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Characterisation of normed 

linear spaces with Mazur's 

intersection property 

J.R. Giles, D.A. Gregory, and Brailey S ims 

Normed l i n e a r  spaces possess ing  t h e  euc l idean  space proper ty  t h a t  

every bounded c lo sed  convex s e t  i s  an i n t e r s e c t i o n  of  c l o sed  

b a l l s ,  a r e  c h a r a c t e r i s e d  a s  those  wi th  dua l  b a l l  having weak * 
dent ing  po in t s  norm dense i n  t he  u n i t  sphere .  A c h a r a c t e r i s a t i o n  

o f  Banach spaces whose dua ls  have a  corresponding i n t e r s e c t i o n  

proper ty  i s  e s t a b l i s h e d .  The ques t ion  of t h e  dens i t y  o f  t h e  

s t r ong ly  exposed p o i n t s  of t h e  b a l l  i s  examined f o r  spaces wi th  

such p r o p e r t i e s .  

It was Mazur 171 who drew a t t e n t i o n  t o  t h e  euc l idean  space property 

ir) : 

every bounded closed convex s e t  can be represented as an 

intersection of closed bat 2s; 

and he began t h e  i n v e s t i g a t i o n  t o  determine those  normed l i n e a r  spaces 

which possess t h i s  p roper ty .  Phelps [ 9 ]  continued t h i s  i n v e s t i g a t i o n ,  

cha r a c t e r i s i ng  f i n i t e  dimensional spaces wi th  proper ty  ( I ) .  Recently,  

S u l l i v a n  [ 1 2 ]  has given a c h a r a c t e r i s a t i o n  o f  smooth spaces wi th  proper ty  

( I ) .  
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We develop SuI I i v a n ' s  key i d e a ,  and i n  Theorem 2 . 1  z n a r a c t e r i s e  normed 

l i n e a r  spaces w i t h  p r o p e r t y  (I)  a s  t h o s e  w i t h  d u a l  b a l l  having weak * 
dent ing  p o i n t s  norm dense i n  t h e  u n i t  sphere .  I n  t h i s  theorem we a c t u a l l y  

g ive  f o u r  e q u i v a l e n t s  f o r  p r o p e r t y  ( I ) ,  two of which had beer. given by 

Phelps a s  necessary  c o n d i t i o n s ,  [ 9 ,  p .  9791, and two o t h e r s  r e l a t e d  t o  

Sul l i v a n ' s  approach. 

For  a dua l  space t h e  a p p r o p r i a t e  i n t e r s e c t i o n  p r o p e r t y  which 

corresponds t o  p r o p e r t y  (I)  i s  p roper ty  (weak * I ) :  

every  bounded weak * c l o s e d  convex s e t  can  be  r e p r e s e n t e d  as 

an i n t e r s e c t i m  of c l o s e d  b a l l s .  Mr- 
I n  Theorem 3 . 1  we c h a r a c t e r i s e  Banach spaces w i t h  p r o p e r t y  (weak * I) 

on t h e  d u a l  a s  t h o s e  w i t h  b a l l  hav ing  den t ing  p o i n t s  norm dense i n  t h e  u n i t  

sphere .  

Phelps proved t h a t  a normed l i n e a r  space has  p r o p e r t y  ( I )  i f  t h e  weak 

* s t r o n g l y  exposed p o i n t s  of  t h e  d u a l  b a l l  a r e  norm dense i n  t h e  u n i t  

s p h e r e ,  [ 9 ,  p .  9771, and he r a i s e d  t h e  ques t ion  o f  t h e  n e c e s s i t y  o f  t h i s  

c o n d i t i o n  f o r  p r o p e r t y  ( I ) .  The corresponding q u e s t i o n  f o r  p r o p e r t y  (weak 
* I )  concerns t h e  norm d e n s i t y  o f  t h e  s t r o n g l y  exposed p o i n t s  o f  t h e  b a l l  

i n  t h e  u n i t  sphere.  We show, i n  p a r t i c u l a r ,  t h a t  when a Banach space has 

bo th  p r o p e r t y  (I)  and p r o p e r t y  (weak * I) on t h e  d u a l ,  then  bo th  t h e s e  

d e n s i t y  p r o p e r t i e s  h o l d .  

1 .  Prel  i m i n a r i e s  

We cons ider  r e a l  normed l i n e a r  spaces .  Given a normed l i n e a r  space 

X , and y € X and r > 0 , we denote by ~ [ y ;  r ]  t h e  c l o s e d  b a l l  

{x € X : Ilx-yII 5 r )  . We denote by B ( X )  t h e  c l o s e d  u n i t  b a l l  

{x € X : llxll 5 11 and by S(X) t h e  u n i t  s p h e r e  {x € X : llxll = 1 )  . For 

x € S(X) , we denote by D(X)  t h e  s e t  {f € s(x*) : f ( x )  = 1 )  , and f o r  

f € s(x*) , we denote by D-l(f)  t h e  s e t  {x C S(X) : f ( x )  = 1 )  . (For 

every x 6 S(X) , D(X)  i s  non-empty, b u t  f o r  some f € s(x*) , D- ' (~)  

may b e  empty.) We s a y  t h a t  X i s  smooth a t  x € S(X) , i f  D(X) i s  a 

s i n g l e  p o i n t  s e t .  The s e t  valued mapping x H D(X) of  S(X) i n t o  

s u b s e t s  of  S(X*) i s  c a l l e d  t h e  d u a l i t y  mapping on X . The i n v e r s e  

duality mapping on X* i s  t h e  s e t  va lued  mapping f H D- ' (~)  of  D(s(x)) 
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i n t o  subse t s  of  S ( X )  . A mapping x I-+ f x  o f  S ( X )  i n t o  s ( x * )  , where 

f x  € D ( X )  , i s  c a l l e d  a  support mapping on X  . 

