
BANACH SPACE GEOMETRY AND 

T H E  FIXED POINT PROPERTY 

ABSTRACT. This is tlic test of four lect,ures given a t  the special interna(.ional 1vo1.k- 
slioj, (111 1net1.i~ fiscd point tlteoLy held a t  t,he University of Seville fro111 Sept,enlbe~. 
25-29, 199.5. 

Tl~rougliout S ( A )  ( (  , 1 )   ill denote a real Banach space (alt,llougll our resull,s 
remain valid if S is over tlir complex field). The closed unit I~a,ll of X is Bx := 

{z E -1- : IIxlI < 11, and the unit sphere of X is ,Sx := {x E A- : IlxII = 1). Tlle 
dual space of S is the space S' of all co l~ l , i~~uous  linear fu~lctionals f : S - IP! 
equipped with the nor111 ( I  f := s u p  f (Rx-). For each z E X we clefine the evalu a t '  1011 

functional x : ,I-* - P : f +- r i f )  := f j x ) .  The  napping J : x t-+ x is an  isolllet,ric 
isomorpl~ism of S int,o -I-" and we refer Lo := J ( S )  as the 11at.ura1 e ~ n b e d d i ~ ~ g  
of X in S**. Tlle space .\' is reflexive if = ,I7**. By the duality lnap 011 S 
we understa,nd L) : - 2x' : x + {f E ,I7* : f ( x )  = Ilfl\ll.~:ll = I~:cII"). D ( x )  
is nonempty for each x E S courtesy of the IIahn-Banach theorem, and it is a 
i 'u~ldame~ltal  result of l< .  C'. James that ,Y is reflexive if and only if D is o~lt ,o.  

Besides t h ~ .  norm Lopolog. we will be co~lcer~led wit,l~ the weak t.opology OII S, 
IU := u(?i, X * ) ,  aud t,hc weak' topology 011 X* ,  tu* := u ( X * ,  X ) .  For wlmt follows 
it will be enough to  recall the following. 

111 the case of the weak topology: 
w 

(1) For a sequence (x , , )  we have z,, - z  if and only if f(z, ,)  -+ f ( x ) ,  for all 
f EX*. 

(2) A subset A of S is ur-compact if and only if it is to-sequentially compa,ct 
( the Eberline-Smullia~l theorem), 

(3) The  norm functioll on A- is w-lower se~ni-conti~iuous. 
(4) The  unit hall BA- 1s ul-compact if and only if ,I- is reflexive. 
(5) Of 'historical' importance for metric fised point theory is Mazur's theorem: 

for A X we have A = A. 

1991 A l a t h e n ~ a t i c s  S u b j e c t  C l a s s i f i c a t i o n .  Piimary 4iH09; Secoildary 4iH10, 4GB20. 
I wodd  like t,o thank the Universit,y of Seville and the Workshop organizers for tlie invitat.ion 

to participate in t.lie workshop and for their efforts to stage such a rewardiilg and sciellt,ifically 
successful 111eet.ing. 
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In tjhe case of (,he ~ver~k* t,opology: 
w * 

(1) For a net (f,) we have f, - j if  ai1~1 (1111y i f  1 ,  i .J. 1 -- , / I  . I , ! .  for all :E E 'Y. 
(2)  to*-compact sets are IU*-seclrienlinll!~ co~~~l> : r , - t  if I''-II. ~ ~ \ ; ; I I I I ~ ~ I ~ ~  .y is separal~le 

(in which case the relative u)*-tol)olog>- O I I  Bs. I. :I 111l.lrii tc!pology), or 
niore genera,lly if X smool . l~al~l(~ ( t l ~ a t  is. f o r  sonil I < ~ ~ I I I I : \ I ~ , I ~ L  llorill 011 S 
t,he tlriality map D is single valr~catl j 

(3)  An c?quivalent n o r ~ n  oil S* is t11e rli~al i1oi.111 of all c~q~iiv:iI~.l~i II(:II .I~I 011 if 
a.nd only if it. is tu*-lower s e n ~ i - c o ~ ~ t i ~ ~ u o r ~ s .  

(4) Bg is UJ'-dense in Bx** (Golclstc,ii~'s theorem). 

\Ve will concentrate on tlie 11, and 11.' lopologies. \4'liile many l j f  t l ~ r a  ~.esulls 
extend t.o other locally conves linear topologies T for which t.lle norm is r-1on.e~ 
semi-continuous! the results and arg~iinc~i~l~s for 1.hc ,u1 or 'ti>* ca.srs are typical. 

In all t,hat follo~vs C' r~ i l l  denote a ~ioi ie i l~l~ty  closed bouilded convex sul~set .  itncl 
T : C - C a nonespansive self ~ i l a l ~ l ~ i i ~ g  of C:  that is, (/T:c - Tylj 5 ( 1 . 1 :  - Y ( ( ,  for 
all 2 ,  y  E C .  

Exa.mples of nonexpansive inaps on approl~riat~e doinains inclride t81ie follo~ving, 

(1) Isomet,ries, 
(2) Shifts, 
(3)  nilultiplicatioll operators, 
(4) Resolvents of accret,ive operat.ors, 
(5) Contractions (that  is, z  # y  ( ( T z  - Ty( (  < ) ) z  - y l J ) .  It is interest~ing 

to note t.llat wllile being a contract.ion is clearly illore restrictive t l~ail  being 
a ~lo~iexpa~is ive  map, apart from t,he observat,ions that  cont~ract~ions ca,n 
have at  nlost one fixed point, al~nost nothing more seems to he l i110~11 for 
co~ltractioils tlian for iloliexpa~isive nia,ps. 

(6) Strict contractions ( that  is, there esists k E [O, 1) sucli t,llat (1T.c - '1'!l)) < 
k J J s  - y J J ,  for all x ,  y E C) .  These are the su1:lject of t,lle celel~rafcttl 13nilacl1 
cont,raction mapping principle, wl~ich ensures the existeilce of a (~~ecessarily 
unique) fixed point to  wliich ally orhit s. Y'.r. T ' x ,  1'"s. . . . I S  norm con- 
vergent a,t. a geonlet,ric rat,e. 

We say 3- has the fixed point property. f p ~ ~ .  i f  O I I  each ~loiiempty closed bounded 
convex sul~set  C every no~lexpaiisive self ~ i l a l ~ [ ) i i ~ g  1' 1 l i 1 ~  a fixed poiiil. 

We say S has the weak fixed point prol~ertx. 1i,-f111) : if on t:acll nonempty ui- 
coillpact convex subset C every noi~esl~ansive selr inapping 7' has a fixed point.. 

We say the dual of X, X*, lias tlie weak* fixed p o ~ n t  propert-, ~c!*-fpl, . if 011 

eacli nonempty w*-compact convex subset C every nonexpansive self mapping T 
lias a fixed point. 

MTe will be concernecl with sufficie~it conditions for each of t,hese 11ropert.ies. Of 
course all three properties coincide when S is reflexive. 

Not all spaces enjoy these properties. For example: 
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( 1) co fails t,lie fpp. 7' : ( , I : ~ ,  .ra, xs,  . . . ) r (1, ,1:1 , 1 : 2 ,  . . . ) is a fixetl point free 
isoinetry 011 BA := {(.zr1) : x,, - 0, 0 5 t,, 5 1).  

(2)  C1[O. 11 fails t,he 20-1'11~ . 'rlie balier t,ra~lsforill followed I I ~  t ' l~e  'reflecbioi~' 
{(I) r 1- f ( I )  is n fixctl point free isometry on t,lie w-compact order inlerval 
0 5 f ( i )  < 1. This is ;I moclificatioil Ijy R. Sine [Si] of the celel~rated example 
of D. Alspach [A] \v l~ic l~  lirovicled t,he first instance of a Banacll space faili~ig 
the w-fpp a ~ ~ d  so se(,tlecl a questioil of more than 20 years stantling. Tlie 
e san~p le  is c a ~ ~ o ~ ~ i c a l  ill abst,ract L-spaces [B-S], and remains effe~t~ively t,lie 
only explicitly I ino \~n  example for t,he failure of the eu-fpp (for an alterilat,ive 
construct~ion ser Scllrcll(mann [Sc]). 

