
A SUPPORT MAP C H A R A C T E R I Z A T I O N  OF T H E  

O P I A L  C O N D I T I O N S  

A Banach space [dual  space] X s a t i s f i e s  t h e  weak [weak*] 0piaZ 

z ~ d i t i o n  i f  whenever (x,) converges weakly [weak*] t o  xm and xo # xm 

we have 

l imninf llxn - xmll < l i m  i n f  Ilx - xoll . 
n n 

zdziseaw Opial El9671 introduced t h e  weak condi t ion  t o  expand upon r e s u l t s  

of Browder and Petryshyn El9661 concerning t h e  weak convergence of i t e r a t e s  

f o r  a  nonexpansive selfmapping of a  c losed  convex subset  t o  a f ixed  po in t .  

In p a r t i c u l a r  he observed t h a t  a  uniformly convex Banach space with a weak 

t o  weak* sequen t i a l l y  continuous support mapping s a t i s f i e s  t he  weak condi- 

t i o n .  A support  mapping is  a s e l e c t o r  f o r  t h e  duazi ty  map 

* 
X 

D: X + 2 : x I f  E X*: f  (x)  = lif112 = 11~11~) 

Uniform convexity i s  no t  s u f f i c i e n t  f o r  t h e  weak t o  weak* sequen t i a l  

con t inu i ty  of  t h e  unique support mapping. Browder [1966], and independently 

Hayes and Sims i n  connection with opera tor  numerical ranges,  had observed 

_= t h a t  t h e  uniformly convex space L 4 [O, 1 1  does no t  have a weak t o  weak 

(= weak*) continuous support  mapping, while a l l  of t h e  sequence spaces 

Lp (1 < p < m )  do. Opial El9671 demonstrated t h a t  with t h e  exception of  

p = 2 none of t h e  spaces L [O, 1 1  have weak t o  weak continuous support 
P 

mappings. Indeed, Fixman and Rao cha rac t e r i ze  Lp(i2, C ,  p) spaces wi th  a 

weak t o  weak continuous support mapping a s  those  spaces f o r  which every 

element of  C with f i n i t e  p o s i t i v e  measure conta ins  an atom. 

That uniform convexity is  not  necessary is  shown by t h e  example of 
Ll 

with  an equiva lent  smooth dual  norm. That t h e  unique support mapping i s  



weak t o  weak* sequent ia l ly  continuous follows from t h e  norm t o  weak* upper 

semi-continuity of a d u a l i t y  mapping and t h e  f a c t  t h a t  " i s  a Schur space. 

These e a r l y  r e s u l t s  were considerably improved by Gossez and Lami Dozo 

[1972]. In p a r t i c u l a r  they show t h e  followinq. 

(1) The assumption of uniform convexity i s  unnecessary f o r  Opia l ' s  r e s u l t :  

Any Bmach space [dual space1 with a weak [weak*] t o  weak* sequentially 

continuous support mapping sa t i s f i e s  the weak [weak*] Opial condition. 

Indeed, t h e i r  proof i s  e a s i l y  adapted t o  show t h a t  a space has t h e  weak [weak*] 

Opial condit ion i f  t he  Duality mapping is such t h a t  given any weak* - 

neighbourhood N of z em ,  i f  (x,) converges weakly [weak*] t o  xm then 

eventually D ( x ~ )  n (D(xm)+ ) z 0. 

(2)  The weak Opial condit ion implies the  f ixed point  property f o r  non- 

expansive self-maps of weak-compact convex s e t s .  We give a d i r e c t  proof 

[Van Dulst, 19821 which a l s o  app l i e s  i n  t h e  weak* case. 

P r o p o s i t i o n  1 :  Let x be a Bmach space [dual space with a weak* - 

sequentially compact b a l l 1 ]  sat is fy ing the weak [weak *I Q i a l  condition. 

I f  c i s  a weak [weak*] - compact convex subset of X, than any non- 

expansive mapping T: c -+ c has a fixed point. 

Proof :  Choose xo E C ,  then s ince  C i s  closed and convex, f o r  any n 

1 
t h e  mapping (1 - -)T + I x  i s  a s t r i c t  contrac t ion on C which by t h e  

n n o  

Banach contrac t ion mapping p r inc ip le  has  a unique f ixed p i n t  x i n  C. 
n 

Using t h e  boundedness of C i f  follows t h a t  

llxn - TxJl -+ 0 . 
Passing t o  a subsequence i f  necessary we may a l s o  assume t h a t  (xn) 

converges weak [weak*] t o  a p i n t  xm. 

' ~ o r  example; t h e  dual of a separable space, o r  more genera l ly  t h e  dual of 

any smoothable space. 



