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ADSTRACT. We stnrly the connections butween the Kadec-IClcc: propertmy for 
local convergeuce in measure fie, the KHdec-Kles property for global con- 
vergence in measure Hu and t,he A?-condition for Orlicz functiol~ spacrs L p  
equipped with either the Luxemburg norm I( . 11, or t,he Orlicz riurlrl 1 1  . 11;. 
Nominally, wc: prove that, for ( L v ,  /I . 11,) tile conditions: p satisfies an ap- 
pr0priat.n A2-colrdition and L'+ E Hl, L'# E Hg are eqilivalent, although 
L+' E H ,  is not equivi~.lent t.o Eu E Hg.  In contrast, we also prove that, 
in t,hn rase of a non-atomic infinite measure space, properties HI. and H, 
for (L", 1) . II:,) do not coincide. More precisely, we prove that if p vanishes 
only at. zero, then both thcse prolxrties coincide and they are equivalent 
to p E A2. However, if val~ishes out.side zero, the11 (L", 11 . 11;) E H ,  
if and unly if 9 E A?(co). Siuc,e in the last case (L,', 1 1  liti,) is not, ordcr 
contil~uous, properties IIp and H y  ditier. Analogous results are also proved 
for the subspace E' of L". I t  is irlso worth msnt,ioning that t,he critmia for 
E+ E 11,. as wall a.s for E*.' E H ,  were not previoi~sly known. It follows from 
the criteria that (.he appropriate regularity A?-condition for p is ner,esar,y 
for E v  E Ifc, E,? E H p ,  l 9  E Hg a ~ d  Er  E HI, although the*. spaces are 
orrler continuous for any p. 

If ( E !  11 . 1) E )  is a nor111ed linear space, tlien E is mid t,o have the Kaclcc-Kltx 
property (E E H) if serlueilt.ial weak convergence on the unit spllerc coincides 
with norm collvergence. It. is well krlown tha.t t,he classical L,-spaces, 1 < p < m, 

1991 Mnthei~~altcs Subject Classifictrtioil. 46E30; J5B30. 
Kcy ,wov[ls and phrases. I<aclec-Klee property for 1oca.l (glohal) collvergence in measure, 

Orlicz spaces. 
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have Lhe Kadec-Klee property (see [23], [24]). Although the space L1(O, 1) fails 
to have the Kadec-Klee property, Riesz showed that each sequellce {z,) on the 
unit sphere of an L,-space, 1 < p < m ?  convergent almost everywhere to  x from 
the unit sphere of L,, is also norm-convergent. 

Tliroughout this paper (R, C, p )  denotes a. a-finite complete measure space. 
Let E be a Banach function lattice over on ( 0 ,  C ,p )  (see [14]). Tlle positive cone 
E+ of E is defined by E+ = {z E E : n: 2 0). E is said to  have the ICadec-Klee 
property for global convergence in mewure ( E  E Hg) ,  if for all (x,) and x in the 
unit sphcre of E whenever z,, -+ x glol~ally in measure on R,  then llzn - 211 -+ 0. 
E is said t,o have the I<adec-Klee property for local convergence in measure (i.e. 
convergence in measure on subsets of finite ~neasure) ( E  E Hi for short), if for all 
(z,,) and x in the unit sphere of E wiiellever z, -t x locally in measure on R, 
then Ilx,, - xi1 -+ 0. 

These properties were investigated in [4] and (201 for symmetric spaces defined 
on any interval [01 a) ,  0 < cr < m ,  and on the interval [0, I) ,  respectively. 

111 this paper we study the connectio~ls between the Kadec-Klee property for 
local convergence in measure, the ICadec-I<lee propert,y for global convergence 
in measwe and the Az-cor~dition in Orlicz fuilction spaces and their subspaccs 
of ordcr conti~~uous elements equipped with either tile Luxemburg norm or the 
Orlica norm. 

We start by fixing some notations. 111 the followillg R, R + and N will stand for 
the sets of real nunlbers, nonnegative numbers and positive i~itegers, respectively. 
By cp : R -, [O,mJ we denote an  Orlicz function, i.e., cp is convex, evcn, left, 
contin~ious on the wrhole of Rt, cp(0) = 0 and cp is not identically equal t o  zero. 
For any Orlicz functioil cp we let 

and 
c,+ := sup{u > 0 : cp(u) < m). 

We shall say that an Orlicz fullctioll cp satisfies the A*-condition for all ,I& E R 
(at infinity) [at zs1.01 if there are positive constants h- and ,uo with 0 < cp(uo) < oo 
such t,hat cp(2u) 5 Kcp(u) llolds for all u E W (for every lzil  2 uo) [for every 
lul 5 tie] Obviously, cp satisfies the A2-conditio~l for a.11 u E R if and only if it 
satisfies the A2-condition at  zero and at  infinity. Wc denote these conditions by 
p E A2 (p E Az(oo)), [cp E A,(O)], respectively. 