A s l i c e  of t h e  b a l l  B ( X )  determined by f  € S ( X * )  i s  a  s e t  of t h e  

form s ( B ( x ) ,  f ,  6 )  5 i x  f B ( X )  : f ( x )  > 1-61 f o r  some 0 < 6  < 1 . A 

s l i c e  of  t h e  b a l l  B ( x * )  determined by x € S ( X )  i s  sometimes c a l l e d  a  

weak * s l i c e  o f  B ( X * )  . We say  t h a t  x t S ( X )  i s  a  denting point o f  

a ( X )  i f ,  f o r  every E > 0 , r i s  contained i n  a  s l i c e  of  B ( X )  of 

d i m e t e r  l e s s  than E . We say t h a t  f € s ( x * )  i s  a  weak * denting 

point of B ( X * )  i f ,  f o r  every E > 0 , f i s  conta ined  i n  a  weak * - 
s l i c e  of B ( X * )  of diameter  l e s s  than E . We say  t h a t  x € S ( X )  i s  a  

strongly exposed point of B ( X )  , i f  t h e r e  e x i s t s  an f € S ( X * )  such t h a t ,  

f o r  every E > 0 , f determines a  s l i c e  o f  B ( X )  conta in ing  x and of  

diameter  l e s s  than E . We say  t h a t  f  € s ( x * )  is  a  weak * strongZy 

sxposed point o f  B ( X * )  , i f  t h e r e  e x i s t s  an x € S ( X )  such t h a t ,  f o r  

every E > 0 , s determines a  s l i c e  of B ( x * )  conta in ing  f  and of 

d i a ne t e r  l e s s  than E . A s t r ong ly  exposed po in t  i s  a  den t ing  po in t ,  b u t  

t h e  converse i s  no t  t r u e  even i n  f i n i t e  dimensional spaces.  

We have t h e  fol lowing elementary bu t  u s e f b l  p roper ty  f o r  s l i c e s .  

LEMMA 1 .l. I n  a normed linear space X , consider x € S ( X )  . For 

any s l i c e  determined by an f  € S ( X * )  and containing x there e x i s t s  an 

E > 0 such thclt for a l l  g € S ( X * )  , where / I f - g / /  < E , there e x i s t s  a 

s l i ce  detemined by g which contains x and i s  contained i n  the s l i c e  

determined by f . 
Proof. Suppose x € s ( B ( x ) ,  f ,  6 )  . Choose E < % ( f ( ~ ) - 1 + 6 )  . Then 

I 
f o r  < E we have g ( x )  3 f ( x )  - E > 1 - ( 6 - E )  ; s o  

J: c s ( B ( x ) ,  g ,  6 4 )  . Also f o r  a l l  y € s ( B ( x ) ,  g ,  6-€1 we have 

f(y) z g ( y )  - E > 1 - 6  ; s o  y € s ( B ( x ) ,  f ,  6 )  . 
Fron t h e  Bishop-Phelps Theoren we make an immediate deduction.  

COROLLARY 1 .l. For a Banach space X  , cunsider x € S (  X )  . For any 

s l i c e  determined by an f  € S ( X * )  and containing x there ex-ists a s z ice  

jetermined by a g E D ( s ( x ) )  which cuntains x mzd i s  contained i n  the  

s l i ce  determined by f  . 
As we n i g h t  guess ,  cond i t i ons  f o r  p roper ty  (I) must involve some 
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smoothness condi t ion  on t h e  u n i t  sphere ,  and t h e  probler. nas been t o  f i n d  

t h e  r i g h t  condi t ion  f o r  a  c h a r a c t e r i s a t i o n .  Both F.1ar.r z.73 "hls!os 

concent ra ted  on condi t ions  involv ing  s t rong  d i f f e r e n t i a b i l i r : ;  zf t i e  norm. 

The norm of  a  normed space X i s  s a i d  t o  be  strongly di,fdZeren.s-:&:e 

( ~ r g c h e t  d i f f e r e n t i a b l e )  a t  x  C S ( X )  , i f  f o r  a l l  y C S(%) 2r.i  r e a l  X , 

e x i s t s  and i s  approached uniformly f o r  a l l  y C S ( X )  . I f  t h e  norm i s  

s t r ong ly  d i f f e r e n t i a b l e  a t  x € S ( X )  , then X i s  smooth a t  x  . The norm 

o f  X i s  s t r ong ly  d i f f e r e n t i a b l e  a t  x € S ( X )  , i f  and only i f  fx C ~ ( x )  rn 
i s  a  weak * s t r ong ly  exposed po in t  o f  B ( x * )  by x  . The norm of  X* 

i s  s t r ong ly  d i f f e r e n t i a b l e  a t  f  € s ( x * )  , i f  and only  i f  t h e r e  e x i s t s  an 

x  € S ( X )  such t h a t  f  C ~ ( z )  and x  i s  a  s t r ong ly  exposed po in t  o f  B ! X )  

by f  [ l o ,  Theoreml] .  

S u  l i v a o ,  i n s t e a d  of concen t r a t i ng  on t h e  s e t  of po in t s  o f  s t r ong  

d i f f e r e n t i a b i l i t y  of  t h e  norm i n  S ( X )  , cons idered  more gene ra l  s e t s .  For 

given E > 0 , cons ider  t h e  s e t  M ( x )  c o n s i s t i n g  of  p o i n t s  x  € S ( X )  
E 

such t h a t  f o r  some 6 ( E ,  x )  > 0 , 

We note  that .  t h e  s e t  o f  po in t s  o f  S ( X )  where t h e  norm 3f  X i s  s t r ong ly  

d i f f e r e n t i a b l e  i s  p r e c i s e l y  t h e  s e t  I7 M E ( X )  . S u l l i v a n  a l s o  e s t ab l i shed  
c>o 

an important  l i n k  wi th  s t r ong  d i f f e r e n t i a b i l i t y  of t h e  norm i n  t h e  

fo l l owing re su l t [ 12 ,  $ 3 ,  Corol la ry  61. Another l i n k  i s  given i n  Coro l la ry  

2.2 below. 

