ON THE CONVERGENCE OF ITERATION PROCESSES FOR
SEMIGROUPS OF NONLINEAR MAPPINGS IN BANACH
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ABSTRACT. Let C be a bounded, closed, convex subset of a uniformly convex
Banach space X. We investigate the convergence of the generalized Krasnosel’skii-
Mann and Ishikawa iteration processes to common fized points of pointwise
Lipschitzian semigroups of nonlinear mappings 1y : C — C. FEach of T} is
assumed to be pointwise Lipschitzian, that is, there exists a family of functions
a1 C = [0,00) such that | Ty (x) — Ti(v)|| < a(z)||z — y|| for x,y € C.
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1. INTRODUCTION

Let C' be a bounded, closed, convex subset of a Banach space X. Let us con-
sider a pointwise Lipschitzian semigroup of nonlinear mappings, that is, a fam-
ily of mappings Ty : C — C satisfying the following conditions: Ty(x) = «x,
Tsii(x) = T5(Ti(x)), t — Ti(z) is strong continuous for each x € C, and each T;
18 pointwise Lipschitzian. The latter means that there exists a family of functions
a1 C — [0,00) such that | Ty(z) — Ti(y)|| < au(x)||x —yl|| for xz,y € C (see Def-
initions 2.1, 2.2, and 2.8 for more details). Such a situation is quite typical in
mathematics and applications. For instance, in the theory of dynamical systems,
the Banach space X would define the state space and the mapping (t,z) — Ty(x)

would represent the evolution function of a dynamical system. Common fized
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points of such a semigroup can be interpreted as points that are fixed during the
state space transformation Ty at any given point of time t. Our results cater for
both the continuous and the discrete time cases. In the setting of this paper, the
state space may be an infinite dimensional Banach space. Therefore, it is natu-
ral to apply these result not only to deterministic dynamical systems but also to
stochastic dynamical systems.

The existence of common fixed points for families of contractions and nonex-
pansive mappings have been investigated since the early 1960s, see e.g. DeMarr
8], Browder [4], Belluce and Kirk [2, 3], Lim [22], Bruck [5, 6]. The asymptotic
approach for finding common fixed points of semigroups of Lipschitzian (but not
pointwise Lipschitzian) mappings has been also investigated for some time, see
e.g. Tan and Xu [33]. It is worthwhile mentioning the recent studies on the spe-
cial case, when the parameter set for the semigroup is equal to {0,1,2,3,...} and
T, =T", the n-th iterate of an asymptotic pointwise nonerpansive mapping, i.e.
such a T : C — C that there exists a sequence of functions o, : C' — [0, 00) with
IT™(x) — T"(y)|| < an(x)||z —y|| and limsup,,_,., an(x) < 1. Kirk and Xu [17]
proved the existence of fized points for asymptotic pointwise contractions and as-
ymptotic pointwise nonexpansive mappings in Banach spaces, while Hussain and
Khamsi extended this result to metric spaces [11], and Khamsi and Kozlowski
to modular function spaces [14], [15]. Recently, Kozlowski proved existence of
common fized points for semigroups of nonlinear contractions and nonexpansive
mappings in modular functions spaces, [20].

Several authors studied the generalizations of known iterative fixed point con-
struction processes like the Mann process (see e.g. [23, 10]) or the Ishikawa
process (see e.g. [12]) to the case of asymptotic and pointwise asymptotic nonex-
pansive mappings. There exists an extensive literature on the subject of iterative
fized point construction processes for asymptotically nonexpansive mappings in
Hilbert, Banach and metric spaces, see e.g. [1, 29, 27, 9, 30, 31, 32, 36, 37,
33, 34, 7, 35, 28, 25, 13, 11, 24] and the works referred there. Schu [31] proved
the weak convergence of the modified Mann iteration process to a fized point of
asymptotic nonexpansive mappings in uniformly convexr Banach spaces with the
Opial property, and the strong convergence for compact asymptotic nonexpansive

mappings in uniformly convexr Banach spaces. Tan and Xu [35] proved the weak
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convergence of the modified Mann and modified Ishikawa iteration processes for
asymptotic nonexpansive mappings in uniformly convex Banach spaces satisfy-
ing the Opial condition or possessing Fréchet differentiable norm. Kozlowski [18]
proved that - under some reasonable assumptions - the generalized Mann and
Ishikawa processes converge weakly to a fixed point of an asymptotic pointwise
nonexpansive mapping T : C — C, where C' is a bounded, closed and convex
subset of a uniformly convexr Banach space X which satisfies the Opial condition.