For any Orlica function cp the statenlent "cp-satisfies the suitable A2-co~idition", 
will mean t,llat: 

cp satisfies the An-condition for all 11. i f  p is rlonatonlic and infinite. 
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cp satisfies the Az-condition at infinity if p is nonatomic and finite. 
cp satisfies the A?-condition at 0 if p is the collnting measure. 
In the following, LU(p) will stand for the space of all (equivalence classes of) 

C-measurable real functions defined on 0. For a given Orlicz fltnction cp we define 
on Ln(p) a convex furictional (called a pseudomodular, see [21]) by 

The Or1ic.z space Lp(p) is defined to be the set of all x E L0(p) such that I,(Xz) < 
oo for solne X > 0 dependi~lg on t. We endow L'+'(p) with the Luxemburg noInl 

and with thc Orlicz norm 

wllere the fimction ip* is defined by the forrliula 

and called complementary to cp in the sense of Yonng. 
It is well known that if cp is finitely valued and satisfies tlie cor~ditiorl 

then the following Amemiya forrni~la for the Orlicz norm is true (see [22]) 

Moreover, for any T E Lp(p) \ (0) tllcre is a positive number k* at wliich the 
illfinluln is attained, that is 

In [ll] it is proved t,hat, the Amemiya formula for the 0rlic.z norm is t1.u~ 
for any Orlicz functiorl and in [12] it is proved that. Orlicz spaccs gcncrated by 
Orlicz functioris satisfyilig the Az-condition have thc ICdcc-Klce property for 
local corivergence in measure. 

In the sequel we will need somc results concerning Bariach lattices with order 
continuous norms. Rcca.11 that a Ra.nac:h lattice E is sa.id to l>e artier cont.inuons 
(OC for short), if x, 1 0  implies llz,, 1 1  -+ O (see [17]). 



For t,lie definitioll of a syrnrnetsic space L.: we rcfcr to [Is] (cE also [I]). Let us 
only rcca.ll tI1n.t for a: E E, we denote by 2:' the !lo~iincre~sing rearrangelnent of s 

(see section 3). 
The sul~space E'? of L+' is defined as the s p x c  of all cprtler co~~tinuous elenierlls 

in Lv, where an ele~llei~t :c E L'' is said to be order cont in~io~~s if 11:r,, + 0 
whenevcr 0 5 2, 5 I:rl for any n. E N and :c,, -, O ~r-a.e. in R. It is well known 
that if p is nonatomic. then Ec' # (0) if a,nd only if p is fii~itelg valued and that 
E ; P  = L+ if and olily if p E A ,  (see [3], [19], [21] or [22]). It is also known that 
in thc. casc of ally nolln.to~nic a-finite measure, x E E' if and only if IF(Xz) < ocj 
for any X > 0 (see [s]). 

Recall that a Bana.ch 1a.ttic.e ( E ,  <) is cdlecl strictly ~no~lo to i~e  ( E  E S'IM for 
short) if for any :c: y E E with O 5 y < .r and # z we h a ~ ~ e  IIyII < 11211. 
E is cnllcd uppcr (respectively lower.) locally uriiforrrlly rnor~oto~lc ( E  E ULU 
A4, rrspeet.i~rely E E LLUkf )  if for any x E E a11d {z,,) c 6, the conditions 
0 5 z 5 z,, (respecti~relp 0 5 r ,  < 2) a.nd IJn..,, 1 1  -, llzli imply Ilr,,, - 211 - 0 (see 
[2], (41, [lo], 1161 arid [2O]). 

The following lenuila will be useful iri what, follows. An c ~ s y  proof may be 
found in [14]. 

Lenl~na 1.1. Let E be (1 Banciclr. function lattice over a rr-finite i71,eosirre apo,ce. 
If z, -, .T rn E? then th8ere eds t  y E E+, (x,,,) c {x,,} and E ,,,; c R+ riiith. 
E , , ,  1 0 such that Ix ,,, - rcl 5 &,,,y. 

We will also use the following rrinnrhble result fro111 [4]. 

Theorem 1.1. If E is o separnble symmekl-ic space on the Lebesgue mensure 
ypuce (10, a)? ln), where O < cr 5 oo. then th,c follo.trrirl~j om eqzririulerct: 

( i )  E is sh-icbly rrlorioto~~e and tS' has the pvoyerty Hg. 
(ii) E i..s .tipper lociillg un.~jo~.mly monotone. 

(iii) kbr ong r E E and {x,} C E such t l~( i t  0 5 x* < :c;, for n E N7 0n.d 
~ ~ x 7 , ~ ~  + 1l:rIl 711e h,om lia:, - X * I I  + 0. 

We start wit11 t,lle following general res~lll.. 

Proposition 2.1. If E is no/, lr,r order conlinrio7~s Ranach f~~laction Inttice; their 
E $! Hr nnd E $! L L M .  

PROOF'. If E is not. order cc)l~tinuous, it is well known (see [17]) that thcrc exists 
a sec1ilerlc:r {a,,) in Ef with llxnll = 1 a i ~ d  S U T J ~ J X , , ~ S L I ~ ~ L , , ,  = fl (which implics 
tliat :c,, + 0 11- it.^.) a.nd a funct.ion x E E"' such that z,, 5 x for arly n E W. 



71=1 
If we call show that y,, -4 y weakly, or equi\~alently r,, + 0 wckly, llle 

i~nplication il:ynll -$ llyll can be deduced hecausc we ribo have 0 5 y, 5 y. 
Let Ef denot,e t,he dual space of E. For any noni~ega.t.ive f E E* a i d  for all 

k: E N we Ila\le 

n=l IL= 1 

wlltil~ce it follo\vs that x:=, f (r,') converges, and so f (n:,) + O as rz -+ a. Sincc 
every / E E* call bc written as a differe~ice of two nonuega.tive fu~lclio~ilils, we 
bavc shown thal r,, -+ 0 weakly. Therefore ((y,,J( + Ilyll. 