THEOREM 1 . I  . For a Bmach space X , i f  1vE(X) = S ( X )  for some 

0 < E < 1 then X i s  an Asplund space ( t h a t  i s ,  every equivalent norm for 

X i s  strongly d i f f e ren t iab le  on a norm dense subset o f  S ( X )  Cb, 

P .  7491). 

However, t h e  M ( X )  s e t s  i n  S ( X )  a l s o  r e l a t e  t o  t he  weak * 
E 

dent ing  p o i n t s  of B ( x * )  and t h e  ME(X*) s e t s  i n  S ( X * )  r e l a t e  t o  t h e  
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2ent ing  p o i n t s  of  B ( X )  . 
LEMM 1.2. (i) For a normed linear space X , consider A c_ S ( X )  

whare D ( A )  i s  norm dense i n  S ( X * )  . Then A contains the denting 

?oints of B ( X )  . 
(ii) For a normed linear space X , consider A 5 S(X*)  where 

J - ~ ( A )  i s  m dense i n  S X  . Then A conkuins the weak " n t i n g  

soints  of B(K*) . 
Proof.  (i) Consider  x E S ( X )  a  d e n t i n g  p o i n t  of  B ( X )  . S i n c e  

- 3iX) i s  norm dense i n  S(X*)  , we have by Lemma 1.1 t h a t  f o r  each E > 0 

:?.ere e x i s t s  a  y E S(X) n A and fy E D(y ) such t h a t  f determines a  
Y 

- .  
slice of B ( X )  which c o n t a i n s  x and has d iameter  l e s s  than  E . As 

, i A belongs t o  t h i s  s l i c e ,  ilx-yl( < E , and so  x € A . 
(ii) This proof fo l lows  s i m i l a r l y ,  app ly ing  Lemma 1.1 t o  X< 

I n  p a r t i c u l a r ,  we can make t h e  fo l lowing  deduct ion.  

COROLLARY 1 .2. (i) For a normed linear space X , i f  for e v e q  

E > o , D ( ! ~ ~ ( x ) )  i s  norm dense i n  S ( X * )  , then f l  M ( X )  contains the  
E>O 

A n t i n g  points o f  B ( X )  . 
(ii) For a normed linear space X , i f  for every E > 0 , 

_-1 [ M ~ ( x * ) )  i s  mrm dense i n  S ( X )  , then 17 I V ~ ( X * )  contains the weak 
E >O 

denting points of B(x" . 

v 2 .  C h a r a c t e r i s a t i o n  o f  s p a c e s  w i t h  p r o p e r t y  ( I )  

We approach our  theorem by c h a r a c t e r i s i n g  p o i n t s  i n  ME(x) s e t s  

l e m a  2 . 1  and t h e  corresponding Lemma 3 . 1  g e n e r a l i s e  r e s u l t s  given 

l r i t i a l i y  by Smu l ian, f o r  p o i n t s  o f  s t r o n g  d i f f e r e n t i a b i l i t y  of  t h e  norm 

1 1 1 ,  p.  6451. 

LEMMA 2.1. For a normed linear space X , given E > 0 , the 

.'=I lowing statements are equiva l en t :  

(ii) x determines a s l i c e  of  B ( x * )  of diameter less  than E ; 
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fiii) for a22 sequences fn 6 S(X*) such that f n ( x )  + 1 , 

l i m  sup ( I f n - f m l l  < E ; 

( i v )  for a22 sequences xn € S(X)  where xn + x , and a22 

l i m  sup  ) I f x  - f  ( I  < E . 
n ' rn  

Proof. i i )  * (ii) . Suppose t h a t  d i a m  S ( B (  X* ) , x , 6 )  )_ E f o r  a l l  

0 < 6 < 1 . Then t h e r e  e x i s t  f n ,  gn € B(X*) such t h a t  

2 2 
f n ( x )  > 1 - l / n  , g > 1 - 1 , and (Ifn-gn(( > E - 1/72 . 

Choose y € S(X) such t h a t  (y,) > E - l / n  . n 

Then 

Therefore,  

llx+( l / n )  ynll+llx-( l / n ) ~ ~ l l - 2  3 
> E - - f o r  a l l  n . 

l / n  n 

(ii) * fiii). I f  t h e r e  e x i s t s  a 6  > 0 such t h a t  

d i m  s (B(x*) ,  x ,  6)  < c , Glen 1' ( s ( R ( K * ) ,  x ,  5)  rnr n s u f f i c j  en t ly  - n 

l a r g e .  

(iii) ( i v )  . 1 f x  (x)-1 1 5 1 fx  (x-x ) 1 5 )It-x 11  , SO t h a t  
n n n 

v i For any given y € S ( X )  and An + 0+ , and f o r  any 
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we have 

: j ,  p: 1081. But 

3 1 t h e r e  e x i s t s  a 0 < 6 (  E, x )  < 1 , and, from ( i v )  , 

The fo l lowing  consequences a r e  immediate from t h i s  lemma. 

COROLLARY 2.1. For a normed linear space X , given E > 0 , the s e t  

'!. / )  i s  open i n  S ( X )  . 
Proof. Consider x E M ~ ( X )  . By Lemma 2.1 (ii), x determines a 

. l - - e  o f  B(x*)  of diameter  l e s s  than  E . By Lema 1.1 app l i ed  t o  X* , 
-I' 3 C S ( X )  and Ilx-yll i s  s u f f i c i e n t l y  smal l ,  y a l s o  determines a 

- - 2 e  of B(x*)  of  diameter  l e s s  than E , so  t h a t  by Lemma 2 . 1  i i , ,  
. F ' 4  ( X )  . 

E 

Corol la ry  2.1 enables us t o  e s t a b l i s h  another  l i n k  wi th  s t r o n g  

: i f f - r e n t i a b i l i t y  of  t h e  norm. 