Let us note that the existence of common fized points for asymptotic pointwise
nonezpansive semigroups has been recently proved by Kozlowski in [19]. However,
the proof of this result does not provide a constructive method of finding such
common fized points. The aim of the current paper is to fill this gap. We prove
that - under some reasonable assumptions - the generalized Krasnosel’skii-Mann
and Ishikawa processes converge weakly, and - under additional assumptions -

strongly, to a common fized point of the asymptotic pointwise nonexpansive semi-
groups.

The paper is organized as follows:

(a) Section 2 provides necessary preliminary material.

(b) Section 3 presents some technical results on approzimate fized point sequences.

(c) Section 4 is devoted to proving the Demiclosedness Principle in a version
relevant for this paper.

(d) Section 5 deals with the weak convergence of generalized Krasnosel’skii-Mann
iteration processes to common fized points of asymptotic pointwise nonerpan-
S1ve Semigroups.

(e) Section 6 deals with the weak convergence of generalized Ishikawa iteration

processes to common fized points of asymptotic pointwise nonerpansive semi-
groups.

(f) Section 7 presents the strong convergence result for both Krasnosel’skii-Mann

and Ishikawa processes.

2. PRELIMINARIES

Throughout this paper X will denote a Banach space, C a nonempty, bounded,
closed and conver subset of X, and J will be a fized parameter semigroup of
nonnegative numbers, i.e. a subsemigroup of [0,00) with normal addition. We
assume that 0 € J and that there exists t > 0 such that t € J. The latter



4 W.M. KOZLOWSKI, BRAILEY SIMS

assumption implies immediately that +oo is a cluster point of J in the sense of
the natural topology inherited by J from [0,00). Typical examples are: J = [0, 00)
and ideals of the form J = {na :n =0,1,2,3,...} for a given « > 0. The notation
t — oo will mean that t tends to infinity over J.

Let us start with more formal definitions of pointwise Lipschitzian mappings
and pointwise Lipschitzian semigroups of mappings, and associated notational
convenlions.

Definition 2.1. We say that T : C' — C' is a pointwise Lipschitzian mapping if

there exists a function o : C' — [0, 00) such that
(2.1) IT(2) = T < al@)llz =yl for all z,y € C.

If the function a(x) < 1 for every x € C, then we say that T is a pointwise
contraction. Similarly, if a(z) < 1 for every x € C, then T is said to be a

POINTWISE NONETPANSIVE MAPPING.

Definition 2.2. A one-parameter family F = {T;;t € J} of mappings from C
into itself is said to be a pointwise Lipschitzian semigroup on Cif F satisfies the
following conditions:

(i) To(x) =z for x € C;

(11) Tyis(x) = Ty(Ts(x)) forx € C and t,s € J;
(111) for each t € J, Ty is a pointwise Lipschitzian mapping, i.e. there ezists a

function oy : C' — [0,00) such that
(2.2) 1T (x) = Ty()|| < (@)l =yl for all z,y € C.

(iv) for each x € C, the mapping t — Ti(x) is strong continuous.

For each t € J let F(1}) denote the set of its fized points. Note that if v € F(T})
then x is a periodic point (with period t) for the semigroup F, i.e. Ty (x) = = for
every natural k. Define then the set of all common set points for mappings from

F as the following intersection
F(F) = F(T}).

The common fixed points are frequently interpreted as the stationary points of the
semagroup F.
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Definition 2.3. Let F be a pointwise Lipschitzian semigroup. F is said to be

asymptotic pointwise nonexpansive if imsup,_, . o (x) < 1 for every x € C.

Denoting ag = 1 and a;(x) = max(ay(x),1) for t > 0, we note that without

loss of generality we can assume that F is asymptotically nonexpansive if

(2:3) 1T () = ()| < a(@)llz —yl| for all z,y € C, teJ,
(2.4) tlim a(x) =1, ar(z) > 1 for all x € C, and t € J.
—00

Define by(z) = a;(x) — 1. In view of (2.4), we have
(2.5) tliglo bi(xz) =0.
The above notation will be consistently used throughout this paper.