We a.lsn 1la.ve that y,, + y p-a.c. . However 

for BUY n E W, which n1ea.n~ that E I$ HE.  'rllc sa.me proof gives E $ LLLfl4. 

Corollary 2.1. Let p be an Orlicz ,fi~nctiora. If p dues not .satisfg the sttitable 
A? -conifition, then. L+ @ H ( .  

PROOI.. The proof follows from Proposition 2.1 a ~ l d  tohe fact that the space L q ( p )  
is an order co~lti~luous Btrllach function lattice if arid ordy if cp satisfics the suitable 
A2-condition (sec [ 5 ] ?  [GI, [13] and [25]). n 

If LL is a finitc measure, the Kadec-Klee propert.ies for local and global conver- 
gence in rueaswe are equivalent. So, iri rriost of the re-wits in this paper we will 
restrict. ourselves to studying the case of all infinite measllre. 

Proposition 2.2. Let (R! C , p )  be u nonato~nic and infi7rite meus,ule space an.d 
cp be cm 01,licz fin,ctio.n uiitl~ a,  > 0 u7~d cq = m. If L P  is er~do,wed ,with th,e 
Lzlzenzbwrg no77n, then Lv @ H,. 

PROOF. Considcr a sequence {A,,) of measurable sets such that 

Let A = U A,, and define 

z = ( L ~ x I - ~ \ . A  and z,, = f ~ , X r a \ ~  + ~ , . x A , !  

whcrc b,, > O and y ( l , , ) p ( A , )  = 1. Such a sequence {b,,) exists by the ass~unption 
that r ,  = KI. 



We first note that x ,  - x = bl,xA,, . Therefore, x, -+ x globally in measure. 
Now we a1.e going to slow that 

11~11.p = I l ~ r ~ 1 1 3  = 1- 
We have 

I,(x) L I,(llL) = cp(urP)p(R \ A) -t. cp(h,)p(A,,) = 1, 
whence (see [22]) 

(2.1) ll"ll, 5 ll"nl1.p = 1. 

On the obler hand for all X > 1, 

&(Ax) = ~ ( X U , ) / I ( ~  \ A) = m 

because p(R \ A )  = m. So JIXxJJ, > 1 for all X > 1, which implies llsll,,, 2 1. 
Hence, by using (2. I ) ,  we obtain 

I I z I I P  = 11~7,Ilv = 1. 

In order to  finish the proof, ol>scrv-e that 

Ip(zR - 2) = ~(b,)p(A,,) = 1, 

which implies that l lx,  - zllV = 1 for all n E N. 

Proposition 2.3. Let cp he an Orlicz function urith a, = 0 and c,,, = rx, 0n.d 
Ep be endowed with the L-uembu~g nonn.  Assume cp does not satisfy the A2- 
contlition at 0. Th.en E, $! H, whenever (R, C? p) i s  a nonntomic and infinite 
memure .space. 

PROOF. Since cp $ A2(0), t.here exists a, sequence {~u,,} of positive red numbers 
with 71,, - 0 and 

~(2117,) > 2f1$7(71,,) 
fctr ail n E N. 

1,et x E E9, s > 0 and 11x11, = 1. We claim that there exists a sequence 
(A,) in C such that p(A,,) = ca ancl 1,(22~,~, ,)  < 2-" for all n E M. bldecd, 
by a-finiteness of the measure space, thcre exists a sequence {C,,) in E such that 
C, 1, 0 < p(Cn) < CQ for every n E W and U,, C,, = 0 .  The Lebesgue dominated 
convergence theorern yields I , ( ~ X X ~ ~ \ ~ , , )  + 0 as n + CQ. 

Since p(R \ C,.) = rx, for any n E M, tlie claim is proved for {A,) being a 
subseque~~ce of the sequence {R \ C,, ). 

Let B, c A, be for any 71 E N such that, ZXB,, E LOD and cp(u,,)p(B,,) = 2T". 
Define 

u,, un 
xi, = 2 + -XB,,  = zXfi \B, ,  + (Z + ) x B , , .  2 
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Then xn E E,  for all n E N. Since x,, 2 x 2 0,  we have 112, 2 11211, = 1. On 
the other hand 

2x + u, 
I v ( xn )  = I,(xx~\B,) + 1, 

whence 15 Il:cnII, 5 1+2-'I, i . ~ .  I ~ : C , , I I ,  + Iln:Jl, = 1. Since.z.,,-z = ; ~ L , X H ,  and 
u,, + 0, we co~lclude that x,, + z globally in measure. However, 1,(4(x,, - x ) )  = 

p(2un)p(B,)  > 2ncp(u,,)p(Br,) = 1, whe~lce Ilxn - xllr 2 a for all rt E N. This 
yields E'J 6 H,. 

Proposition 2.4. If (0, C , p )  is n nmmtomic measure space and cp is an Orlicz 
function with c, < oo, then L ,  equ~pipyed with tire Luaemburg rtonn fails to hmre 

property H, . 
PROOF. Choose a sequence {A,,,} of measurable and pairwise disjoint sett; such 
that p(A,,) > 0 for any n E N and Err=, cp(b,,)p(A,,) 5 1, where 0 < b,, 'T c, as 

n + ou. Define 
mt . . 