COROLLARY 2.2. For a Banach space X , i f  M ( X )  i s  norm dense i n  
E 

. . for every 0 < E < 1 , then the norm of X i s  strongly 

:"-.?renti&le . - on a norm dense G6 subset of S ( X )  . 

Proof. By the  Ba i r e  Category Theorem, fl M E ( X )  i s  norm dense i n  
E >O 
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S ( X )  , b u t  n M ~ ( x )  i s  t h e  subse t  of s ( X )  where t he  norm i s  s t r ong ly  
E >o 

d i f f e r e n t i a b l e .  

The fol lowing r e f l e x i v i t y  r e s u l t  i s  a  s p e c i a l  case  of a  lemma of 

S u l  l ivan [ 1 2 ,  Lemma, $3.31, b u t  t h e  proof i s  somewhat s impler .  

COROLLARY 2.3. I f  for a Banach space X t h e m  e x i s t s  some 

o < E < 1 s w h  tha t  D ( M € ( x * ) )  i s  norm dense i n  s(X**)  , then X i s  

re f l ex ive .  

Proof. S ince  E < 1 , it i s  s u f f i c i e n t  t o  show t h a t  each 

F € D ( M € ( x * ) )  i s  w i t h i n  E d i s t ance  of ? . Since  ~ ( 2 )  i s  weak * @ 
dense i n  B(X**) each weak * s l i c e  of B(X**) conta in ing  F conta ins  

some element of B ( ? )  . But by Lemma 2 .1  fii), F i s  i n  such a  weak * 
s l i c e  of  diameter  l e s s  than  E . 

I n  p a r t i c u l a r ,  us ing  t he  Bishop-Phelps Theorem we can make t h e  

fol lowing deduction from Corol la ry  2 .3 .  This gene ra l i s e s  t h e  we l l  known 

r e s u l t  t h a t  a  Banach space X i s  r e f l e x i v e  i f  t h e  norm of  X-s s t r ong ly  

d i f f e r e n t i a b l e  on S(X" . 

COROLLARY 2.4. I f  for a Banach space X there e x i s t s  some 

0 < E < 1 such that  M E (  X" = S(X*)  , then X i s  re f l ex ive .  

We now give  a  c h a r a c t e r i s a t i o n  of  f unc t i ona l s  which s a t i s f y  a  c e r t a i n  

s e pa ra t i on  proper ty .  This  i s  a  l o c a l  p roper ty  which g loba l l y  makes up 

proper ty  ( I )  . 
LEMMA 2.2. For a normed Linear space X , given f € S(X*)  , the 

fozlowing statements are equivalent: 
f 

fii) for every bounded s e t  C with i n f  f ( C )  > 0 there e x i s t s  

a closed baZZ containing C which does not contain 0 ; 

fiii) given 0 < E < 1 there e x i s t s  an x € S ( X )  and a 

6 ( ~ )  < 0 such t h a t  D(y)  c_ B ( f ;  E )  for aZZ 

y C S ( X )  n B ( x ;  6 )  . 
Proof. i )  i .  Let C be a  bounded s e t  with i n f  f ( ~ )  > 0 . 
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1 ?here e x i s t s  a  k  > 0  such t h a t  C 5 B [ O ;  k l  . Choose E - i n f  f ( ~ )  . 
3 

Since f  E t h e r e  e x i s t s  an x  E M (x) and an fx € D ( x )  
~ l k  

such t h a t  IIf-fA) < ~ / k  . Consider  t h e  sequence of  c l o s e d  b a l l s  

3 Z B[nex; ( n - l ) e l  . We show t h a t  t h e r e  e x i s t s  an no such t h a t  

: c_ B , Suppose o therwise ,  t h a t  f o r  every n  t h e r e  e x i s t s  an 
0  

x  
I. E C\Bn . Write  y  . then  s i n c e  {x,} i s  bounded, + 0  . 

n  nE ' Yn 

- But 

:-.5 t h i s  c o n t r a d i c t s  x E M ( x )  . 
~ l k  

(ii) * (iii). Consider  D Z B ( X )  n f- ' (0) , and l e t  u  6 S ( X )  be  

2 
t h a t  f ( u )  > E . Wri te  u '  E u . Then f ( D + u l )  = 5 > 0  and 

2 

C 3 + u' . So t h e r e  e x i s t s  a  c l o s e d  b a l l  c o n t a i n i n g  D + u' and not 

:airring 0  . Therefore t h e r e  e x i s t s  a  c l o s e d  b a l l  c o n t a i n i n g  D and 

b - ~ o n t a i n i n g  u' . The proof now fo l lows  i d e n t i c a l l y  t h a t  o f  Lemma 4.1 

- -he Ips C9 ,  P .  9791. 

(iii) * (i). Given E > 0  and 0  < q < ~ / 2  , t h e r e  e x i s t s  an 

z i S(X) and a  6 ( ~ )  > 0  such t h a t  ~ ( y )  5 ~ ( f ;  Q) f o r  a l l  

C 5 ( X )  n B ( X ;  6 )  . I n  p a r t i c u l a r  D ( X )  5 ~ ( f ;  n )  , and f o r  a l l  

- .  5 S ( X )  where x  + x  we have t h a t  l i m  sup /If - f x  1 1  5 2rl < E f o r  a l l  
n  x  n  rn 

- 
i D(xn) . But by Lemma 2.1 (iv) t h i s  impl ies  t h a t  x  € M E ( X )  . So . . 

, . . - - < n , where fx E D ( M ~ ( x ) )  . . ... - 
:he l o c a l i s e d  form of  one o f  Mazur's r e s u l t s  [ 7 ,  p .  1281 fol lows 
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d i r e c t l y  from Lemma 2.2 fii). 

COROLLARY 2 . 5 .  For a noned linear space X , l e t  f € s(x*)  have 

any of  the properties of L m a  2 .2 .  Then, for any bounded sequence {xn}  

such that every closed ba l l  containing a subsequence also contains x , we 

have that f(xn) + f ( x )  . 