Definition 2.4. By S(C) we will denote the class of all asymptotic pointwise

nonexpansive semigroups on C' such that

(2.6) M = sup{ai(z) : v € C} < 00, for everyte J,
(2.7) limsup M; = 1.
t—o00

Note that we do not assume that all functions a; are bounded by a common con-

stant. Therefore, we do not assume that F is uniformly Lipschitzian.

Definition 2.5. We will say that a semigroup F € S(C) is equicontinuous if the
family of mappings {t — Ti(z) : x € C} is equicontinuous at t = 0.

The following result of Kozlowski will be used in this paper to ensure existence

of common fized points.

Theorem 2.1. [19] Assume X is uniformly convex. Let F be an asymptotically
nonexpansive pointwise Lipschitzian semigroup on C'. Then F has a common

fized point and the set F(F) of common fixed points is closed and conver.
The following elementary, easy to prove, lemma will be used in this paper.

Lemma 2.1. [7] Suppose {r} is a bounded sequence of real numbers and {dy,}

1s a doubly-index sequence of real numbers which satisfy

limsuplimsupdy,, <0, and riin < i+ dip
k—o00 n—00
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for each k,n > 1. Then {ry} converges to an r € R.

The notion of bounded away sequences of real numbers will be used extensively
throughout this paper.

Definition 2.6. A sequence {c,} C (0,1) is called bounded away from 0 if there
exists 0 < a < 1 such that ¢, > a for every n € N. Similarly, {c,} C (0,1) is
called bounded away from 1 if there exists 0 < b < 1 such that ¢, < b for every
n € N.

The following property of uniformly convexr Banach spaces will play an impor-

tant role in this paper.

Lemma 2.2. [31, 38] Let X be a uniformly conver Banach space. Let {c,} C
(0,1) be bounded away from 0 and 1, and {u,},{v,} C X be such that

lim sup ||u,|| < a, limsup [|v,]| < a, lim ||c,u, + (1 — )| = a.
n—00 n—00 n—oo

Then lim ||u, — v,|| = 0.
n—o0

Using Kirk’s result [16] (Proposition 2.1), Kozlowski [19] proved the following
PTroposition.

Proposition 2.1. Let F be a semigroup on C'. Assume that all mappings T, € F
are continuously Fréchet differentiable on an open convexr set A containing C.

Then F is asymptotic pointwise nonexpansive on C' if and only if for each x € C

(2.8) limsup ||(T;), ] < 1.
t—o00

This result, combined with Theorem 2.1, produces the following fixed point the-
orem.
Theorem 2.2. [19] (Theorem 3.5) Assume X is uniformly convex. Let F be a
pointwise Lipschitzian semigroup on C. Assume that all mappings T, € F are
continuously Fréchet differentiable on an open convex set A containing C and for
each x € C

(2.9) limsup [|(T3),]| < 1.

t—00

Then F has a common fized point and the set F(F) of common fized points is

closed convex.
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Because of the above, all the results of this paper can be applied to the semi-
groups of mnonlinear mappings satisfying condition (2.9). This approach may be

very useful for applications provided the Fréchet derivatives can be estimated.

3. APPROXIMATE FIXED POINT SEQUENCES

The technique of approximate fized point sequences will play a critical role in
proving fized convergence to common fixed points for semigroups of mappings. Let
us recall that given T : C' — C, a sequence {x} C C is called an approximate
fized point sequence for T if |T(xy) — xx|| — 0 as k — oo. We will also use

extensively the following notion of a generating set.

Definition 3.1. A set A C J is called a generating set for the parameter semi-
group J if for every 0 < u € J there exist m € N, s € A, t € A such that
u=ms+t.

Lemma 3.1. Let C' be a nonempty, bounded, closed and convex subset of a
Banach space X. Let F € S(C). If || Ts(xn) — xn|| — 0 for an s € J as n — oo
then for any m € N, ||T,s(xn) — 20| = 0 as n — o0

Proof. 1t follows from the fact that every a; is a bounded function that there
exists a finite constant M > 0 such that

m—1

(3.1) Z sup{ajs(z);x € C} < M.
j=1
It follows from
m—1
1 Tons () = 2all <D 1 Tianys(xn) = Ths(wa)ll + [ Tu(wn) — 2
=1
(3.2) ! 1
< ITan) = wall (D asslwa) +1) < (M +1)|Ty(wn) =
j=1
that
(3.3) lim || Ts(x,) — z,] =0,

n—oo

which completes the proof. U
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Lemma 3.2. Let C' be a nonempty, bounded, closed and convex subset of a
Banach space X. Let F € S(C). If {xx} C C is a approzimate fized point
sequence for Ty € F for any s € A where A is a generating set for J then {x;}

1 a approximate fized point sequence for Ty for any s € J.