2, = x b k ~ &  and x = x ~ I ; x A , .  
k f n  k= l 

Then we have 

Z,(x,,) 5 I,(x) 5 1. 

On the other hand for any X > 1, we have 

I,(X:L.) 2 I,(Xx,,) = co. 

Therefore, 11x11, = 1 and 11xTr 11, = 1 for all n f N. 
Since p(A,,) + 0 as rt 4 co, we have that x,, + x globally in measure. 

However, for any X > 1, I,(X(x - n:,)) = oo for n hrge enough. This inlplies tha.t 

112 - x,,11, 2 for n large enough, and consequently LC7 $ Hg. 

Proposition 2.5. Let p be an Orlicz fw~tction, (0, C, p)  be u rtonntomic ~ n e u s u ~ r  
space and E, be endowed witit the Luxembuq norm. Assume that p does not 
satisfy the Az-condition at rn and c, = oo. Then E" 4 H,. 

PROOF. If we assume that p 6 A2(co) ,  then for dl c > O and n f W there exists 
u,,, 2 n such that 

P(~U, : , : )  > cp( '~~, , , c ) .  
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Taking c = 2'"+' gives the existence of *u,, 2 71 such that 

jo(2un) > 2n+1p(u,) for a11 12. E N. 

Take ally z E Eq sucli t1ia.t :u 2 0 and I l ~ l l , ~  = 1. In the same way as in the proof 
of Proposition 2.3 one can find a sequence { A , )  c C and a subsequerlce {v,,) of 
{rr , , }  sucli t,liat XXA,, E Lw, I , ( X X . ~ , )  < 2-" and p(v,,)p(A,,) = 2-". Defining 
on. = 2 + 9xA,, , we have 

1 
5 1 + :{Ip(ox*,,) + ~ , I ( V , , ) P ( ~ ~ - L ) }  = 1 + 2-", 2 

whence 1 5 1 1 ~ 1 1 ~  < 112,1. < 1 + 2-" for any 7~ E N. Moreover, froin t,he equalit,)? 
z,, - x = %;Y.~,, a i d  tlic fact that p(A,,) + 0 as 11 + m it f~~llows tliat s, + :I: 

glol~ally in measure. However. xn E EF and z,(4(2-,, - z ) )  = p(2z~,,)l~(A,,) > 
2ny(ri,,)p(/l,,,) = : I ,  whence Ilrr,, - xllq 2 for all 11 E N. This lneans t.hat 
E" # H,. 
Propositioli 2.6. Lct (id? C , p )  he n ni~n.ntr~nxic and in,jii2;ite measure space aizd 
y be cLn Orlicz fimction with a, > O and c, = oo. l'hen E' @ ZI!. 

PROOF. Devide R into A U B,  where p(A)  = p ( B )  = oo and A n B = fl. Lct 
A = u?!,A,,, where A,, arc pairwisc disjoint and 4.4,) > 1 for any 1) .  E N. 'l'ake 
a" 2 2t1, and Bo E C n B such that p(ao)p(Bo) = 1. Define 

x = o,-,xB~ and x,, = x + t ~ . ~ ~ n , , .  

Then I,(n.) = l,(rr,,) = 1, wher1c.r llxll = llxl,ll = 1 for any 71 E N. Si~lce the 
sets A,, arc pairwi.~ disjoint. we liwc r ,  + L p-a.e. . However, I, (2(2,, - x ) )  = 
y(2n,)/~(A,,)  2 y(20v), whence llz,, - zllv 3 (112) ~ n i n ( l .  y(2nd))  > 0. Sincc 
R. G E+ a ~ ~ d  L,, F E'+' for each rz E N, the proof is finished. 

Proposit ion 2.7. Lel (0, C, pj be a r~o7~atornic clnd infirisite 711eas.ure space and 
y he nn 01.licz fur~clio7~ ,wit1~ a+, > 0 ui~d y E A 2 ( m )  Then Ev E H,. 

PROOF. Assume t l~at ,  x E S ( E q ) ,  {z,) C S(E,) and x,, -, z globa.lly in measure. 
We lmve Z9(x.)  = Zv,(j:,,) - 1 for each 12 E N. First we will prove that 

(2.2) I,,(X,XA) + I ,(xx.~) for any A E C. 

By t,he a-finiteness of p and the fact. that z:,, -, z globally i11 lrieasure we 
know tliat {x , , )  contains a subsequerlce convergent to  z kt-a.e.. Assume without 
loss of generality that z, + x 11,-ax.. Since y E Az(oo) aiid con,wqucntly y is 
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C O I I ~ ~ ~ U O U S ,  wc have J J ~ o x , , I ( ~ ~  = Ir(xr,)  = Iv (x )  = I(yozIII,t and p o x ,  -+ cpox 
p-a.e.. Siaw L' E H p ,  we get 1l.p o x,, - p o xl)Ll + 0. Hence for arly A E C, 
wc get lip 0 ~ ~ ~ x . 4  - p 0 Z S A  ( 1  Ll  + 0, whence 19(z.,,xA) + I r (xxA) .  Now wc are 
ready to prove tha.t llx,, - xllp + 0. Since I3 E Hg if and orlly if Ei' E H, for 
ariy order cont,inllous Banach functior~ lattice (scc Proposit.io~l 1 in 1121, where it 
was proved that E E Hp if a,nd orlly if E-'. E H p  whsr~ever E is order conl;inuous, 
and observe tllat thc proof works also for H, in place of HI. ), we rnay assume in 
the re~~lailling pa.rt of the proof thn.t z,, > 0 a11d x > 0. We need to show that 
I,(X(z,, - x ) )  + 0 for ally A > 0. Choose ally X > 0 and define for any N 

We kr~ow that p(A,,) 4 0 as rl -+ m, so passillg to a subscquence if necessary, 
we may assullle withoi~t, loss of genanlity that p(uT=;A,) < oo. 

