o n s ,  t h e  proof f o r  a r b i t r a r y  ? E (I,-) 

a d  u n i f o r m l y  convex Banach s p a c e  X is  m e r e l y  a  p a r a p h r a s e  of t h e  above. 
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THE LARGEST PRIME 
R e a d e r s  o f  t h e  h a  Angeles  Times (November 1 6 ,  1978) vill no doubt  kziov cf 

che e x p l o i t s  of  two f reshmen s t u d e n t s  o f  CSC Hayvard,  Laura H i c h e l  and C u r t  Soil, L ~ O ,  

f o r  a  h i g h  s c h o o l  computing p r o j e c t ,  shoved  t h a t  2 23701 - 1 (5553 digits) is  p r i n e .  

h o l l  c o n t i n u e d  t h i s  work and i n  F e b r u a r y  1979 found t h a t  2'"" 7903 - 1 (f567 d i g i t s )  i s  
~ r h e .  A more r e c e n t  announcement of  t h e  L.A. Times (Xay 31 ,  1979) r e v e a l s  t h a t  t h e  

is 2:4497 
t b e  n e x t  H e r s e r n e  pr ime - I (;3:35 d i g i t s )  a  r e s u l t  due t c  2 2 r r y  t ielson 2nd 
T'avid S luwins i i i  . - 55 - 