Proof. Let s,t € A and m € N. We need to show that ||T,,s:¢(x,) — x| — 0 as
n — oo. Indeed,

| Tons st () = Tnll < (| Tnste(wn) = Tons () || 4+ [ Tons (20) — 24|
< amS(xant(xn) - xn“ + ||Tm5<xn) - xn”:

which tends to zero by boundedness of the function a,,, and by Lemma 3.1. [

Lemma 3.3. Let F € S(C) be equicontinuous and B = A C J. If {x;} C C
is an approzimate fized point sequence for Ty for every t € B then {xy} is an

approzimate fized point sequence for T, for everyt € A.

Proof. Let s € A, then there exists a sequence {s,} C B such that s, — s. Note
that

[Ts(r) = wll < N Ts(en) = T (an) || + [T, (21) — i

3.4
B < upamingesn (@) sp [ Tom (@) = ol + T2, (@) — il
zeC zeC

Fix ¢ > 0. By equicontinuity of F and by (2.6) there exists ng € N such that

£
(3.5) SUD i) () SUD [Ty () — ] <
zeC zeC

Since {r} is an approximate fixed point for T, we can find ky € N such that

for every natural k > kg

€
(3.6) 1T, (28) = 2ill < 5

By substituting (3.5) and (3.6) into (3.4) we get ||Ts(x) — xx|| < e for large k.

Hence {z} is an approximate fixed point for Ty as claimed. U
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4. THE DEMICLOSEDNESS PRINCIPLE

The following version of the Demiclosedness Principle will be used in the proof
of our main convergence theorems. There exist several versions of the Demi-
closedness Principle for the case of asymptotic nonexpansive mappings, see e.g.
Li and Sims [21], Gornicki [9] or Xu [37]. Recently, Kozlowski [18] proved a ver-
sion of the Demiclosedness Principle for the asymptotic pointwise nonexpansive
mappings, using the “parallelogram inequality” valid in the uniformly convex Ba-
nach spaces (Theorem 2 in [36]). For the completeness sake, we provide the proof
for asymptotic pointwise nonerpansive semigroups.

Let us recall the definition of the Opial property which will play an essential

role in this paper.

Definition 4.1. [26] A Banach space X is said to have the Opial property if for
each sequence {x,} C X weakly converging to a point x € X (denoted as x, — x)
and for any y € X such that y # x there holds

(4.1) liminf ||z, — 2| < liminf ||z, —y||,
n—o0 n—oo

or equivalently

(4.2) lim sup ||z, — z|| < limsup ||z, — y||.

n—oo n—oo
Theorem 4.1. Let X be a uniformly convexr Banach space X with the Opial
property. Let C be a nonempty, bounded, closed and convex subset of X, and let
F € S(C). Assume that there exists w € X and {x,} C C such that x, — w.
Assume that there exists an s € J such that ||Ts(z,) — x| — 0 asn — oo. Then
w € F(Tys) for any natural k.

Proof. Define a type ¢(x) = limsup ||z, —z|| for x € C. Let us fix m € N, m > 2

n—o0

and observe that

| Tns(n) = all < D ITis(@n) = Timnys(@a) | + lln —
i=1

< || Ty () xn||<Za xn—|—1>—|—||mn—x||

=2
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Since all functions a; are bounded and ||Ty(x,) — z,|| — 0, it follows that

lim sup || Tyns(z,) — z|| < limsup ||z, — z|| = ¢(x).

n—oo n—oo

On the other hand, by Lemma 3.1, we have

o(x) <limsup ||z, — Tns(xn)|| + limsup || Tns(z,) — z|| = limsup || Ths(z,) — 2|

n—oo n—oo n—oo
Hence,
(4.3) o(x) = limsup || T () — 2.
n—oo

Because F is asymptotic pointwise nonexpansive, it follows that @(Tms(x)> <

ams(x)p(z) for every z € C. Applying this to w and passing with m — oo, we

obtain

(4.4) lim @(Tms(w)) < p(w).