Let A = lJ.r=, A,, and A' = S2 \ A. Then p(XJn:,(t) - z ( t ) l )  = 0 for any n E N 
:+nd t E A'. Cox~sequently, I,,(X(x,, - z))~,,~!) = 0 for ally I Z  E N. To firlisll the 
proof we only wed to show t l ~ a l  I,,(X(.z:, - z ) ) x A )  -+ 0. Lct us prove first that 
19((n:,, - J ) x , ~ )  4 0. By the superadditivity of p on R+ and the fact that x ,  _> 0 
3 r d  x _> 0 y a , . ~ . . ,  we have 

(2.3) 0 ( ( % I  - ~ : ) x A )  2 Iq0 ( x n ~ , \ )  - ( ~ C , I X , . I ) ~  

By conditiori (2.2) and hhe fact that L1 E H e ,  we have 

( ( ( P O  (z ,~x.A) --- Y: 0 ( . ~ r r ~ r \ ) l l r . l  + 0. 

So, irlequa1it.y (2.3) gives l ( p o ( ( ~ : ,  -x)xA)ll,,l = I,(rr, - z ) y A )  + 0. Given X > 0: 
we rnay assume passing to a subsequence if necessary that y(X(.u,, - z ) x A )  -+ 0 
p - n.e.. R'Ioreover, by inequality (2 .3) ,  Lcnlrna 1.1 and the assumption that p E 

Az(m), it, follows tl1a.t this sequence llas ail integra1Ae majorant. Corwquent,ly, 
the Lel~esgue dolni~lnted convergence theorem yields I,(X(z,, - x ) )  4 0. This 
firlishes the proof. 

We'rcmark that the only reason tlmt Proposition 2.7 is not true for Lv instearl 
of E'p is that if .p does not satisfy suitable Aa-condition, then for :c E L'," it can 
llappen tllr~t ( ( x J J ,  = 1 a r ~ d  I,(:r) < 1. 

The prcvious results call bc si~mmarized in the following theorem. 

Theorem 2.1. Let ( ( 1 ,  C , p )  be u rtonntoinic mensure space, cp be an ur.6itmq 
01-licz firnction, u11.d (Lp! I (  . ( I v )  k the Orlicz qmce endowed u,ith the L,uxenrb~c.i-g 
norm. The Jollouting stnternents are eqi~,ir~nlent: 

1. cp E A 2 .  
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2. L,(fr) E H I .  
3. L9(p) E H,. 

Assuming additiorbolly that c, = m, we have: 

4.  E, E HC if and only if L9 E He. 
5. E,  E H g  27 and only if, either 

(i) n, = 0 and cp E A2, oi- 
(ii) a, > 0 an,d cp E A2(co). 

PROOF. It is known (see [5] arid 1121) that L ' P  E H p  if and only if p E A2. The 
inlplication 2 + 3 is obvious. By Corollary 2.1 and Propositions 2.2-2.5 we get the 
equivalence 2 3. Sta.tcinent 4 follows by Propositions 2.3, 2.4 and 2.6 and 
by the first part of the theorem. Finally, statement 5 follows from Propositions 
2.2, 2.3, 2.5 and 2.7 and the first part of the theorem. 

Remark 2.1. If c, = CQ and a ,  = 0, staterrlent 4 of Theorem 2.1 can also be 
deduced i n  a dgeren t  way, by obuerving that under the assutnptions, E' is th,e 
STk1 (see [16]). Con.sequcntl?), b:y Theorein 1.1, B, E ULUM and, by Theorem 
2,3 i n  [lo]. cp E Az. 

Example 2.1. Consider the Orlicz function cp(u) = max(0, lul - 1) and asswme 
th,nt (R, C, 11.) is a nonatomic measure space. Tlien L1 + Lm = L'@ and 

( 1 ~ 1 ( ~  = inf{max(l(u(ll, llrlllm) : u E L1,v E Lm nndu + v = z). 

If p i s  finite, the?]. L, = E, and L'@ E Ht since cp E Az(co). If p is infinite, then 
LY @ Hg (see Propositioiz 2.2) hut E+' E Hg (see Proposition 2.7). Recall th.at L9 
consists of those z E Lo that p( { t  E R : /2(t)l > A))  < cc for some X > 0 and E'+' 
consists of those z E L" that p({t E R : (z(t)l > A)) < oo for any X > 0 (see [9]). 