(.3a) C1 = cT, equiplwtl n.ith tlie equivalent dual norm ()(.l:,)II := Il(a:,, ) ' I l l  V 
II(xtl)-lll fails the u.'-fpp for T(z, ,)  := (1 - C x,,, X I ,  x2, . . . ) acting on 
t,lle ~v*-colnl~act cu~l\c,x set C := B: [Lim]. 

(3b) C1 as c* fails t l ~ e  1 ~ . ' - f p p  for an afiile coiltractioil [D-L, Sin]. 'To see this, i t .  
is convenient to co~lsiclcr i l  acting on c via the act.ion (s,,)(c,, ) := xlcl  + 
;1:2 liillc, + .c3r1' + .I ,  , c : ~  + . . . . for (n: , )  E C1 and all (c,,) E c. Tlleli, for 
ally 6 E (0 ,  1 )  alltl S ( ~ ( ~ I I ( ~ I I ( : ( ;  (c,,) c (0 ,  1) wit11 CE,, < 1x1 talce 

acting on the u. '-con~part convex subset, 

I t  is unl;nown ~vliet,lier or not every Bnnach space has the w-fpp for cont,ract,ions. 

Ilencefortli we concentmrat,e on suflicieiit coiiclitions for the ru-fpp antl .u!*-fpp , 
and so for the fpp in the case of reflexive spaces. It is a sigilificailt ope11 questioll as to 
wliether or ilot tlie fi,p implies reflexivity, alt,llougll there is consideral~le evidence 
in support of the conjecture that  it tloes. The converse question is perhaps t3he 
fundamental ope11 question in metric fixed point theory. 

It is a n  interesting, but seldom used, result that  the ul-fi-,p is separahl j~  deter- 
rnlried. To see this, suppose that  C is a nonempty u)-compact convex subset and 
that  T is a fixed point free nonexpansive mapping of C into C.  Choose c E C antl 
clrfine Iil := {c) and iilductively Ii,,+l := ~ { T ( l i , , )  U Ii,,). Then 

Ii, := U I<,, 
11 

is a separable! convex tu-compact (by R4azur's t,lleorein) T- inva r i a~~ t  sulxet,, on 
~rllich Tll<_ is a fixc.tl point free ilonexpa~lsive self mapping. 
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T h e  a.l>ove arguniei~t actua,lly est.al11islies t,he forinally st.rolig~r result t,iiat. ally 
minimal u)-compact  convex T-invariant. set i.7 separable. 

A similar result in the PU*-case is potelltially important, as then u~'-c~ornpactliiess~ 
could be assurned sequential. Unfortunately no such general result seems 1<11(1\\~ii. 

The  sit,ua.t,ion in C(R)* has been iilvestigatetl by hl. Smytli [Sin]. If R is an ii~finit,e 
compact I-Iausdorff space C(R)* failure of t,lie ILJ*-fpp is separably det,ermined (ei- 
ther it c o ~ ~ t , a i ~ i s  ail isometric copy of C1, a ~ i d  helice of t,he Alspach example, or it is 
an Cl(T) ailtl failure of' the w*-fpp call Ile retlucetl t,o a separable example similar 
to  t . 1 ~  111 exainple considered above). If, liowever, Q is not dispersed tliell C : ( Q ) *  
coilt~ains a ilonseparahle w"-compact convrzx subset C which admils a nonexpa~lsive 
mapping T : C: -+ C for which C is a nli~linlal iilvariailt subset,. Tha,t is, C'(R)' 
contains ii~separahle minimal invariant s ~ b s e t ~ s .  

Suppose S (A*)  fails the 70 (PU*)-fpp, tlieil there exists a no~lenlpty co (1~1')- 
compa.ct convex subset C and a fixed point free  ione expansive inapping: T : C:  - C'. 
By the colupactiless and Zorn's lernma we may assume that  C is minima.1 in the 
sense that  110 proper no11einpt.y w (tu*)-compa,ct convex subset of G is invarianl 
under T. We will refer t,o such a set as a minimal invariant set for T (t,llat it is 
noneinl>t~y t o  (1~")-colilpact ailcl convex being underst,ood). We not,e in ljassing t,llat 
for t,ilose of an in t~i t~ionis t  persuasion Inore con~t~ructive a.pproacl1es t,o t,he exist,ence 
of such sets are possible [see G I < ,  for example]. 

I11 particu1a.r we readily see tallat such a minin~al invariant set C,' must cont,ain 
rnore tha.11 one point, an observation best expressed by c l ia~n(C)  := sup{llx - - 1 1  : 
z ,  y E C }  > 0, and t,llat 

(1) C = Z T ( C ) ,  in the ui-case, or 

(2) C = mtU' T ( C ) ,  in the 1u"-case. 
Our rneta-strategy is to  find furt,her propertries of such a minimal invariant, set, 

which are known to  be ruled out by (geomet,ric) properties of the space (or of the 
domain of T ) .  

Lemma 2.1. Let T be a fixed poinf free noitexpansive nzap and Cr a nt.inin~al in -  
variant set for T. If $ : C -- R satisfies 

( i )  4 is n w (w*)-lower senti-coi~tiizuous convex funct io~t , ,  and 
(ii) $(Tz)  _< $(x), for all z E C 

lhen  4 is con,startt on  C .  

Proof. D := {z  E C : $(z) = inf $(C)} is a nonernpty ui (ru*)-closed convex 
T-invariant subset of C ,  and so by nlini~nality D = C .  

From this we have t,he following basic observation of Brodskii and h'lil'nlan [B-MI. 
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Theorem 2.2. : I f  12 I S  n 111 j r ~ : " ) - c o i i ~ ~ a c f  i i i i i l i~ i ln l  i i ~ ~ ( ~ r i ( ~ i ~ t  S C . ~  f o r  t h e  Ji.l:ed 
poii l t  Jree i ~ . o i ~ c x p a n s z ? ; e  i n n p p i i ~ g  1' t l ~ f r l  C' r s  d ia l i l c f ra l  i a  t h e  s e i ~ ; s c  t h a t  J o r  al l  
J :  E C:! 

d i a i i ~ ( C )  = r r t d ( s ,  G) ,  - f h c  r a d i ~ l s  of  C about  .c 

P r o o f .  I t  suffices t,o verify t l ~ a t  ~ ' ( z )  := rad ( z ,  C') satisfies t,he hypotheses of l e~ l l~ l l a  
2.1, as then t) is a constal~i on C' wit11 value equal to  

sup r (1.) = sup sup (1.c - ~ 1 1  = d i a ~ n  (C) 
r E C  Y E C  

To co~nplete tlle proof we first ~ i o t c  t l ~ a t  4, is tlie suprelnuln of collves rc! (1.0*)-101ver 
semi-co~~t,inuous functions aud so i.; itself convex a,ntl 111 (1~")-lower se~ui-c,ont,inuoul;;. 
IVe nest  sllow that  

r , ( . r )  = s u p  11,1: - yll. 
y € C 0 7 ' ( C ' ~ )  

In the ILJ-case t,Ilis follo~rs mlmedlatel! sillce C' = mT(C'). 111 t l ~ e  w*-case C' = 
3. T ( C ) ,  so given c  > O there e s ~ s t s  a y, E C' w ~ t h  ~ J ( x )  - t 5 [la: - y,JI and a net 

UI 
y, -+ y, with y, E coT(C' )  'I'hus. 

and so there exists a y E c o T ( D )  with $(x) - 26 5 llz - yll 

It  now follows by stantlard convexitmy argu~l le~l t~s  that  

and so $(Tx)  5 $(z) ,  completing the proof. 

This has led to  the concept of normal structure. We say that  X (S*) has w 

(ZL'*)-normal structure if ~t does not contain ally nontrivial UJ (w*)-co~npact convrs 
diametral subsets. 