m—o0

Since x, — w, by the Opial property of X we have that for any x # w

p(w) = limsup |12, — w| < limsup |2, — 2] = (),
n—oo n—oo

which implies that p(w) = inf{¢(z);x € C'}. This together with (4.4) gives us

(4.5) lim @(Tms(w)> = o(w).

m—r0o0

By Proposition 3.4 in [17] (see also Theorem 2 in [36]) for each d > 0 there exists
a continuous function A : [0, 00) — [0, 00) such that A(t) =0 < ¢t =0, and

(4.6) oz + 1 —a)yl* < allz]* + (1 - a)llyll* — a(l — a)A([lz = yl)),
for any v € [0, 1] and all z,y € X such that ||z]| < d and ||y|| < d. Applying (4.6)

tor =z, —w,y=x, — Tns(w) and a = % we obtain the following inequality

1 1 1 1
= 50+ Tns () < Sl = wl2+ Sl = Trasw)][2 = (11 Tons () = 0]]).

Applying to both side limsup and remembering that ¢(w) = inf{p(x);x € C}

n—o0

we have

ol + 5 (Tus(w)) = A(ITe0) — w]),
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which implies

M1 Tstie) = wll) < 26 (Toaw)” — 20(w)”

Letting m — oo and applying (4.5) we conclude that
lim )\<||Tm5(w) - w||> —0.
m—0o0

By the properties of A, we have T,,,s(w) — w. Fix any natural number k. Observe
that, using the same argument, we conclude that T(m+k)5(w) — w. Note that
Tys (Tms (U))) = T(erk)s(w) —w
By the continuity of T},
Tks(Tms (w)) — Tks(w)
and finally Tys(w) = w as claimed. d
5. WEAK CONVERGENCE OF GENERALIZED KRASNOSEL’SKII-MANN
ITERATION PROCESSES

Let us start with the precise definition of the generalized Krasnosel’skii-Mann

iteration process for semigroups of nonlinear mappings.

Definition 5.1. Let F € S(C), {tx} C J and {cx} C (0,1). The general-
ized Krasnosel’skii-Mann iteration process gKM(F,{ci},{tx}) generated by the
semigroup F, the sequences {cx} and {tx}, is defined by the following iterative

formula:
(5.1)  xpy1 = Ty, (x) + (1 — cp)zg, where x1 € C is chosen arbitrarily,

and
(1) {ck} is bounded away from 0 and 1,
(2) limy_so0 ty = 00,
(3) >0 by, (x) < oo for every z € C.

Definition 5.2. We say that a generalized Krasnosel’skii-Mann iteration process

gKM(F {ci}, {tr}) is well defined if

(5.2) lim sup ay, (zx) = 1.

k—o0
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We will prove a series of lemmas necessary for the proof of the generalized
Krasnosel’skii-Mann process convergence theorems.

Lemma 5.1. Let C be a bounded, closed and convex subset of a Banach space X .
Let F € S(C), w € F(F), and let {zx} be a sequence generated by a generalized
Krasnosel’skii-Mann process gK M (F,{cx},{tx}). Then there ezists an r € R
such that lim ||z, — w| =r.
k—o00
Proof. Let w € F(F). Since
k1 = wl| < el Ty (wx) — wlf + (1 = c)flzn — wl]
= el Ty, () = Ty (W) + (1 = ci) ||, — w
< (14 by (w)) ||z — wl| + (1 = ex)[Jag —w
< crby, ()l — wl| + [l — w]

< by (w)diam(C) + ||z, — w],

it follows that for every n € N,

k+n—1
(5.3) |Tkin — w|| < ||z — w| + diam(C) Z by, (w).
i—k
k+n—1

Denote 1, = ||z, — w|| for every p € N and dj,, = diam(C) Z b, (w). Observe
i=k

that limsuplimsupdy, = 0. By Lemma 2.1 then, there exists an » € R such

k—o00 n—00
that lim ||zx —wl|| = 7. O
k—o0

Lemma 5.2. Let C' be a bounded, closed and convex subset of a uniformly convex
Banach space X. Let F € S(C). Let {x} be a sequence generated by a well
defined generalized Krasnosel’skii-Mann process gK M (F,{cx},{tx}). Then