As usual, L' := L'(p) and L" := Lm(p) denote the Lebesgue spaces of 
p-integrable functions m d  /A-essentially bounded fuuctions, respect,ively. These 
spaces are equipped with the stanclard norms. The spaces L1 n Lm and L' + L" 
play an important role in the interpolation theory of syrr~rlietric spaces (see [I] 
and [Is]). Usually these spaces are cquipped with the following norms: 
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It is well known that for thc Orlicz functions $(u) = (uJ  for 111.1 _< I, @(u) = rn 
for ll~l > 1 and y(u) = max(O, (uJ - I), we havc L1 n LOU = Ld' and L' + Lw = Lp,  
with the equality of llornls if L* is equipped with the Luxenlb~ug llorln and LF is 
equipped with the Orlicz ilorm (see [7], [8] aud [9] for details). Notc that the func- 
tions I j ,  ancl p are rr~utually complementary in the sense of Young and, moreover, 
the spaces ( L ' ~ L " ,  J I X / \ L ~ ~ L - ) ,  (L' + Lm, I ~ x ~ ~ L J + L - )  a ~ d  (L'? II.Il~), (Lp, II.II:) 
form two couples of nlutudly dual spaces in the sense of ICothe. Hence 

holds for all s E Lv. 111 additioll, the Amenliya formula for the norm in L' + Lw 
is proved in [9]. 

For any x E the decreasing rearrallgenlenl of x is the function :r* defined 
for any t > 0 by 

: 7 : * ( t )  = illf{A > 0 : &(A) < t ) ,  

where d, is the distributiorl function defined by 

d,(A) = p({w E 0 : Ix(w)l > A)). 

For our purpose, it is worthwhile to note (see for example [17]) that 

(a: + y)*(s + t) 5 z*(s) + y8(t) 

for any Y,  t > 0 and that for d l  a: E L1 + L" we have 

Fro~n Proposition 2.2 we know that (L"? 1 1  . 11,) does not 11a.ve the Kadec-Klee 
propertly for global convergence in llleasure if a, > O and c ,  = co. However, this 
fact is not true when the Orlicz ilornl is collsidered, because by Proposition 1.2 
in [4], it follows that L' + Lw E H,. We will present here a si~nple a.lternative 
proof of this fact. 

Assume that {a:,) c L '  + L", s L1 + Lm, x, -+ :r glol>ally in rneasure and 
I I x , , ( I ~ I + ~ c u  = 1 1 ~ ( ( ~ 1 + ~ r n  = 1 for ail n E N. Since x,, - n: globa.lly in measure, 
a;:, -+ X" a.e., and thus 

(see [15]). Bearing in lnincl that L' E He and ( I z i ~ ( ~ , l )  l l L 1  = l(x*X(l.,,l)(lL1 = 1, 
we deduce that 



By Leinilla 1.1 there esists a subseqi~ence (xi,) of (x:,) and y 2 0, y E L1(O, 1) 
such that I.r;,(t) - :re(t)l 5 p ( t )  a.e. in (0 , l ) .  

By t,lie ~iusurrlpt,ion t.hnt, z,, - n: -+ 0 globally in Ineasure, it, follours that (N,, - 
5)* -+ 0 a.e. . Moreover, 

Sincr 2z* ( t / 2 )  i- y (t/2) E L1 (0, I), by applying thc Lcbcsgue dol~iiriated cori- 
vergence theorem, wc obtain 

which is ecluivalent to 

l l ~ , , ~  - g:IIL~+LOc - - -+ 0. 

Thus, since for each sulsequellce o f  {z,, - z) we can extract a subseque~lce 
which converges to 0 stroiigly in L1 + La, the proof is finishcd. 

Proposition 3.1. If cp 2.9 nva Orlicz fui~ctzo~e with c, = cc not sati.sfy?:ng the A?- 
co~~ditro~l .  at cu and (0, C, p) 2.9 a non.atom.ic m e w r e  syuce, Lilen (E', ( 1  . /):) $ H,. 

PROOF. Jf p is finite this is obvious, because we havc 

So, assume t,hat /i is ilonatoinic and il~filiilf: :tnd that cp $ Az( .m)  Then tliele 
e.ust,s a sequence {u,,) of p ~ i t i v e  real ~ ~ u ~ n b e r s  such tl1a.t u, f m and 

Take any riorineg;itive n: E E' with 1 1 ~ 1 1 : ~  = 1. Since jo $ A . 2 ( ~ ) ,  wc hme 
cp(t)/t --+ m as t -+ m, and so: in thc Ame~niya fornlula for the 0rliC:z llorm 
11. ll:, thc infinlunl is attained at  sorne k > 0, that, is, I I T I I :  = :(I+ I,@(kx)). Note 
that, since 11x11$ = 1, 11cces.sari1y k > 1. 

Further (see the proof of Proposition 2.3) Lllere exists a seclucncc {A,,} in C 
with p(AIL) = m for any iz E N such that 

I9(2k.7;,y~,,) < 2-'". 

Let. for any I I  E N, B.,, C A, he such t,hat 



1 
inf - ( I +  19(pxn)) 
P>O (1 

As a consequence, we obtain I l ~ . ~ , l l $  -* Ilxlll: a d ,  since p(B,,) -t O? x,, -r :r 
globally in measure. 

In order to finish the proof, we show that llz, - 2 11; > &. We have 

Iv(4k(r, - a:)) = 1 q ( 2 ~ , , ) ; ~ , )  = (~(2u,~)p(B,,)) > 1 

for all 71 E N. Hence jlr,, - T\),  2 1/41;, and so tlm proof is fir~isllecl. 1 y  ohservir~g 
t,liat llr,, - 711: _> JJ:c,, - xIJt', a11c1 r,, E Eq for all t z  E N. 

Proposition 3.2. Let (R, C. IJ,) be a vioncitomic measure space url.d 9 be an 0 1 ~ l i . c ~  
function such that tr, = 0, c,  = oc, and liint,, p(f) / t  = m. Th,en. Er 4 H,, 
,whenever 9 4 A2 . 