We say t h a t  the  d u a l i t y  mapping x I-+ D ( X )  on X i s  quasi-continuous 

i f ,  given f € S(X*) and 0 < E < 1 , t h e r e  e x i s t s  an  x € S ( X )  and a  

6 ( ~ ,  f )  > 0 such t h a t  ~ ( y )  C B ( f ;  E )  f o r  a l l  y 6 S ( X )  n ~ ( x ;  6 )  . 
THEOREM 2.1. For a normed linear space X , the following statements 1) 

are equivaZent: 

(i) X has property ( I ) ;  

(ii) the duality mapping on X i s  quasi-continuous; 

fiii) every support mapping on X maps n o n  dense se t s  i n  S ( X )  

t o  n o n  dense se t s  i n  s ( x* )  ; 

f i v )  for every E > 0 , D ( M ~ ( x ) )  i s  n o n  dense i n  s (x*)  ; 

f v )  the weak * denting points of  B (x* )  are n o n  dense i n  

S ( X * )  . 
Proof.  fi) * fii). I f  t h e  d u a l i t y  mapping i s  n o t  quasi-continuous, 

t h e r e  e x i s t s  an f € s ( x* )  which does no t  obey t h e  proper ty  given i n  

Lemma 2.2 (iii). So by Lemma 2.2 fii) t h e r e  e x i s t s  a  bounded c losed  convex 

s e t  C with  i n f  f (C)  > 0 and every c losed  b a l l  con t a in ing  C a l s o  

c on t a in s  0 . So then C cannot be  r ep r e sen t ed  a s  an i n t e r s e c t i o n  o f  

c losed  b a l l s .  (Th i s  i s  Phe lps '  Lemma 4.1 C9, p .  9791 . )  
4 

( i f)  * (iii). It fol lows d i r e c t l y  from the  d e f i n i t i o n  o f  quasi-  

c on t i nu i t y  t h a t  f o r  any suppor t  mapping @ on X , i f  A i s  norm dense i n  

S ( X )  , then  @ ( A )  i s  norm dense i n  S ( X * )  . ('This i s  Phelps '  Coro l la ry  

4 .2  C9, p.  9801.) 

(iii) * ( i f ) .  Suppose t h a t  t h e  d u a l i t y  mapping i s  not  quasi-  

continuous.  Then t he r e  e x i s t s  an f € S ( X * )  and an r > 0 such t h a t ,  f o r  

every  x € S ( X )  and E > 0 , t h e r e  e x i s t s  a  y € B ( X ;  E )  , where 

~ ( y )  4 ~ ( f ;  r )  . So t h e r e  e x i s t s  a  norm dense s e t  A i n  S ( X )  and a  

suppor t  mapping @ , where @ ( A )  n B ( f ;  P )  = @ . 



Norrned l i n e a r  s p a c e s  115 

(ii) ' ( i v ) .  I f  t h e  d u a l i t y  mapping i s  quasi-cont inuous,  it fol lows 

-r3m Lemma 2.2 (i) t h a t  s(x*) = f l  . 
E>O 

( i v )  ' ( v )  . For g iven  E > 0 , we have by Lemma 2 . 1  (ii) t h a t  

' x i s  con ta ined  i n  t h e  s e t  D t h e  union o f  p o i n t s  i n  s(x*) 
E E ' 

----.ich a r e  weak * i n t e r i o r  t o  weak * s l i c e s  of  B(x*) of diameter  l e s s  

- .~ - 2  E . So f o r  each E > 0 , DE i s  norm open and norm dense i n  S(X*) . 
:he B a i r e  Category Theorem f l  DE i s  norm dense i n  S(X*) ; b u t  t h e s e  

e>O 

- - .-;. ~ r e c i s e l y  - t h e  weak * dent ing  p o i n t s  o f  B(X*) . 
' v )  * ( i v ) .  Consider  f E s(x*) , a  weak * d e n t i n g  p o i n t  o f  

: * . . . Given E > 0 and 0 < q < E , t h e r e  e x i s t s  an x E S(X) such 
- 

: .  f belongs t o  a  s l i c e  determined by x o f  diameter  l e s s  than  q . 
-; 3(zj i s  conta ined  i n  t h i s  s l i c e .  Therefore ilfx-fll < q f o r  any 

;(z) , and by Lemma 2 . 1  (ii) ,  x E lf,(X) 5 ME(X) . So f E . . - 

' u  * . Consider  a  bounded c l o s e d  convex s e t  C and a p o i n t  
-., " - .: ,, . We may assume t h a t  y = 0 . By t h e  S e p a r a t i o n  Theorem t h e r e  

- . : s  a  cont inuous l i n e a r  f u n c t i o n a l  f such t h a t  i n f  f ( ~ )  > 0 . Now 

, 
D(ME0J , s o  by Lemma 2.2 (ii) t h e r e  e x i s t s  a  c l o s e d  b a l l  

: >3 

- - -  : lning C which does n o t  con ta in  0 . 
... weak * d e n t i n g  p o i n t  i s  an extreme p o i n t .  I n  a  f i n i t e  dimensional  

.:; En extreme p o i n t  i s  a  weak * d e n t i n g  p o i n t ,  s o  Phelps '  r e s u l t  [ 9 ,  

;::I i s  immediate. 
w 

C O R O L L A R Y  2.6. A f i n i t e  dimensimal normed l inear  space X has 

. -:,r, ( I ) ,  i f  and only i f  the s e t  of extreme points o f  B(x*) i s  dense 

-7371 Corol lary 2 .3  t h e  fo l lowing  r e s u l t  i s  immediate. 

Z O R O L L A R Y  2.7. A Bmach space X whose dual X* has property (I) 

- - .2,eJ7ive. 