For e x a m p l e .  If (e,,,) d e i ~ o t e s  t h e  ~ l s t l a l  basis  in c o ,  t h e n  C := i%{e,,} i s  a ul- 

conrpacl  (e,, 0 )  coiz.z;ez d i a r n e f r a l  s u b s e t .  S o  co fai ls  t o  h a v e  .w-i~.orrnal  s t r u c f v r e .  

Clearly 
w (wt)-110rma1 structure 3 u, (w*)-fpp. 

\Ye call classify conditions on X (S*) as 'strong' if they imply ui (~1')-normal 
. t r ~ ~ c t u r e ,  and 'weak' if they fail to imply w (w*)-normal st,ructure while still en- 
quring tlle ur ( L I I * ) - ~ ~ I ~ I  for X (X*). 111 tlle nest  sectio~i we will survey some of the 



kizowil strong conditious. Weak coiiditio~is usually involve 'asyizzptobic' slrucbure i11 
S (A-*) aiid a.re best dea,lt witli a,fter we have coilsidered Baiiacli space ull.raprod- 
ucts iii section 4. First, however, in preparat,ion for later we consider t,lie reilla,iiliilg 
i~izporta.iit struc,ture kiiown for a i~iiiiiiilal illvariant set C for T. 

Alongside the diainetralit,?; of C'. anot1ic.r iiilport,ant 01)servation lias 1)eeiz the 
existence in C of an approxin~ate fixed  poi^^( scc~uence for T. Tlial, is, a sequence 
( a , )  c C wit,h / / a n  - T a n  1 1  - O ( to  o l~ta iu  such a sequence, clloose z0 E C ailtl 
t'ake a,, t o  be tlie unique fised poiiit of t l ~ p  strict coiltraction (1 - l / n ) T  + l l r i  3:0 

griara.nt'eed colirtesy of tlie Ba,iiacli contract ioll iiial~piiig priilciple). 

Now, let ( a , )  be a giveii approximate fixed poiiit sequence for T ill t,lie iliiiiiiilal 
invariant ru (1~')-coinpact convex set C ~ ' .  For each sulsseq~ience ( z c )  of (cr,, ) colisider 

If $J is 711 (rv*)-lower seini-coii~~i~iuqus, t,heli l~nli i ia 2.1 al111lics to give 6: lias coilstaiit' 
t', (,w ) 

value c on C .  Further, if xfi, - .ro we 11ave 

diani (C)  > c = $(z) > linlsup JIz - zfict 1 1  
n 

2 li~zl iilf Ilx - xk, ( 1  
n 

I - for a,ll z E C. 

So, siiice C: is dianlet,ral, we have c = d i a m ( C ) ,  and we have arrived a t  tlie fuilcla- 
mental leinina of Goebel [GI aiid Iiarlovitz [Iia]: 

1i1n llx - (I,,, 1 1  = dial11 (C) .  
n 

IVIien this liolds we refer to  (a , , )  as a dia~neterizing sequellce for C' 

111 tlie UI-case this is always the case (t,liis was tlie result of Goebel alid Iiarlovitz), 
as 70-lower seini-contiiiriit~y is ensured for (,he fliiicl~ioi~s y', defined a,l~ove. 

I11 the w'-case tliis inay iiot be tlie case. 

Exarnple. 111 C, = C; for. 

a n d  $ ( z )  := limsup,, Ilx - a,,II ule have f o r  
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. ! i ( i (  r . ( r , , )  = 1 while $(z,) = 2 .  So r ,  1.7 11ol lr.'-loutr- . S ~ I I ~ I - C O I I ~ ~ I I I ~ O I I . ~ .  Y ' h l ~  

I ,ililplc olor~g ,tuith ail ezairlplc 211 n sepnr,nblc drlnl n1.c ~ I I , C I I  111 [,V.!l.!bj. 

Tllc quest,io~i of wlie~i sucli are 1~1*-loiver semi-continuous. and so a rl.'-Goc?l~c:l 
i ~ l d  Iiarlovitz lemma, pert,ains, l i a  11een taken up by h3. A.  liliar~lsi [Iill] ant1 
~!)211], urho est,abIislied the result for stable duals (and duals with sli~~i~iliillg strongly 

~llollot.o~ie bases) and wf-orthogonal dual lattices: that is, Banach lat,t,ices for ivliicli 

111 - f, + O  l I l f , ( ~  I f 1 1 1  + O ,  for all f E X * .  

1l1e exte~ls io~l  of the Goel~el/I~arlovitz l e ~ n ~ n a  to  a wider class of dual spaces is an  
ope11 problenl. 

- 7 I h e  Goel~el/ICarlovitz lemma appears to endow minimal invariant sets with a 
richer struct,ure t l la~l  mere dianletrality: namely, the existence of a diamebrizi~~g 
sequence. Unfortunately the existence of any llontrivial tlia~llet~eral set iml~lies t l ~ e  
exist,ence of a dia,~netral set containing a dia~neterizing sequence. To see t,his, sup- 
pose D is a closed convex diainetral set, with d := diain (D)  > 0. St$art,ing \vit,li any 
x1 E D we may iilductively choose a sequence (x,,) so that  J J X , + ~  - (1/11) xy zkll > 
d - 1/11'. T l l e~ i  an easy calculation sho\vs t.llat dist (z,,+l, c~{zr.)~!~) - rl. 
Thus (a:,) is diameterizing for C' := {:~.l ;)r=~. 

If D is IU-compact the11 so too is C. In general, we can not reach sucli a conclusion 
in the wf-case. If, howe\,er, D is norm separable, as would Ile the case in a separable 
dual, we may use the follo\v~ng device of C. Lennard [Le]. Let (!I,,) be a dense 
sequence in D ,  and ~nodify the construction of the sequence (r,,) by cl~oosing it so 
tha t  

then (x,,) is diameterizing for all points of D .  In particular it is diameterizing for 
(-1 .- -' 

, .- co {2:k}p=l. 

The  followi~ig characterization of ~ i o r ~ n a l  structure due to  T .  Landes [La841 will 
be of subsequent importance. 

Lelllllla 2.3. S contains a sequence which is dianzeieriziilg for its closed convex 
hull if and only if X cor~tains a sequellce (x,,) for which there is c > 0 uiith limn llz- 
.r,,II = c for all x E i% {x,}:=~. 

Proof. Starting with xnl  := z l  extract asubseque~ice (z,,,) so that  llx,,,,, - , L . , , . ~ I I  5 
(1  + l /k)c ,  for j 5 k. P u t  

and let 
C := ~ { z ~ } ~ = ~ .  
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A calculat,ion shows that  1)z, - zkII 5 r (take 117 > k), so diam (C,') = c and (zk) is 
diameterizing for C. 

Tlie converse is immediate. 

Note: If in addition (x,,) is weak convergent tlien C' is IU-coml~ict .  

Norn~alization. C;iven a nontrivial u1 (?u*)-compa.ct convex dialllet,ral set C,' (mini- 
inal illvariant for the fixed point free nonespansive n~apping T) a,nd (.r,,) a tlia.nlet~el.- 
izing sequence for C (a11 approxiillate fixed point sequence for T) it is convenient 
in tlie w-case, or in the w*-case when tlie w*-coi~lpactness is sequeiitial, to pass 

u1 (IL' . ) 
to a sul3sequence x,, -+ xo ant1 replace C' Ily ( l /d i am(C) ) (C '  - zo), (c,) Ily 
((l./dianl(C))(x,, - xn)  (and T by (l /dianl  (C))[?'(dianl(C:)x + xo) - ~o] ) . ,~ ; l / ;~ , l~~ i s  
way we may always assume wit,l~out loss of ge~leralit~y t,lla,t tliaill (C) = 1, ; I : , ,  0. 
and so in particular , since 0 E C, IIxnll - 1. 

Tlie arguments preceding lemma 2.3 inake it clear t,llat to  estal~lish the u 3  (w*)- 
fpp from weak conditions, where w (ui*)-normal structure fails, will require delicate 
arguments;  argument,^ which make explicit use of tlie fact tha t  the dianleteriziilg 
sequence is an  approxiinate fixed point sequence for a fixed point free nonespansive 
mapping. Such arguments are considered ill section 5. In I l ~ e  next section we 
consider seine of the known strong conditions. 