(5.4) lim [|T}, (zx) — x| =0
k—o00

and

(5.5) lim [|zg41 — x| = 0.
k—ro0
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Proof. By Theorem 2.1, F(F) # 0. Let us fix w € F(F). By Lemma 5.1 there

exists an 7 € R such that klim |z, — wl|| = r. Because w € F(F), and the process
—00

is well defined, then there holds

limsup || T}, (zx) — w|| = limsup |13, (zx) — Tp, (w)]|
k—00 k—o00

< limsup ay, (xg) ||z — w|| = 7.

k—oo
Observe that
lim [[cg (T3, (z) — w) + (1 = ) (zp — w)|| = lim |lzp1 —w| =7
k—oo k—oo

By Lemma 2.2 applied to uy =z, — w, vy, = T3, (zx) — w,

(5.6) lim ||7}, (xr) — x| = 0,
k—oo

which by the construction of the sequence {xz;} is equivalent to
(5.7) lim |21 — 2] = 0.
k—o0

g

Let us prove an important technical result which demonstrates that under suit-
able assumption the sequence {xy} generated by the generalized Krasnosel’skii-
Mann iteration process becomes an approrimate fixzed point sequence, which will
provide a crucial step for proving the process convergence.

Lemma 5.3. Let C be a bounded, closed and convex subset of a uniformly convex
Banach space X. Let F € S(C). Let the generalized Krasnosel’skii-Mann process
gKM(F, {ci},{tr}) be well defined. Let A C J be such that to every s € A
there exists a strictly increasing sequence of natural numbers {j.} satisfying the

following conditions:

(a) ||z — z;,]] = 0 as k — oo,

(b) limy o0 HTdk (xjk) — Lj H =0, where dy, = ’tjk+1 —lj, — 5"

Then {xy} is an approximate fized point sequence for all mappings {T.s} where
s€ A and m €N, that is

(5.8) lim ||Ts(xr) — a2kl =0

k—o00
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for every s € A and m € N. If, in addition, A is a generating set for J then
(5.9) Jim [T () — 2] =0

foranyte J.

Proof. In view of Lemma 3.1, it is enough to prove (5.8) for m = 1. To this end,
let us fix s € A. Note that

(5.10) |z, — Tj.. || = 0 as k — oo.
Indeed,
(5.11) oy — 2 | < g, — @ll + lzk = zpa | + 2o — 25,1 = 0,

in view of the above assumption (a) and of (5.5) in Lemma 5.2.
Observe that

(5.12) |z, — Ts(z;)|| = 0 as k — oo.
Indeed,
g, = Ta(@i )| < Mg = 2 1+ s = T, @ ) 1T, (50) = T, (3
T, (@5) = Togy, (25 + 1Ty, (05) = Tol,) |
<@g = il + 12 = Ty, (@) gy, (@ ) s, — 25l

+a’s+t]‘k (x]k)”Tdk (x]k> — Ty H + Slelg aS(I) ||j—‘t]k (xjk) — T H

which tends to the zero as kK — oo because of (5.10), Lemma 5.2, the fact that
the process is well defined, assumptions (b) and (2.7), and the boundedness of

each function a,.

On the other hand,
lor = To(z) | < llow — 5]l + [z, — T, (@)1 + 1T, (25) = Tosy, (@3]
N Loty (@5,) = Ty ) + [ Ts(zj) — Tslan)|]
< ok = 251 + o, — Tay (i) || 4 ag () ||z, — To(,) ]

Fas (@) Ty, (25) = 25| + as(@p) |25, — 24

which tends to the zero as k — oo because of assumption (a), Lemma 5.2, the fact
that the process is well defined, and the fact that the semigroup is asymptotic

pointwise nonexpansive. If A is a generating set for J then by Lemma 3.2, {z}
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is an approximate fixed point sequence for any 7. This completes the proof of
the Lemma. ]

We will prove next a generic version of the weak convergence theorem for the
sequences {xy} which are generated by the Krasnosel’skii-Mann iteration process

and are at the same time approximate fixed point sequences.