PROOF. First we will show that E: 4 H, i f  (P $ Az(co) (it. does not rrratter 
if ~ ( ( 2 )  = 00 or p(b2) < ocl in this ca-e). T d i ~  ally x E S ( E r )  such that 
p(R \ suppz) > 0). The assumption p 4 A z ( w )  i~nplies that there exists a 
sequence (u , , }  of positive nlunbers such that p(2u,,) > 2"y(?~, ,)  for each n E N 
and u.,, 4 m. Pasqi~~g to a sllbsequellce of (u,,) if Ileccssary we may assullle 
that y(.u,,)p(B,,,) = 2-" for a sequence {R.,,} in C n (C2 \ ssuppz). Defilling 
z,, = x + i i , ,p(B,,) ,  wc easily see that :r,, E Er fctr any .n E N,  z,, 4 x glob- 
ally in Ir1easul.e and 1 < IIx,JJ$ < 1 + 2-". FIowcver 

1 .  1 .  
((z,, - ~ ( ( 0  > -mini l ,  1,(2(2, - z))}  = -m1n{l,cp(2u.~),~(B,)} > 1/2, 

' - 2  2 

wllich means that Er $ H,. 
Assume ];ow t1ia.t p(R) = cx, and p 4 A2(0). Then t11el.c: is a decreasing 

sequence {u, , )  of positive nunll~ers with u, + 0 such t.hat y(2u,) > 2"q(~,,,) fnr 
each n. E W. Take any no~lnegat,ive x E E;: with Il:c((j), = 1. We know (see the 
proof of Propo~it~ion 2.3) t.hat there is H, seqlleilce {A,,) c C s u d ~  tha.t p(A,,.) = oa 
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and 

I9(2kx.xn,) < 2-n 
for each n E N, where k 2 1 satisfies k b l ( l  + I,(k2)) = 11x11; = 1. 

Let B, c A, he such that cp(u,,)p(B,,) = 2-". Defining z ,  = x + u n , p ( B , ) ,  we 
car1 prove in the same way as in the proof of Propasition 3.1 that 1 5 I I z , ~ ~ $  5 
1 + 2-'' for each n E N and x, ,  + .r globally in measure, hut 11x.,, - xll: > 1/4k 
for a.ll it  E N. Consequently, Er $ HY. 

Proposition 3.3. Assume cp is nil Orlicz function ,with c, < cm and (51, C , p )  is 
a nonntomic mens im space. Then Lr $ H g .  

PROOF. Let {Xk) be a sequence of pasitive numbers wit11 X k  < c,,,,,,, for any 11 E 
N and X I ;  t c, as k 4 w and {A,) c C be a sequence of pairwisc disjoint sets of 
finite positive llleasure such that p(Xk)p(An)  < 2-k  Define x = Cr?, X k ~ , ~ , 4 r  
and N,, = CkZn X k ~ 9 ~ , 1 k .  Then 0 5 r,  5 x and z ,  + x a.e. i11 0. Since Lr has 
the Fatou property, we get 112.1); 4 IIxII&. Moreover, 

and 

Iq(X(51, - s)) = p(XX,c,p(A,) = 00 

for m y  X > 1 and n large eno~~gh .  Therefore 

for n E N large enough. Since x, + x globally in measure, I,: $ I$. 

The results of this section arc summarized as follows. 

Theorem 3.1. Suppose that ( R ,  C , p )  is a not~atomic measure space and y is 
un Orlicz function with limt,, p ( t ) / t  = oo, a,  = 0 and c, = co. Let Lg and 
E,P be the spaces LV nnd Ev equipped with the Orlicz nonn. Then the following 
conditions arc cq~iivalcnt: 

(1 )  L,W E H r  
(2)  L; E H,. 
(3)  E; E Hy . 
(4 )  E; E Ha 
( 5 )  p E A2. 

PROOF. The inlplicatiolls 1 + 2 + 3 arc? obvious. Let 11s prove that 3 u 4. 
It is obvious t1la.t 4 + 3. If Er E H,, then by Propositions 3.1 and 3.2, we get 
p E A,. Consequently (see [3], [5] and [12]): Lr E Hr and so Er E Hc,  too. 
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Therefore, the equivalence 3 4 and t.he implication 5 3 1 arc proved. By 
Propositions 2.3 and 2.5, we get 4 5. 

Remark 3.1. The equivalence of conditions 1, 2 and 5 i n  Theorent 3.1 holds 
for L, generated by an. Orlicz function cp with a ,  = 0 without the assumption 
that c, = cu because, by Proposition 3.3, the condition c, = cu i s  necessary for 
L; E H,. 

Remark 3.2. If, i n  addition, we assume that the measum p is separable and 
c, = cu, th,en th,e space Er is separable anal Er # ( 0 ) .  Applying Theorem 1.1, 
we can recapture some ,inzpl,ication.s of Theo7e7n 3.1 i n  a diffe'erent way. Nnntely, if 
a,, = 0 ,  then E,Y E S m I .  We  also know that cp E A2 is n.ecessary for Er E I f l , U l f  
(see [ l o ] ) .  