.-I% t h e  f a c t  t h a t  f l  c o n t a i n s  t h e  weak * dent ing  
E>O 

: 3 ( ~ * )  and  t h a t  f o r  a  r e f l e x i v e  space  B(x*) i s  t h e  c l o s e d  

-1 o f  i t s  d e n t i n g  p o i n t s  [ 4 ,  p .  251, we can deduce t h e  fo l lowing  
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ex tens ion  o f  Mazur's r e s u l t  given l o c a l l y  i n  Coro l la ry  2.5.  

COROLLARY 2.8. For a re f l ex ive  Banach space with property ( I ) ,  a 

bounded sequence { x n }  converges weakly t o  x , i f  and only i f  every 

closed b a l l  containing a subsequence also contains x . 

I n  h i s  paper  [ 9 ,  p .  9821, Phe l ps asked whether  X  having p r o p e r t y  ( I )  

impl ies  t h a t  t h e  s e t  of  weak " s t r o n g l y  exposed p o i n t s  o f  B ( X * )  i s  norm 

dense i n  S ( X * )  . I n  t h e  l i g h t  of  Theorem 2 .1  t h i s  ques t ion  t a k e s  t h e  

fo l lowing  form. 

PROBLEM 2.1. I f  X  has the s e t  of weak * denting points o f  B ( X Q ,  

norm dense i n  S ( X " )  , i s  the s e t  of weak " strongly exposed points o f  

B ( X * )  norm dense i n  S ( X "  ? 

I f  t h e  norm of X  i s  s t r o n g l y  d i f f e r e n t i a b l e  on a  norm dense s e t  i n  

S ( X )  , then  from Theorem 2 . 1  fiii) we have an a f f i r m a t i v e  answer t o  our  

q u e s t i o n .  Asplund spaces  s a t i s f y  t h i s  c o n d i t i o n .  So t h e n  a l l  r e f l e x i v e  

Banach spaces  and a l l  s e p a r a b l e  Banach spaces  wi th  p roper ty  ( I )  s a t i s f y  

t h i s  c o n d i t i o n .  This  l e a d s  us  t o  ask  t h e  f u r t h e r  ques t ion :  

PROBLEM 2.2. I s  every Banach space with property (I) m Asplund 

space ? 

We p o i n t  o u t  t h a t  i f  X  has t h e  p r o p e r t y  t h a t  every p o i n t  of D ( s ( x ) )  

i s  a  weak " dent ing  p o i n t  o f  B ( x " )  , then  t h e  norm o f  X  i s  s t r o n g l y  

d i f f e r e n t i a b l e  on S ( X )  . So from Theorem 2.1 (iii) t h e  s e t  D ( s ( x ) )  of 

weak " s t r o n g l y  exposed p o i n t s  of B ( x " )  i s  norm dense i n  s ( x * )  , and 

i f  X  i s  a  Banach space ,  then  from Theorem 1.1, X  i s  an Asplund space .  

L 
3 .  C h a r a c t e r i s a t i o n  o f  s p a c e s  w i t h  p r o p e r t y  ( w e a k  " I )  

By developing Lemmas 3 .1  and 3.2 f o r  t h e  dual  space s i m i l a r  t o  Lemmas 

2.1 and 2.2 we a r e  a b l e  t o  e s t a b l i s h  a  c h a r a c t e r i s a t i o n  theorem f o r  dual  

spaces  w i t h  p roper ty  (weak " I )  s i m i l a r  t o  t h a t  given i n  Theorem 2 . 1  f o r  

spaces wi th  p r o p e r t y  ( I ) .  

LEMMA 3.1. For a Bmach space X  , given E > 0 , the following 

statements are equivalent: 

fii) f determines a s l i c e  of B ( X )  of diameter Less than E ; 
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i?:ii) for a22 sequences xTl C S(X) such that f ( x A  + 1 , 

l i m  su;, / ) x  -X ( 1  < E ; n m 

(iv) f o r a l l  sequences xn €S(X) a n d a l l  f € D(xn) , whew 
xn 

fx + f , l i m  sup 112 -X 1 1  < E . 
n m n 

Proof. (i) a (ii) follows from (i) ' (ii) i n  Lemma 2.1. 

iii) ' (iii) and (iii) a (iv) follow as  i n  Lemma 2.1. 

r- w 
' { v )  ' (iii) . From t h e  Bol loba's es t imates  f o r  t h e  BishopPhelps  

, rrem [ I ]  we have t h a t  f o r  every sequence x € S(X) such t h a t  
n 

. :- ', + 1 , t he re  e x i s t s  a sequence y € s (x) and f € D bn) such t h a t  
- ,. / n 

Yn 

- ,  - -  + O  and Ilf-f ( + 0 .  
' y  

Y n 

'iii) a (i) . Suppose t h a t  f 4 M€(X*) ; then  from Lemma 2 .1  (iii) 

:-.: e x i s t s  a sequence Fn € s(Xff) such t h a t  F n ( f )  + 1 , bu t  

- E f o r  a l l  m ,  n . So f o r  each n t he re  e x i s t s  fn € S(Xf ) 

. I (%-F,+,) (f,) 1 3 E - 1/71 . Since B ( ? )  i s  weak * dense i n  

- 7  , t he re  e x i s t s  a sequence x € S(X) such t h a t  n 

- .2(zn) + 1 ; but  

- sup l x  -x 1 1  3 E . 
n m 

.. ~ - . Lemmas 2.1 and 3.1 we make the  fol lowing deduction. 
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COROLLARY 3.1. For a nomed l i w a r  space X , i f  x E M ~ ( x )  , then 

LEMMA 3.2. For a Bancrch space X , given x E S( X) , the following 

statemenk are eqtrivalent: 

(ii) for every bounded s e t  C i n  X* with i n f  $ ( c )  > 0 , 
there e3cists a closed dual b a l l  containing C which does 

not  contain 0 ; 