Theorem 5.1. Let X be a uniformly convexr Banach space X with the Opial
property. Let C' be a bounded, closed and conver subset of a X. Let F € S(C).
Assume that gK M(F, {ck}, {tr}) is a well defined Krasnosel’skii-Mann iteration
process. If the sequence {xy} generated by gK M (F,{ck},{tx}) is an approzimate
fized point sequence for every s € A C J where A is a generating set for J, then
{z} converges weakly to a common fixed fized point w € F(F).

Proof. Consider y,z € C, two weak cluster points of the sequence {x;}. Then
there exist two subsequences {y; } and {z;} of {24} such that y, — y and 2z, — z.
Fix any s € A. Since {z} is an approximate fixed point sequence for s it follows
that

(5.13) lim || Ty (zx) — 4] = 0.

k—o00

It follows from the Demiclosedness Principle (Theorem 4.1) that Ts(y) = y and
Ts(z) = z. By Lemma 5.1 the following limits exist

(5.14) rp = lim [l =y, r2 = lim [z — z]].
k—ro0 k—o0

We claim that y = z. Indeed, assume to the contrary that y # z. By the Opial
property we have
r1 = liminf ||yx — y|| < liminf ||y, — z|| = ro
k—o0 k—oo

(5.15)

= liminf ||z — z|| < liminf ||z, — y|| = r1.
k—o0 k—o0

The contradiction implies y = z which means that the sequence {x;} has at most
one weak cluster point. Since C' is weakly sequentially compact, we deduce that
the sequence {z;} has exactly one weak cluster point w € C, which means that
xp — w. Applying the Demiclosedness Principle again, we get Ts(w) = w. Since

s € A was chosen arbitrarily and the construction of w did not depend on the



16 W.M. KOZLOWSKI, BRAILEY SIMS

selection of s, and A is a generating set for J, we conclude that T;(w) = w for

any t € J, as claimed. O

Let us apply the above result to some more specific situations. Let us start with
a discrete case. First, we need to recall the following notions.

Definition 5.3. A strictly increasing sequence {n;} C N is called quasi-periodic
if the sequence {n; 1 — n;} is bounded, or equivalently if there exists a number
p € N such that any block of p consecutive natural numbers must contain a term

of the sequence {n;}. The smallest of such numbers p will be called a quasi-period
of {n:}.

Theorem 5.2. Let X be a uniformly convexr Banach space X with the Opial
property. Let C be a bounded, closed and convex subset of a X. Let F € S(C)
be a semigroup with a discrete generating set A = {oy, a9, 3...}. Assume that
gKM(F, {cr},{tr}) is a well defined Krasnosel’skii-Mann iteration process. As-
sume that for every m € N with m < card(A), there exists a strictly increasing,
quasi-periodic sequence of natural numbers {jx(m)}, with a quasi-period py,, such
that for every k € N, tj, . (m) = m + tj(m). Then the sequence {xy} generated
by gK M (F,{ck}, {tr}) converges weakly to a common fized point w € F(F).

Proof. We will apply Lemma 5.3. Note that the assumption (b) of Lemma 5.3 is
trivially satisfied since tj,,,(m) — tj,(m) — @m = 0. To prove (a), observe that by
the quasi-periodicity of {jx(m)}, to every positive integer k there exists ji(m)

such that |k — jx(m)| < p,. Assume that k — p,, < ji(m) < k (the proof for the

5
other case is identical). Fix € > 0. Note that by Lemma 5.2, ||zg11 — x| < —
p

for k sufficiently large. Hence for k sufficiently large there holds
3
(5.16)  lzk — 25l < llze — zoaall + -+ gm0 — Tl S pm— = €.

m
This proves that (a) is also satisfied. Therefore, by Lemma 5.3 {x)} is an ap-
proximate fixed point sequence for every T where s € J. By Theorem 5.1, {z}}

converges weakly to a common fixed fixed point w € F(F). O

Remark 5.1. Note that Theorem 4.1 in [18] is actually a special case of Theorem
5.2 with A = {1}.
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Remark 5.2. [t is easy to see that we can always construct a sequence {t;} with
the properties specified in the assumptions of Theorem 5.2. When constructing
concrete implementations of this algorithm, the difficulty will be to ensure that the
constructed sequence {t} is not "too sparse” in the sense that the Krasnosel skii-
Mann process gK M (F,{cr},{tr}) remains well defined (see Definition 5.2).

The following theorem is an immediate consequence of Theorem 5.1 and Lem-
mas 3.2, 5.3, and 3.3.