Theorem 3.2. Ass.l~~ne cp is an Orlicz function such that a ,  > 0 and cp(t)/t -+ cu 
as t -+ CG and (R, C, p) is a nonatomic measlrre space. Then Lr E H, i f  and only 
zf cp 6 A2(m). If rue nssume additionallp th,at c, = CG, then Er E H, if and only 
if cp E A z ( ~ ) .  

PROOF. The necessity of cp E Az(oo)  for L z  E Hg follows by Propositions 3.1 and 
3.3 and by Reinark 3.4. When c, = oo, the necessity of cp E A2(oo)  for Er E IIg 
follows by Propositiolls 3.1 and 3.2. 

We present a proof of suflicinncy of the respective conditions for Lr E H, only. 
The proof for Er in place of LC is the same. Let x E S ( L r )  and {z,) be a 
sequence in S ( L g )  such that sn -+ z globally in measure. By the assumpti011 
that l i ~ n ~ - - , ~  cp(t)/t = cu, there are k 2 1 and kt, 2 1 for n E W such that 

MJe need to prove t,hat I,(X(x,, - z ) )  + 0 for ally X > 0.  Choose an arbitrary 
X > 0 and dcfine 

A,  = { t  E R : Iz,,(t) - z ( t ) (  5 a,/X). 

The assunlption tha.t z, 4 x globally in measure yields p(A:,) -+ 0 as n -+ m, 
where for any A E C, A' := R \ A. So, one can find a subsequence {A',,) oi 
(A:} such that p(A:,,) < 2-k Defining A = UT=;"=, A:,k we have / ' (A)  < 1. Note 
that A' = r)p=l A.,,, and Iznk(t)  - x(t) l  < a,/X for all k E N whenever t E A'. 
Consequently, I,(X(:c,,, - x ) x n , )  = 0 for all k E N. In order to prove that 
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Iy(X(x,,k - 5 ) )  + 0,  we need to show tliat I+(X(z,,, - x ) x A )  -+ 0. Let k and k,, 
I>c a s  a.bove. We first provc that the sequence (Rr,) is bounded. Define 

for eacli E > 0. Clexly, it is possible to clioose an E,, > 0 such that a := p(CcO) > 
0. Since x, + z globa.lly in measure, there exists ,rrl E N such that 

p({t E C.:, : Ix,,(L) - z ( t ) (  > ~ , , / 2 ) )  < a12 for all n 2 111,. 

Let D,, = { t  E C,,, : Ix,,(t) - z ( t ) (  5 € 0 / 2 )  'I'hcn .rvc have /i(l),,) > a/2 for all 
7a  > rlz ,  and so 

I l:r,1(t)l - 1.401 I 5 ~ " 1 2  

for all t E D,, and 7a  2 n,. Collsecluently, whenever n 2 m, we have 

Iz,,(t)l L E O / ~  for a.11 t E u,. 
Assuming that t := s u p ,  k,, = m one ca.n find a subscqueilce {k,,,) of { I ; , , )  such 
I.llat k,,,, -, w as j + m. Hence we get, 

a c:ontrrtiction, showing tliat slip,, k,, < co. So, one can find a subsequence of 
{k,,) corivergent to a positive r~ulrlber P. Assumc without loss of generality that 
k,, -+ E as ,n -> m. Since the measure space is 0-finite o.nd x, + z globally 
in nieasure, we call assume without loss of gerlerality t,hat z,, -+ n: p-a,.c. in 62. 
Co~~scquc~~t ly ,  cp o k . 2 ,  + p o 1x F-5.e. ill a. By the Fatou Lernlna, we get 

whence 

for all n E M. 'l'his implies the equality I,(&x) = t - 1. Moreover, I,,(k,,x,,) = 

k,, - 1 - I - 1 as n -, m, wlierice we get by (3.1) that  I,(k,,z,,) --. I,,(E:r) or 
ecluivalently, I(cp 0 k,~,, ( 1 ~ 1  - Ilcp 0 Esll~~. We g t  Ilcp o k , x n  - cp o h l l L i  -+ 0 as 
n + m by L1 E Hc. Consequently, 1 1  ( c p  0 k.,,x,, - cp 0 P X ) X - J  llLl -+ O as n + (xi for 
any D E C. This yields t1ia.t 
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for any D 6 C as n --t !XI. Recall that we want, t.o show that I , (X(z ,  -:(:)?;A) -t 0 
as n + m. Talting into  accoullt that I;, -3 I?, cp E A2(m) and p(A)  < IX, we 
concluclc from (3.2) that I,(z.,,xA) -+ I , ( x x ~ ) .  Since 5?1X,4 -+ .TYA in Inemure 
and L1 E I&, we get llcp o 5 , , ~ . 4  - cp o X X A  11 L~ -' 0 as n --, w. Co~isequelltly, in 
view of Lelnlna 1.1, wc lnay assume by passing t.o suhseq~leric:e if necessary that 
the sequence {(cp o z n x A  - p o Z X A  1 )  Ins a majorant z E L1. Since 

1 
- z + i p o x  
2 

ant1 z / 2  + o x E L ' ,  the Lehesgue do~nisiatccl convergence theorem yiclds 
I,(z,, - z ) ~ A / 2 )  -+ 0 w n -t m. Furthcr /1,(,4) < m, x,, -, 1: in mensllre 
and p E A,(m) implies that I,(X(z,, - x ) ~ . ~ )  -+ 0 for ally X > 0. I11 consequence, 
we act llz, - zll; --t 0 as 11 -) w,  which finishes t-he proof. 
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