3 .  STRONG E N D  G A M E S  

In this section we will be concerned with the following conditioils on a Banach 
space S, wliich are sufficient for w-norillal s t r ~ c t ~ u r e .  

(UC) Uniform cor~vexity: For every c > 0 t,liere is a 6 > 0 sucli t,llat~, :I:, y E Ux 
and )/(1/2)(x - y)(l > 1 - 6 implies Ilx - yll < E .  This 1lla.y be rephrased as; if 
C is a closed convex subset of Bx wit , l~ diain(C) 2 c t , l~en C n ( 6 B X )  # 0. It. 
is well k~lowil (Mil1inan/Pet~t,is tlleorem) that  (UC) reflexivity. Indeed it 
implies superreflexivity, and every superreflexive space adinits an equivalent. 
(UC) norm. 

(€0-InQ) 60-inquadrate: The  same as (UC:), but  only for c greater t,11ai1 or eclilal t,o 
seine given €0 E [ O ,  2). (€0-InQ) is suflicieilt for superreflesivity. 

. z :, 
(co-UI<I<) co-unifornlly liadec-Klee: For every c > 13, t.l~ere is a 6 > 0 such t , l~a t .  

2u 
:c, --.zQ, 1 1 ~ ~ 1 1  -+ 1, and sep (xn)  := iilf{I:cn, - : I : ~ I  : rii # n) 2 C ,  inlplies 
1 1  xgll 5 1-6. This may be rephrased as: if C is a ul-compact convex subset of 
Bx with a (sequential) measure of i i onco i~~pac t~~ess  y(C)  := sup{sep ( . I : , ,  j : 

( 2 , )  C C') 2 E tlleil C n (6Bx)  # 0. This geileralizatioil of R. Huff's 
[HI iiotioii of uniforin Kadec-Klee was ii~t~roduced by van Dulst aiid Siins 
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[vanD-S], where it was s l ~ o w ~ l  to imply that the ChehycheiC centre {.t. E 
C: : rad ( : r ,  (I') = infYEc, rad ( y ,  C ) )  is norm co1nl)act. \\'het,her or not t . l ~ c :  
asynlptotic centre is liorill co1nl)act in the same c i rc~~mst~anc~es  remains a,n 
open question. 

( C X L D )  Gelieralized (I;ossrz-Lami Dozo 11ropert.j~: Whe~lever (n : , , )  is a ~u1-nul1 se- 
quence which is not norill convergent we have 

li111 inf I(.r,,/I < l i m s ~ ~ p l i m s u p  ((x,,, - x,,II, 
11 RI  71 

(GGLD) was int,roduced I q  A .  JimCnez-Melado [JM] 

(ass-P) As~rr~ptotic-1': \Vlienever (x,,) is a LU-null sequence which is not nor111 c.011- 
vergent we have. 

linl iiif ( x , ,  1 1  < ass-dial11 {I,, } ,  
12 

\vliere ass-diam { .r ,}  := l i~n,  d i a . ~ n { , c ~ } ~ ~ , ,  is the asyrnptot.ic clia.111et.er n l  

the sequelice (z, ,  ) .  ~-Zsy~llpt,otic--l' was iilt,roduced in [S-S]. 

( P )  Propert-v-P: Wlieliet cr ( .r , ,  ) is a nonconsta~lt to-null sequence we have 

Property-P was first considered by I i .  I<.Tan and I-I. K. Xu [T-S] 
Ili 

( 0 )  Op ia l ;~  co~ldit iol~:  \I1llenever x,, - 0 and x # 0 we have 

liin sup ((I,, I (  < l i~ l l sup 1(x,, + I ( / .  
71 11 

This coilditsion was introduced Ily Z.  Opial [0] and shown t30 imply LO-norinal 
structure by .J. P. C:ossez and E. Lami Dozo [G-L]. 

( W O )  I,l7eak Opial: Wlienever ( x , )  is a w-null sequence which is not nor111 coil- 
vergeilt we have 

linl i~ i f  ((x,  1 1  < sup linl sup JJI,,, - z,,)(, 
tL m 11 

this is equivalent to  requiring that  there exists x E E { x , , )  with lii11s111),, (lx,, 1 )  
< limsup,, llx - z , , / ( .  This weakeni~ig of the Opial condition was int,roduced 
by Tiilgley [TI. 

hiIost of the following in11)lications are clear from the respective definitions 

(UC) * (to-Iq), 0 5 €0 < 1 * (to-UI<I<), 0 5 €0 < 1 
U 

(GGLD) 
u 

(ass-P) 

U * (P )  
U 

ul-n. st,r. 
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[I is also clear tliat (GGLI)) ==+ (\.\'O) 

To see that ,  for O 5 to < 1, ( c o - l i I i I i )  implies (ass-P),  suppose there were an 
u' 

.el, - O wit11 lim i~if,, llx,, ( 1  = ass-diam {.cl,) = 1. Then since we can choosc tn so 
lliat I(:cnl I (  is a.rbilrarily close lo  1 ant1 11: - limn, .zn, - :zn = x,,, ! me c,ail extract. a 
su1)sequence (x,,,) xvitll sep (r,,,) > co and choose an i i l o  so that  1 > Ils,,, - . T : , , , ~ I I  2 
((:e ,,,,, ( 1  > 1 - 6. But t l ie~i yk := .c ,,,,, - .r,,, defines a sequence ~vli icl~ co~~t , radic(s  ( c o -  
{JIiIC). Whether or not ( t o - U I i I i ) )  for co > 1, iinplies w-normal s t r ~ c t u r r ~ ~ . ( ~ l n a i i i s  
u~lans~irered. Tlie result does, l~o~vti er ,  follow if S satisfies a.11 addilional 1,rc~perty 
(WORTII) [S94]. 

r - 
. (%,. , - -. < LC(. l.'I c*' -- 

We will show t , l~at  t l ~ c  properties (GGLD) and (ass-P) coi~icide, as do ( \TO) 
ant1 ( P ) .  Apart from tliese ecjuivalences all the otlier implicat,ions given a.l,ove are 
st,rict,. 111 ~ilost  cases this follu~vs fro111 st,andard examples. For instauce, all t.l~c! 
sprtc,es L,, wit81i p # 2 fail to have (0), hut for p > 3 sat,isfy liinsup,, (I.1:,,(/:: 5 

71, 
(112) lim sup,,, l i~ i is t~p, ,  J(.c,,, - .c,, 11:: ~~ l l enever  x,, - 0 ,  a.ntl so t,liesc spaces are '\VO- 
full'. 

Tlie space ctr e(jliiva1~1ltly re~lor~llecl l ~ y  

was considered by A. .Jim&nez-Alelado [JRI].  It  elljoys (0) [va.n Dl, but lacks (ass- 
P).  T l ~ u s ,  while Opial's condition implies property-P it fails to inlply ally of the 
st.roiiger co~idit,ions list,ed. 

'To separate w-normal structure and ('2) is more delicat,e. \.Ire first ~iot,e I'he 
followi~~g t,wo propositions. 

P ropos i t io l i  3.1. A Bailach space has (LT'O) ~f and oilly ~f 7 1  has ( P )  

Proof. We need only prove (P) 5 (WO).  Suppose S fails to liave (WO),  then \ve 
can find x,, 2 0  with 11x,,11 -+ 1, but limsup,, I I X , ~ ,  - e,,(l 5 1 for all in .  C o ~ i s t r ~ t  
from (x,,) tlie sequence (zk)  as ill the proof of La~ides' result le~i i~i ia  2.3. Then 

11' 
z k  - 0, ( ( ~ k ( 1  - 1, and dial11 {zk) 5 I ,  so A- fails to liave (P) .  