(iii) given 0 < E < 1 there e x i s t s  an f E D ( s ( x ) )  and a 

B ( E )  > O such t h a t  D-'(g) 5 B ( x ;  E )  for a l l  

g E D ( s ( x ) )  n B ( f ;  6 )  . 

p r o o f .  ( i .  Given E > 0 , D - ~ ( M ~ ( x * ) )  C _ D ( M ~ ( X * ) )  ; S O  

r E n , and the  resu l t  follows from Lemma 2.2 (ii). 
E>O 

(ii) * (iii) . Given E > 0 , we have *om Lemma 2.2 (iii), that  there 

e x i s t s a n  f' E S ( X * )  a n d a  6 ' ( & )  > O  s u c h t h a t  D ( g ) S B ( i ; E )  f o r a l l  

g E S ( X * )  n ~ ( f ' ;  6 ' )  . But by  the Bishop-Phelps Theorem there e x i s t s  an 

f E D ( s ( x ) )  and a 0 < 6 < 6 '  such that  B ( f ;  6 )  S B ( f ' ;  6 ' )  . So 

D - ~ ( ~ )  c_ B ( x ;  E )  for  a l l  g E D ( s ( x ~ )  n B ( f ;  6 )  . 
(iii) * (i) .  Given E > O and O < r! < €12 , there e x i s t s  an 

f E D ( s ( x ) )  and a 6 ( n )  > 0 such thaz D - l ( f )  ~ B ( X ;  r ) )  for a l l  

g E D ( s ( x ) )  n B ( f ;  6 )  . In  particular,  D-'(f) 5 B ( x ;  r ) )  and for a l l  

x E S ( X )  and f E D(xn] ,where fx + f , we have t h a t  
n x n n 

l i m  sup ~ J x  -x 11 2-q < E . By Lemma 3.1 ( i v )  t h i s  implies that 
n m 

f E M E  . So x - x  11 < r) where E D - ~ ( % ( x * ) )  . 
f x f  

The inverse dual i ty  mapping f c-t D-l( f )  on X* i s  quasi-cont~nuous 

i f ,  given x E S ( X )  and 0 < E < 1 , there e x i s t s  an f E D ( s ( x ) )  and a 

6 ( ~ ,  I )  > o such that  D - ' ( ~ )  5 B ( X ;  E )  for a l l  g E D ( s ( x ) )  n ~ ( f ;  6 )  . 
THEOREM 3.1. For a Banach space X , the following statements are 
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- : i v a l e n t :  

(i) x* has property (weak * I )  ; 

(ii) the  inverse dual i ty  mapping cm X* i s  quasi-continuous; 

(iii) every support mapping on X* which maps D ( s ( x ) )  i n t o  

S ( X )  has the property t h a t  it maps norm dense se t s  i n  

D [ s ( x ) )  t o  norm dense s e t s  i n  S ( X )  ; 

( i v )  for evely E > 0  , D-'[%(X*))  i s  nomi dense i n  S ( X )  ; 

- (713 the denting points o f  B(X)  are norm dense i n  S ( X )  . 
Proof.  A l l  t h e  p roofs  fo l low a  s i m i l a r  p a t t e r n  t o  t h o s e  g iven  i n  

rein 2 . 1 ,  b u t  u s i n g  Lemmas 3 . 1  and 3.2. The proof ( v )  ' ( i v )  a l s o  uses  

-._Lary 1.1. 

37~r c h a r a c t e r i s a t i o n  Theorem 3 . 1  r a i s e s  t h e  ques t ion  d u a l  t o  t h a t  

-1 5 j r  Theorem 2.1.  

PrlOBLEM 3 . 1 .  I f  X has the  s e t  of  denting points of B ( X )  norm 

: : a  S ( X )  , i s  the  s e t  of strongly exposed points of B ( X )  norm dense 
I $  

connect ion w i t h  t h e  ques t ion  d u a l  t o  t h a t  r a i s e d  i n  Problem 2 .2  we 

-ye fo l lowing  remark. A n o n e d  l i n e a r  space X i s  t oca / l y  u n i f o m l y  

.-.. i f  f o r  every x C S ( X )  and sequence x E S ( X )  such t h a t  n 
- - .. . - + 2 , we have x + x . It fo l lows  t h a t  i n  a  l o c a l l y  uniformly 

n 
. . - _ I space  X , every p o i n t  o f  S ( X )  i s  a  s t r o n g l y  exposed p o i n t  of  

Y . m d  s o ,  from Theorem 3 . 1  ( 7 ) )  , X* has proper ty  (weak * I ) .  Using 

I::-: we note  t h a t  a  Banach space X w i t h  p r o p e r t y  (weak * I )  on X* 

- r e c e s s a r i l y  weak * Asplund; t h a t  i s ,  n o t  every e q u i v a l e n t  d u a l  
- . . -  

. .  X* need b e  s t r o n g l y  d i f f e r e n t i a b l e  on a  norm dense s u b s e t  of  

12, p .  1031. The space c can b e  e q u i v a l e n t l y  r e n o n e d  t o  b e  
0  

.:.- . lniformly ro tund ,  b u t  l1 i s  n o t  weak * Asplund. 

. Spaces with property ( I )  and property ( w e a k  * I )  on the d u a l  

. .~ drawn a t t e n t i o n  t o  two s i g n i f i c a n t  ques t ions  i n  Problems 2 . 1  

. ~ .  I t  i s  of  i n t e r e s t  t o  examine t h e i r  s o l u t i o n s  f o r  spaces which 
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combine a l l  t h e  s p e c i a l  f e a t u r e s  a s soc i a t ed  w i th  proper ty  ( I )  and proper ty  

(weak * I) on t he  dual .  