Then, 

l imninf IITx, - x 1 1  = L i m  i n£  llTxm - ~ x ~ l l  
n n 

5 l i m  i n f  IIxm - xnll 
n 

con t r ad i c t i ng  t h e  weak [weak*] Opial condi t ion  unless  Txm = xm 

Gossez and Lami Dozo [I9721 i n  f a c t  proved t h a t  t h e  weak Opial condi t ion  

impl ies  normal s t r u c t u r e  thereby deducing t h e  weak vers ion  of  t h e  above 

- r e s u l t  v i a  Kirk [I9651 . 
Whether o r  not  t h e  weak* Opial condi t ion  impl ies  normal s t r u c t u r e  f o r  

weak* comapct convex s e t s  remains an open quest ion.  

( 3 )  Weak t o  weak* sequen t i a l  con t inu i ty  of  a  support  mapping i s  not  

necessary f o r  t h e  weak o p i a l  condi t ion .  For 1 < p < q < = t h e  space 

(lp @ ) s a t i s f i e s  t h e  weak Opial condi t ion ,  bu t  [p.ruck, 19691 t h e  
2 

unique support  mapping i s  not  weak t o  weak continuous. 

Kar lovi tz  [I9761 explored o the r  connections between t h e  Opial condi t ions  

and t h e  space ' s  goemetry, e s t a b l i s h i n g  a r e l a t i o n s h i p  wi th  approximate 

s y m e t r y  i n  t h e  Birkhoff-James not ion  of or thogonal i ty .  

The purpose of  t h i s  note  i s  t o  provide t h e  fol lowing cha rac t e r i za t ion  

of t h e  weak [weak*] Opial condi t ion  i n  terms of  support  mappings. 

, 

Theorem 2:  The Bmach space [dual  space] x s a t i s f i e s  t h e  weak [weak*] 

Gpial condi t ion  if md only if whenever (xn) converges weakly [weak" t o  

a non-zem, l i m i t  xm t h e r e  e x i s t s  a  6 > 0 such t h a t  eventua l ly  

Proo f :  (9 Assume t h i s  were not  t h e  case ,  then  by pass ing  t o  subsequences 

we can f i n d  (xn) converging weakly [weak*] t o  xm with IIxnl1 t llxmll > 0 

and f n  E D(xn) such t h a t  l i m  fn(xm) 5 0 .  



But 

limninf 11x 11 = l i m  i n f  Ilx - 0112 
n  n  n  

> l i m  i n f  1lx - xJI2 n  n  

t l imninf f  (xn - x,) 
n  

= limninf (llx2I2 - fn(x,)) 

= l imninf l)xnl12 - l i m  fn(x,) , 

whence l k m  fn(x,) > 0, a  cont radic t ion .  

(* a  modification of t h e  proof i n  Gossez and Lami Dozo [I9721 .) 

Using t h e  i n t e g r a l  representa t ion  f o r  t h e  convex function 

t I-+ 411x + ty1I2 [Roberts and Varberg, 1973, 12 Theorem A] we have 

where 

+ l i m i t  '/,llu+hd12 - ~lluIl2 
g  (u ;  Y)  = h+O+ h 

To e s t a b l i s h  t h e  weak [weak*] Opial condit ion it s u f f i c e s  t o  show 

t h a t  i f  yn converges weakly [weak*] t o  ym f 0 then 

l i m  i n f  +I1 ynll > l imninf 411 yn - y,ll 2 n 

Now, 

l imninf ?',(I ~ 2 1 ~  2 l i m  n  i n f  la1 yn - ym1)2 

+ l imninf lLg+(yn - y- + ty,i Y,) d t  . 
By Fatou 's  lemma [Halmos, 19501 it i s  the re fo re  s u f f i c i e n t  t o  prove 

f o r  each t E (0 ,  1) t h a t  

+ 
l i m  i n f  g  (yn - y, + t ym;  y,) > 0. 

n  



But, 

+ 
g (yn - Y, + ty,; Y,) = h x I f ( y , )  : f  E D(Y, - Y, + t~ , )  1 

[Barhu and Precupanu, 1978, $2.1 example 2' and Proposit ion 2.31 and 

Yn - Y, + t Y m  converges weakly [weak*] t o  tym z 0, so  f o r  n s u f f i c i e n t l y  

l a rge  and some 6 > 0 we have f ( t y m )  > 6 f o r  a l l  f  E D(yn - y, + ty,) 

- - Remarks : 

(1) Using t h e  weak* - neighbourhood f g  E X*: g(x,) > -411xm1121 of  0 i n  X* 

it i s  e a s i l y  seen t h a t  t h e  condit ion of  t h e  theorem i s  s a t i s f i e d  i f  

t h e  Duali ty mapping i s  sequen t i a l ly  weak [weak*] t o  weak* upper semi- 

continuous. 

(2)  From t h e  d e t a i l s  of  t h e  proof we see  t h a t  i f  f o r  some s e l e c t i o n  of  

fn  from D(xn) we have l imninf fn(xw)  > 0, where x converges 
n 

weak [weak*] t o  x, z 0, then the  same is t r u e  f o r  a l l  s e l ec t ions .  
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