P r o ~ j o s i t i o n  3.2. If A- h.as w-ilorin,al structure and satisfies !.he it.oi,sf.rict Opial 
co~~.ditioil: 

liinsup I ~ x , ) )  < l i ~ n s u p  112 + z,,(/, for all z E X, *:- 

- ( j i l l ~ e ~ ~ e ~ l e r  rn - 0, then S has (PI.  
" 1 '% 

w P1.0of. Suppose S fails (P), and hence (\1r0), then there exists a sequence x,, --0, 
with II;c,,II - 1, and limsup,,(l.~. - z,,,ll 5 1, for all .1: E C' := 5{.1:,,,). But ,  I,y 
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t,lie noiistrict Opial collditio~i li~ilsup,, Il:r - r,, 1 1  > liin,, 112,, 1 1  = 1. 11 lollo~vs that, 
diam(C,') = 1 and (.c,,) is ;I tlia~lleterizing seqrieiice for C,'. Thus S fails cu-normal 
st,ruct,ure. 0 

To separat,e ( P )  froin ~ ~ , - ~ i o l . m a l  slructure we inake use of results I)y T. La~ides.  
Lantles [La861 introduced tlic rreak suiri property as follo~vs. 

Say a sequence (.I:,,) is liinit nfille if $)(;I:) := lim,, II.1: - ;el,(( exists and is affine on 
- co {x,) (we can in fact drop the exislence assumption ant1 replace linl by l i ~ l l s ~ i p ) ,  
and r~orldecreasirlg if $l(.c,,) is i~ondecl.easiiig. A space S has the rveali sutll pl,op- 
erty (WSP) if the only cr-coilvergelit nondecreasillg limit affine secluences are t,lle 
constant sequences. The  nanle derives from Landes' result t ha t  t.he property is pre- 
served uiider t,he takiiig of finite sums, and is t,he wea.!iest Banach space property 
so preserved which inlplies u-normal structure. 

71' 
It is readily seen that  ( P )  iillplies (\\:SP): If .I:, - 0 is a nonconst,ant nontlecreas- 

ing and linlit affine sequence. then the luiiclioil 4 it defines is afiine norill c ~ n t ~ i n -  
r~ous,  and lience also 1;-continrior~s, on E~{.I:,,). Furtlier 1 := l i i l l~~( : r , , )  exists. It. 
follo~vs, since $ is nondecreasing. that  liin, llxnll = $(0) = 1 2 liinn I ~ x , , ,  - x,,11, 
contra.dicting (WO) and 1ic:iice ( P ) .  

Landes considers two reiiormings of c,,. 

1- .- 
/ I .- ( c ~ ,  I /  . 11') and ,Yz := ( C O ,  I (  . 11") 

~ ~ ( x , ~ ; l ~ ~ "  := ~ ~ ( : e , , ) ~ ~ l  v sup fkxk , 
I k  1 

for I: < j, 

for X: > j .  

IU SI llas (M'SP), but not (P) :  en -0,  Ile,ll' = 1. and diaill(e,) = I ,  ~ h i l e ,  S? 
1- ~r -~ io rn la l  structure, I ~ u t  not (WSP).  

1~11~s.  in general, UJ-normal structure + (MrSP) + (P)  

i )lir final result is the equivalence of (GGLD) and (ass-P). 



P r o p o s i t i o n  3.3. A Bailach space has (G'G'LD) zf aild only zf 2 1  has (ass-P). 

Pi,oof. I t  is sufficie~~l t,o prove the ilnplicat,ion (ass-P) 3 liniii~f,, Il:r:,,Il < sep ( . I S , , ) .  

whenever (x, ) is a IU-null sequence which does not c,onverge in norm. As t,lien 
(ass-P) j (GC+T,D) follows, and reverse implicat,ion is clear. 

Our  proof is based on a technique explored 11y T .  Benavides. To obtain a conha- 
w 

diction suppose there exist,s a, sequence :c,, - 0,  wit,ll Il:c,, 1 1  -+ 1 ,  and sep (.c,, ) 5 1. 
Give11 t > 0 define 

A := { { , )  : I , ,  - , I  ? 1 + 1 ,  and 

B : =  { {:c,,, J : , , , )  : Ilxn,-x,,ll < l + ~ a n d z ,  $2 , ) .  

Then A U B is tlie set, of all two element subsets of {x,)?=~ and 11,arnsey's theorem 
ensures t,lie exist,ence of a suhseque~ice (LC,,,) with { {;r,,,, x : , , ~ )  : :rnk # :r , , , )  c'il,l~c?r 
conta.ined entirely in A ,  or entirely in B. Now sep (x,.,,) < 1, so t,lie above set, lies 
entirely in B. T h a t  is. 11x,,, - zlLj ) (  < I + € ,  for all k and j, and so dia.111 (x,,, ) < 1+t. 

Repeated a.pplication of this, with = 1/172, a.nd a diagonalization argument, 
yields a suhsequei~ce ( z , , )  with ass-dianl(z,,) 5 1 ,  Ijut llz,,ll + SO S fails to e11~joy 
(ass-P). 

R e m a r k .  w*-analogues for the above properties exist and sinlilar result,s a,p111y, 
in particular they all yield .u;'-~~orinal structure, at  least in dual spaces ~vliere 
w*-compactness is sequential. This last requirement can often he relaxed iT (,he 
propert'ies are appropriat,ely de f i~~ed  ill t,erms of nets. 

I11 this section we develop the Banach space ultrapower and initiate it,s use as 
a tool for studying the UJ-fpp . Throughout I will denote an index set ,  for our 
purposes usually M. For a more extensive and det,ailed develop~nent than is possible 
here the reader is referred to  [G-K], [A-I<], or [S82a]. 

A filter on I is a nonempty faillily of subsets F C_ 2' satisfying 

(i) .F is closed under taking supersets. Tha t  is, A E .F and A 2 B 2 I ==+ 
B E F. 

(ii) F is closed under finite intersections. ,4, B E F ==+ A n B E 7'. 
We say F is countabl j~  conll.>lete if it is closed under countal~le i~ltersect,ions 

E x a m p l e s .  

(1) 2' 
(2)  The  Fr6cliet filter {A 2 I : I \ A  is finitme ) 
(3) For io E I, Fi0 := {A C I : io E A). Filters of the forrn Fi0 for some ill E I 

are termed trivial, or non-free filters. 
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A filter F is proper if it does not equal t,he pourer set. of I ,  2'. Equivalent, 
conditio~is are: 0 $ 3, or F lias t,l~e finite irlt,ersectio~i properl,y. 

Ilencefortl~ 11y filler we will mean proper filter. 

An rlltrafilter IA on I is a filter on I wl~icli is 111a,xiina1 wit,ll respect to ortlering 
of filters on I 11y inclusion: that is, if I4 C F and 3 is a filter on I: tlien F = Z4. 
Zorii's le~nnla  ensures L11a.t every filt.er lias an extension t80 ail ~ l t~raf i l te r .  

Lelnllla 4.1. A [ p ~ . o p e r ] f i l i e r Z 4  c 2' zs nit u l i rn j i l t er  o n  I rf a n d  oiily 2f f o r  e v e r y  
A C I prcczsely o n e  of.4 o r  I \A  zs z i ~  U. 

As a consequence of this lemma For an ultrafilter 24 on 1 if I = .41UA1U . . U-A,, 
then at least one of t l ~ e  sets A1, A2. . . . , A,, is 111 U ,  and all ultrafilter is iio~itrivial 
(free) if and only if it contains no finite snl~sets.  

I t  will Iiencefort,h he a st,anding assu~l~pt ion tha.t all the filters a,nd ~l t~ra i i l te rs  
witli which we deal are ~ ~ o ~ i t ~ r i v i a l .  

An ultrafilter U is cou~itably incomplete if and oi~ly  if t,here exist elei~ienls 
Ao, .dl, . . . , A,,, . . . in 24 mit.11 

Countably i~lcolnplete ultrafilt,ers are particularly convenient, as we sliall see induc- 
t.ive and diagonal t,vpe argunle11l;s a,re readily est,e~ided t,o then. Every ultrafilter 14 
over PI is llecessarily countal~ly ilico~~iplete ( A ,  := ( 1 1 ,  11, + 1 ,  11, + 2 ,  . . . }  E 11) .  