THEOREM 4.1, A Banach space X has property ( I )  and X* has 

property (weak * I), i f  and unZy i f  the s e t  o f  strongly exposed points o f  

B(X) i s  norm dense i n  S ( X )  and the s e t  o f  weak * strongly exposed 

points of B(X*) i s  norm dense i n  S(X*) . 
Proof.  Suppose t h a t  X has proper ty  ( I )  and X* has  proper ty  

(weak * I ) .  From Theorem 2 .1  ( i v ) ,  f o r  every E > 0 , D ( M ~ ( x ) )  i s  norm 

dense i n  s(x*) and from Theorem 3 .1  f v )  , t h e  dent ing  p o i n t s  of  B (X)  a r e  

norm dense i n  S(X) . From Corol la ry  1 .2  (i) we deduce t h a t ,  f o r  every  
G 

E > 0 , ME(X) i s  norm dense i n  S(X)  . But from Corol la ry  2.2 t h e  norm 

i s  s t rong ly  d i f f e r e n t i a b l e  on a  norm dense subse t  o f  S(X) . S i m i l a r l y ,  

using Theorems 3 .1  ( i v ) ,  2.1 ( v ) ,  and Coro l la ry  1 . 2  ( i i ) ,  we have t h a t  t h e  

s e t  of  po in t s  where t he  norm o f  X* i s  s t r ong ly  d i f f e r e n t i a b l e  i s  norm 

dense i n  S (X*)  . Applying Theorems 2 . 1  fiii) and 3 . 1  ({ i f )  we have ou r  

r e s u l t .  

Conversely, t h e  proof fo l lows  d i r e c t l y  from Theorems 2.1 f v )  and 3 .1  

f v )  . 
There a r e  many examples of  t h e  spaces of  Theorem 4 . 1 .  

THEOREM 4.2. Any weakly compactly generated Banach space wi th  weakly 

compactly generated dual can be equivalently renormed t o  have property ( I )  

and property (weak * I )  on the dual. 

Proof.  Such a  space X can be  equ iva l en t l y  renormed s o  t h a t  bo th  X 

and X* a r e  l o c a l l y  uniformly rotund [ 6 ,  p .  1851. I t  fol lows t h a t  every 
Q 

po in t  of  S(X) i s  a  s t r ong ly  exposed p o i n t  of B ( X )  and every po in t  o f  

D ( s ( x ) )  i s  a  weak * s t r o n g l y  exposed p o i n t  o f  B(X" . The r e s u l t  

fol lows from t h e  Bishop-Phelps Theorem and Theorem 4 .l. 

5 .  U n i f o r m  c o n d i  t i  ons  

It seems reasonable t o  enqu i r e  about t h e  s p e c i a l  f e a t u r e s  of  a  normed 

l i n e a r  space X when t h e  M (x )  s e t s  s a t i s f y  a  uniform condi t ion .  
E 

The norm of a  normed l i n e a r  space X i s  s a i d  t o  be  uniformly strongZy 

d i f f e ren t iab le  (uniformly Fre'chet d i f f e r e n t i a b l e )  on a  s e t  A S ( X )  i f  
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r a l l  x E A  and y E S ( x ) ,  

. : i s t s  and i s  approached uniformly f o r  a l l  x E A and y € S(X) ; o r  

; -Lva l e n t l y ,  f o r  any given E > 0 , t h e r e  e x i s t s  a 6 ( ~ )  > 0 such t h a t  

: ? d l  X E A ,  

11x+yll + l~x-yll < 2 + EllyIl f o r  a l l  y E X , where I l y I j  < 6 . - given E ,  6 > 0 , we denote by M (x) t h e  s e t  o f  p o i n t s  of s(X) 
E ,6 

I ( x + ~ ( (  + 11x-yll < 2 + EIlyll f o r  all y E X , where ))y(( < 6 . 
The fol lowing lemma provides t h e  mechanism f o r  determining t hose  

_:es which s a t i s f y  condi t ions  analogous t o  t hose  s t ud i ed  f o r  p roper ty  

LEMMA 5.1. For a nomned Linear space X , suppose that for some 

. ! > @ , D(M~,~(x)) i s  mrm dense i n  S(X*) . Then for any 

- - - > E > o and f, g E S(X*) , where Ilf-gil > , we have 
- 

'- : i 2 - 6 . 

Proof. S ince  D(M~,~(x)) i s  norm dense i n  S(X*) , we have f o r  every 

.. < 
> 

l l f l l  = sup{ l f (x )  1 : x E M (x)] . 
E ,6 

= s~~{f(x+~)+~(x-~)-(f-g)(~) : x E M ( X I }  f o r  a l l  y E X 
96 

2 2 + €6 - (f-g)(y) f o r  a l l  y E X such t h a t  lylj < 6 . 
-,-A > E , we can choose y such t h a t  llyll < 6 and (f-g)(y) > ~6 , . * 

:: :f+glI < 2 - (El-E)6 . 

; r  theorem shows t h e  power of t h e  assumption of  our  uniform 

' --, . -.. . 

--!OREM 5.1. (il For a nomned Linear space X , suppose that for 
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some 0 < E < 2 and 6 > 0 , D ( M ~  , 6 ( ~ ) )  i s  norm dense i n  s(x*) . Then 

X has an equivazent n o m  which i s  uni fonLy strongZy d i f f e r e n t i a b k  on 

S(X) . 
(ii) For a noned  Zinear space X , suppose tha t  for m y  given 

0 < E < 2 there m i s t s  a 6 ( ~ )  > 0 such tha t  D ( M  ( X I )  i s  n o n  dense 
E 9 6  

i n  s(x*) . Then the n o n  o f  X i s  un i fonZy  strongZy differentiabZe on 

S(X) . 
Proof. (i) From Lemma 5 .1 ,  X i s  " inquadrate" which implies  t h a t  

t h e r e  e x i s t s  an equ iva l en t  norm on X which i s  uniformly s t r ong ly  

d i f f e r e n t i a b l e  on S(X) [3,  p .  1691. 

(ii) From Lemma 5.1,  X-s uniformly ro tund  and s o  t h e  norm o f  X 

i s  uniformly s t r ong ly  d i f f e r e n t i a b l e  on S ( X )  . 
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