For a Hausdorff topological space (Q, 'T),  ultrafilter I4 011 I, and we say 

if for every neighl~ourhood N of xo we have {i E I : xi E N} E 24. Liinits along Z4 
are unique and satisEy all the usual limit theorems wl~eri Q is a li~iear tmopological 
space. If S1 is conlpact then U - lirlixi exists for all If U is on IYJ ant1 (a:,,,) 
is a bounded sequence in IR t,lieri 

lim inf x, 5 U - lin1 z,, 5 liin sup x , ~ .  
11 I) 

For a Banacli space X and ultrafilter U 011 I we can foriri the snbstitution space 



N1,(<Y) := { ( ; r i ) i E T  : l4 - liin~l:ci~l = 0) 

is a. closed linear subspace of C,(S j .  

The Banacli space ultraporver of S ovcr I4 is defined to be t,lle quot , ie~~t  space 

with ele~ilei~ts denoted [x,Ilr all(\ (lie cli~o(ieiit i1ori11 cailoilically given Gy 

I I [ . T , ] L ( I I  = /A  - liin ~ ~ . r , ~ ~ .  

The 1llal)l)iilg 

J : X -- (X))(  : .I: +- [.cj := [ , L : ~ ] ~ ( ,  ~ v l ~ e r c  :c, = z ,  for all i E I 

is a,n isoillet,ric e i n l ~ e d d i ~ ~ g  of S illlo (S jll 

For a closed boui~ded coilvex s~ibset C,' C S and llo~lexpailsive ~ i l a l ) l~ i i~g  T : 

C' - C' me defile in (,Y j l l  

t' := {[r.;Il l  : C; E C,  for all i E I}. 
- < 1. 

C is ,convex sulxset.. will1 dial11 (C)  = iliaill (C) ,  colit,a,iilil~g the isonlel,ric co11; J(C') 
of 6,; and 011 ~vl~icli  - - 

7' : C' - t' : [ciILI - [TciIl(, 

where the represent,atives c,  are cl~oseii fro111 C, is a well defined nonexpailsivt~ 
~ l i a ~ p i i l g  ~~~Ilic11 lea.ves ;7((.') iilvariailt. 

L f t  ZA 1)e an ~iltrafilt~er over M. Theii for C' aiid T construct~ed a.s al~ove we lltive 
the following  result,^. 

Propositioll 4.2. I f  (a,) zs a n  approxzi izaie fixed pozni  sequeizce f o r  T, thci l  [a,,]rl 
7s a fi.ced pozizt o f ? .  5'0 T n l w o y s  h o s  fixed p o l i ~ i s  711 C 

Coilversely, from a fixed point (indeed ail approxiinate fixed point sequence) for - - 
T in C: we can readily extract ail approximate fixed point sequence for T. Altl~ougli 
we will not make use of it,  it is wort11 noting tlie followi~lg sigiiificailt observal ion 
of B. Maurey [MI (see [El], or [A-I<], for more details). 

Lemma 4.3. ' B e f w e e n '  a n y  iv io  fixed p o z n f s  ic a n d  t o f  T zn c t h e r e  zs a f iscd 
p o ~ i 2 t  E I U I ~ ~  

- 1 -  - 
116 - Ell = IIE- bll = -Ila - 611. 

2 
Tlrnl  I S ,  t h e  fixed pozilt s e t  o f ?  zs ~ n c i r t c a l l y  coiltiex. 

Tlie followil~g geiieralizatio~i of tlie C;oebel/I<arlovitz l e l ~ ~ m a ,  due t,o P. I i .  Lin 
[Liii] lias proved basic for establishing the W-fpp ill the presence of weal; condi- 
tioris. Tlie proof of t,liis and the next result illustrate 'diagona,l' a rguinei~t ,~  over ail 
incomplet~e ~ l t r a f i l t~e r .  
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Lemma 4.4. ,Suppose C as a UI-co~llpacf irltnan?nl ~~rz ra ran~ l f  scl  /or T'  I /  ( o , , )  r r  

rill n p p r o ~ . ~ ~ l r n t e  f i j a d  11olnf seqlreuce f o r  T zlr 6 flrelr 

l i 1 1 1 ,  - 7  = I )  f o r  0112: E C'. 
11 

Proof.  Suppose Ifhis were not t,he case. l?~il.Iloot loss of ge~leralit~y we may t.ake - 
dianl(C') = tliam (C ' )  = 1 ,  ailtl 11y passing t,o a subsequence if ilec,essary assume 
t11a.t, - Fiill~~ < 1/71. 

Then there are t o  > 0, zo E C', and I L ~  E Id wit11 

Ilk,, - Jroll < 1 - t o ,  for all n > no. 

Let n,, = [tr::,]~,, with a::, E C ,  and define 

and 
137, := {1i1 : llu:, - TuG,,\l < 2/11}. 

Then A, and B,, are in /A.  

Put  nro = 0 and for 11 E M inductively clloose rrc,, E A,, n B,, n{ r?? , , - l+  l! ??I , ,  - L + 
2 ,  . . . } E 14. Then t,he sequence ((1;") is sucll that  

That  is, (a:,") is an approximate fixed point sequence for T in C.  But, 

ail observatio~l which is difficult to reconcile with the fact that  ( a ~ , , , )  is, by the 
Goehel/Karlovitz le in~ua,  dia~ileterizi~lg for C. 

Proposition 4.5. T h c  sef 6 an ( S ) t l  as closed Hence when X IS a super.rcflcs~z,c - 
$pace C as tu-cor t~pacl .  

!r-oof. While the proof is true for ally ultrafilter U ,  we will only prove it, in Ishe case 
-,: !lei1 14 is countably incomplete with I = Ail 3 A l  3 A2 3 . . . 3 A,, 3 . . . , eac l~  
I., E 14,  and n A,, = 0. 

q~lppose [ t i ] r l ,  [t?II1, . . . is a sequence of points in 6, with each t i  E C', which 
:I\-rrges to [.I:~]~, E (S)u. By passiug t,o a. subsequence if liecessary Ire ilia\- 

.b. : I ~ o u  t loss of geiierality assume that  



k'or each In E Id let 

B,,, := { i  E I : )it:" - .r, l i  < 2/1r1) n A,,, E 11 

and put Bo := I and t! := 0, tlleii 

From t,Iiis it follo\~s t,hat for rlacl~ i E I there is a, unique 177 s~icli t,llat i E 
B,,,\B,,,+1. Define yi := tYL, for thii 171, in particular then yi E C. 

Now, given any 111 E I!, for each i E B,,, there is a unique 2) >_ i n  with i E 

U,,\U,,+I. thus. 
liy, - .l:,ii = l l t y  - ;c;(/ < 2 / p  5 2 / 7 7 ~ ,  

and so 

{ i  E 1 : /I!/, - z,ll < 2 / m }  2 3 l4. 

We tlierefore have that U - I1111 I / y ,  - .u,(( = 0 ,  wliich yields llie desired coiiclusioii 
that  [z7Irr E C; 

Remark. For the al~ove resrllts. and in many applications, a Banach space ultra- 
power over I{  call be replaced by lh13 >pact. 

where the quotient norm is canonically given by 11[x,,](1 = liillsu~>, /jx,,/j. Disad- 
vantages a.iid advantages a.re largely cos1net.i~ a.nd it is up t o  individ~lal rc?adrrs t.o 
choose which setting is most to  their taste. 

5. WEAK ENDS 

The results developed in the last section have been used to establish the u,-fpp 
from a variety of conditions on the space S. For exa.mple, B. RIaure~- [ h l ]  estal~lislied 
the w-fpp for c o ,  and by deeper arguments for the reflexive s i i l ~ s ~ ~ a c e s  of C1[O, I] 
and the Hardy space H I  (see also, [El and [A-I<] for more det.a~lsj. I .  Bor\vein and 
Sinis [B-S] generalized Maurey's co result t,o obtain the to-fpp for Banacll lat,tices 
~17it.h a Riesz angle 

and for wliich 
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Lalt,ices wit,ll tliis last property were referred t,o as rveali orthogol~al Banach la.(,t,ices 
A forillally st,roilger versioil of weali ortliogonalily: 

U, 
liin inf 1 1  Iz,, I A 1x1 1 1  = 0,  ~vlirilever .r,, - 0 and .I. E S,  

11 

was sllowil to  inlply t,he tu-fpp by Siiils [SBS], [S!l2a]. This was obtainetl using 
arguille~lts similar t o  those developed by P. I i .  Lin [Lin] to  prove the u~-fpl) for 
Banach spaces with a 1-uncoiidilional basis. 

Severa.1 inore 'geolriet.ric' varianbs of these condi l io~~s  liave been iiitroduced. For 
instance A .  Jinlknez-Melado and E. Llordns-Fuster [JM-LF] considered t.lie propert,y 
of orthogoilal convexity, gave exa~llples of orthogonally convex spaces, and showed 
that  it entails the tu~-fpp , A Bailacli space S is orthogonally c o ~ ~ v e x  if for every 
cu-null seclucnce (x,,) with 

U(z,,) := limsup liin sup II.c,,, - zll  1 1  > 0 
111 11 

there exists p > 112 such that  

The significance of a Riesz angle mas transportrd t o  general Ba~iach spaces I>y 
J .  Garcia-Falset: For I4 an ultra filter over IJ drfiilr 

R ( X )  := sup{lA - liin (1.c + :c,,,// : : c S ,  :el,, 6 Bx a,ild :c,, 4 0) 
11 

For example, R(c0) = 1 ,  wllile R(%) = 2,  in general 1 5 R ( X )  5 2. 
i ; 
<k. i 

Ga.rcia-Falset [GF94] showed that  a Bana.cii space S' has t.he ,w-fpp if R(S)  < 2 
,.~lld it satisfies the nonstrict Opial condit.ion: 

W 

24 - liin llzl, I (  5 24 - li1r1 l(xll + z / ( ,  wlienever z # 0 and z,, -- 0. 

I(ece~lt.ly Ile has proved tlie result without. requiriiig t,he ~lonst~rict Opial condi(ion 
(~;F95]. 

\\'e illustrate how the machinery of section 4. may be used by proving tlie special 
,.sf, 1~1len R(-ri) = 1. 

1'1 oposition 5.1. If S as a  Banach  space uulh R ( S )  = 1 the71 S hns llre 71:-fi~p . 

, f .  \Ve first observe that. R ( X )  = 1 iinplies the iloilstrict Opial condit,ion. If 
11' - \v13rc? not tlie ca,se we could fiiid a seqlience u:, - 0, wit,ll 14 - lim /Jr, ( 1  = 1 a ~ i d  
W 

- : i ~ l l ~ ~ + x , , I (  < 1 fo r son lex  # O .  Since x + T , , - 2  wc:ha.ve I ~ ~ I ~ ~ I ~ - ~ ~ I I I J J X +  



x,, 1 1  < 1.  Fro111 the definltioll of R ( S )  we tlierefore have 24 - lim \\x - x,,I/ 5 1 l3r1t. 
then N - lim l\.r.,,II 5 N - lilxl(Il.c + .c,,11 + 1J.c - .~,,11)/2, a contradicllon 

NOW, S U ~ ) ~ I O S ~  / .  fails the u~-fpl) . Let C I)e a UJ-compact colivt:x $ 1 . 1  \ \ 1 1 1 1  
d i a m ( C )  = 1 wliich is a. miuimal invariant, set for t,lie iioliespallsive i i i ; l l ) l ) i ~ ~ i  I ' .  
and let (a,,) Ile a w-null approxi~llate fixed point sequence for T. For all 1111 i - : i l ! l l  ' , I .  

Z4 over W let C,' alid T be defined as in seclioi~ 4.  Define 

Then ,  IY is a T-invariant, closed convex nonempt~y (as  (1/2)[a,] E \/I,') set . \ \ - ! ! ;  4 1 .  
l ~ y  the standard construction using Baliacli coiit,raction mapping princil~le. ccli~l ; \ I I ! C  

a.n appro~ in la t~e  fixed point sequence for T. So by the generalized C ~ o e l ~ e l / I i i ~ r l ~ ~ \ ~ i ~  i~ 

l e ~ n m a  (lemma 4.4) sup{()tZll : tG E TY) = 1. 

0 1 1  t,lie otlier Iiaiid, let ,Lir = [w,,] E TT,', where iirit,lio~it loss of generali(,>- ii . r ( ~ ' .  
111 

for all 17 E PI, and let 21 =w-24 - l imu~, , .  Then, since a,, -0 ,  llie u.-lo\\-~i. i 1 . 1 1 i i -  

coi~t.inuit.y of tmlie iiornl gives 

and the iloilshrict Opial co~lditioii est,ablished ahove gives 

for some xu E C', wl~icll exists by llie definition of IV. Thus 

A coiitradictioii establishiiig the result. 

Tlie above proof is typical of those for many of the results mentiol~cr~l :tlNf 3 \ c , .  A 
~lu~lleric. coi~tradict~ioil is arrived at,. liere 1 # 112, and by carefull>. ~ I I I ; I I ! . / I I I K  111e 
proof the gap, here I~etween 112 and 1 ,  call Ihe exploit.etl to  est,ablish rlu. !, --t'l~p for 
spaces whose Banach-Mazur distance from a space satisfyiilg tlie colirlil i ~ - ~ ~ i -  I -  not 
too grea,t>. We 'evil1 not pursue sucli stability issues. Tlie iilt,erest,ed rea<lcl. I -  ~111.~.,.tc~d 
to  the papers cited above. 

As ment,ioned abole ,  ro ositioil 5.1 has been ge~leralized lo oiil!- r~ , lu i r ing  
&- ?-,~ 

&(.I-) < 2. Since iil a'dfanach 'IaijtiAi' &,(XI 5 n ( X ) ,  this sub i t a~ l l  iaIl> ~ci,tiiids 
n 

tlie result of Borweii~ and S i i n s , , ~ - k h e ~ e s e m s e l ' a  I h c ~ s ~ q l e  
. . . . 

~ y .  A ggeneraliza~io~~ in 
another direction is enconlpassed by t.l~e followi~ig. 

For the  rest of tliis section U will Ile an ultrafilter on 1.1. 

A ~r~ealil j  ilull tyl.>e oil a Banach space S is a fuilctioil of the forin 
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\\.liere (;c,,) is a ,cu-null sequence. We say .$!(.,.") is i~olit,rivial if ,$1(,.)(0) # 0: t,liat 
I.. if ((;c, 1 1  f 0. If A' is a separable space we may replace (.c,) hy a subsequence so 
. ; ! : I [  L , ( ~ , , ) ( X )  = l i~ l l~ ,  ~ / x - x l , ~ ~ ~  for all x 

As we have seen, weakly null types play an  important role in metric fixed point 
rl~eory. Nole, for example, our proof of t,he Brodskii-R4il'man t,lieoreill aiid t,lie 
C~oel~el/Iia.rlovit~z lenlnla in sectioil 2, many of llie coilditioils coilsicleretl in sectioil 
.1 (for instance, Opial's conditioil is esseiltially a stalemelit concerning the 1)ehaviour 
o f  weakly null types), the defulit8ion of R ( S ) ,  and t.he proof for proposit,ioii 5.1 given 
.il)ove. 

Recently N. Iialton [Ii] introtluc,ed prol.,erty (Ilrl): Wieakly null lypes are coilst,ailt 
'11 spheres allout llie origin. T h a t  is, for x,, 5 0 t,he \veakly null type $;,,r,, )(x) = 

i l  - liin,, Il;c - z,, 1 1  is a fuiiction of Il:cll oiily. 

Exainples of spaces wit11 property (RI) include c,,, C,, for 1 < 11 < ~ m ,  illdeer1 
111 [lie Orlicz sequence spaces wit11 tlie As-conclition. Subspaces of L1[O, I] wit11 
~ ' roper ty  (M) have the uiliforill Opial property of Prus [PI, and so have UJ-normal 
.t ructure (see Iialtoil and Werner [I<-IV], for details). 

Propert,y (M)  was one of t,lle two essential ii~gredieilts in Iiallon's cliaract~erizat~ion 
i f  t8hose separable Bailacli spaces X for ~vhich t#he compact operators h:(S) forill 

,111 RI-ideal in the algebra of all l~ounded linear operators, L ( S ) .  Tha t  is, 

. C ( x ) *  = (K(s)' @ 1 f )  , for soille c,losetl sul~spa.ce \:. 

Asvald Liina. [Li] effe~t~ively proved t,l~at. t,he dual of such a space is weak'- 
l~~ifornlly Iiadec-Iilee (UIiIi*) and lieilce has weak* nornlal st,ruclure (see, [S8211], 
.' lr illore det.ails). Tliis, colllbined wit11 the role of weakly null types iiot,ed above, 
.nakes it natural to inquire int<o coniiect,ioiis bet8\veen property ( h l ) ,  1vea.k norillal 
-rructure, and the w-fpp . 

L e ~ n i n a  5.2. E a c h  o f  i h e  f o l l o u ~ z n g  p r o p e r i f e s  f111plzes i h e  o n e  beloti1 f i  
(i) S h a s  p r o p e r l y  (M). 

(ii) I f  '1, % O  a n d  IIxII < llvll illell $(Tn,(x) 5 4 ( . T n ) ( ~ ) .  
(iii) S sa lzs f ies  flte i l o n - s f r z c f  Opzal  c o i t d ~ l z o i ~ .  

i 'roof. 0111~ (i) (ii) requires proof, and fro111 the defiiiitio~l of property (RII) it, is 
+1loug11 to show that  J'(sn)(tx) is an increasing fuilctioil of t on [0, m). To see this, 
note t'llat for 0 < t1 < t 2  tliere exists /3 E (0, 1) such that  f l z  = P ( - t 2 ) z + ( l - P ) t a r  
,i11tl so, since is convex and by property (M) $(," )(-1,2z) = $(,,, ) ( l , 2 . ~ : ) ,  we 
!lave li:(+,,)(tlx) I P4(zn)(-t2z) + (1 - P)4(z,) j t2x) = *(2n)(t2z). 

I ' ~ o ~ ) o s i t i o i ~  5.3. L e i  ,Y be a B a n a c h  space wzflt p r o p e r f y  (M). T l ~ e i l  S h a s  ~LJ- 
i r i i ( r 1  s f i~rrc l t i i~e  7f aild o n l y  zf 1lte.r.e 1s i lo  .rtoi1f.r.~u7al weakly  11rrll l y p ~  whrch I S  

l ir i l l ly  equal  i o  1 011 Ex. 
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ZL' 

P r o o f .  (t) Suppose ,Y fails t,o Iia,ve .u~-llornial st,ructure t,lierl Bx- co~lt ail15 . I , , ,  - O 
with lim,, 111: - n:,,II = 1, for all 1: E ?% {;c,,)F==,. I11 particula.r, since O lo {.~.k);=~, 
we 11a.ve 112,,11 - 1. 

Thus ,  $y,,,)(O) = 1 and $~~,,,)(z,,,) = 1, for all 711. Further, since / r , , , /  - 1 .  i t  
follows from lemlna 5.2 t,llat 4(,.n) equals 1 011 tlie open unit ball, a11t1 1 1 ~ . 1 1 ~ : 1 ~  I]!. 
contint1it.y on Bx. 

( J )  This follows i~llinedia.t,ely fro111 lelllilla 2.3. 

As a coilsequeilce of this lenlma we have tlie followii~g 

Theorem 5.4. '4 B a n a c h  space  S urzfh proper ly  ( h )  h a s  w e a k  n o r i i ~ m l  ~ 1 1  l i t  Iurc r f  
tlrcre e ~ z s f s  a pozrll no E Sx a f  ~uhzclr ilre wla fzz ie  w c a k  a n d  i~orrrl  l o p n l o i / l ~  trclrrr 

P r o o f .  Suppose ,y fails t o  have weak normal structure. Let $y,,,) be tlie \~eulil!. 111111 
w 

type of proposilioi~ 5.3, and let y,, := zo - z,,. Tlieii, y,, -zo and l i~ i~ i l i f , ,  I!/,,// < 
$(,,j(n:o) = 1, so there is a subseiluence wit,ll I(;y,, 1 1  + 1. But ,  the11 ( ! I , , ,  1. aiitl 
hence (x,,,), is llorlll convergenf,, a difficult thing for a dianletriziilg sr:(jilcnce t'o 
a,cliieve. 

Corollary 5.5. X h a s  p r o p e r t y  (A[) a n d  safz .s j ies  a n y  of t h e  follorc litg !lit 11 .I- 1/05 
w e a k  i ~ o r m a l  s t r u c t u r e .  

( I )  ,Y h a s  f h e  I i a d e c - l i l c e  proper ly  ( t h e  r e l a t ~ r e  weak a n d  1101 r r l  fr~l!(!lclqrr 5 aqrrr 
o n  Sx). 

(ii) X 1s re f lex tve .  
(iii) X h a s  111 e Radon-NrX o d y m  proper ly .  
(iv) X h a s  t h e  p o z i ~ t  of  c o n t z i ~ ~ ~ z l y  proper ty .  f o r  e v e r y  1uet~bly r l o c f d  Ocl~~ltderl 

s u b s e t  A, ille z d c n i z f y  i n a p  (A, w e a k )  t o  (A,  i lorrn) h a s  a l  ltr/.i oi l(  pocrrl o f  
coillznlrzty. s e e  [E- W] f o r  d e l a ~ l s .  

A dual property to  ( A t ) ,  property (M*) ,  is defi~led in X* by requirl~ig t l ~ a t  

w - 
be a f u ~ ~ c t i o n  of J J  f  1 1  only, whenever f,, -0. Since (M*)  iliiplies S' has 1:lie 
Radon-Nikodyin we conclude t,liat if x* has pr0pert.y (M*) t,l~eii S' lias to'-11orma1 
structure and hence the w*-fpp . 

I t  follows from t,he work in I<alton [I<] Lenlina. 3.6 a.nd t,he discussioii precetlilig 
it tha t  if X has propertmy (M) and co +- X then S has w-normal slructure. Thus,  
for spaces with property ( M )  the presence of co is tlie only impediment. to me& 
normal structure. It. is not. however an impediment for the w-fpp . 
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Directly after these lectures were given in Seville, J .  Garcia-Falset a.11t1 111yseli' 
succeeded in 1)roviilg tlie following, using all ada1)tation of tlie nlet.liods illuslraletl 
ill proposition 5.1. 

Tlleorein 5.6. L e i  S be n  B n i ~ n c h  s p a c e  toziA p i , o p e ~ , t y  ( M )  t h t i ~  S h n s  t h r  u l - / j ~ j ~  
(see, [GF-S], for details). 

It call also be seen that  if S is a separable, nonatomic a-order complrte Banach 
lattice wliicli admits an equivalent nornl with property ( R I ) ,  then X has tlie ur-fpp . 

We close this section with an  observation by T. Dalby which just,ifies our earlier 
cla.im t11a.t t,liis work represents a, genera.liza~tion of proposition 5.1. 

propositioil 5.7. For a  B n ~ l a c h  s p a c e  X,  zf R ( S )  = 1 their  S h a s  p i o l ~ c i f y  (.I[) 

Proof. M'e have seen (proof of proposi t io~~ 5.1) tl1a.t R ( X )  = 1 implies t.he ~lo~ist,ric,t, 
U' 

Opial condition. Now, let x,, - 0 and suppose x ,  y are such that  ((.cI/ = ( 1  y l  # 0,  
I lien 

I l ~ l l  = 11x11 < lilnillfllx + xnII I lC.(Z,)(x).  

.Also, by tlie ilonstrict Opial condition 

I c.1 d := 4'.(, r n )  ( . r ) ,  t.llen from the  definition of R(X) we have 

Il lat  is, $(,,,)(y) < $;(Nn)(x),  and the result follows from symmetry ill r ant1 y. 
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