Theorem 5.3. Let X be a uniformly convex Banach space X with the Opial
property. Let C be a bounded, closed and convexr subset of X. Let F € S(C)
be equicontinuous and B C B = A C J where A is a generating set for J.
Let {xy} be generated by a well defined Krasnosel’skii-Mann iteration process
gK M (F, {ci}, {tx}). If to every s € B there exists a strictly increasing sequence

of natural numbers {ji} satisfying the following conditions:
(a) tj, ., —tj — s ask — oo,
(b) ||z — x|l = 0 as k — oo,

then the sequence {xy} converges weakly to a common fized point w € F(F).

Remark 5.3. Observe that the set B in Theorem 5.3 can be made countable.
Hence by Remark 5.2 a sequence {t;} satisfying assumptions of Theorem 5.3

can be always constructed. Again, the main difficulty is in ensuring that the
corresponding process gK M (F,{ck}, {tr}) is well defined.

6. WEAK CONVERGENCE OF GENERALIZED [SHIKAWA ITERATION PROCESSES

The two-step Ishikawa iteration process is a generalization of the one-step
Krasnosel’skii-Mann process. The Ishikawa iteration process provides more flexi-
bility in defining the algorithm parameters which is important from the numerical

implementation perspective.

Definition 6.1. Let F € S(C), {tx} C J. Let {cx} C (0,1), and {dx} C (0,1).
The generalized Ishikawa iteration process gl(F,{ci},{dx},{tx}) generated by
the semigroup F, the sequences {cy}, {di} and {ty}, is defined by the following
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iterative formula:
(61) Tl = Ckﬂk (dthk (;Ck) + (1 — dk)l'k) + (1 — Ck)l'k,

where 1 € C is chosen arbitrarily, and

(1) {ck}, {d} are bounded away from 0 and 1,
(2) hmk_mo tk = 00,
(3) >0 by, (x) < oo for every x € C.

Definition 6.2. We say that a generalized Ishikawa iteration process gI(F, {ck}, {dx}, {tr})
s well defined if

(6.2) lim sup ay, (zx) = 1.

k—oo

Lemma 6.1. Let C' be a bounded, closed and conver subset of a Banach space
X. Let F € §(C), w € F(F), and let gI(F,{c},{dr},{tx}) be a generalized

Ishikawa process. Then there exists an r € R such that klim |lxy —wl|| = 7.
—00

Proof. Define G : C — C' by

(6.3) Gwm:%nxﬁnww+u—@m)+u—%n;xea

It is easy to see that xyy1 = Gg(xy) and that F(F) C F(Gy) for every k > 1.

Moreover, a straight calculation shows that each Gy satisfies

(6.4) 1Gr(2) = Gr(y)ll < Ar(@)]lz =y,

where
(6.5) AM@:1+Wm@ﬂ“@+ﬂ—%ﬂyﬂﬂwdﬂ—%%%h

Note that Ag(z) > 1 which follows directly from the fact that a;, (2) > 1 for any
z € C. Using (6.5) and remembering that w € F(F) we have

(6.6) Brp(w) = Ag(w) — 1 = c(1 + dray, (w))(ag, (w) — 1) < (14 ay, (w))by, (w).
Fix any M > 1. Since klim at, (w) = 1, it follows that there exists a ky > 1 such
—00

that for & > ko, a;, (w) < M. Therefore, using the same argument as in the proof
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of Lemma 5.1, we deduce that for k > kg and n > 1
k+n—1
|kin — wl < |lzx = wl| + diam(C) D By (w)
i=k

(6.7)

k+n—1

< ||zx — wl| + diam(C)(1 + M) Z by, (w).

Arguing like in the proof of Lemma 5.1, we conclude that there exists an r € R

such that lim ||z —wl| = 7. O
k—o0

Lemma 6.2. Let C' be a bounded, closed and convex subset of a uniformly convex
Banach space X. Let F € S(C). Let gI(F,{ck}, {dx}, {tr}) be a well defined

generalized Ishikawa iteration process. Then

(6.8) lim (|73, (zx) — x| =0
k—o0

and

(6.9) lim |21 — 2] = 0.
k—o0

Proof. By Theorem 2.1, F(F) # (. Let us fix w € F(F). By Lemma 6.1,
klim ||z — w]| exists. Let us denote it by r. Let us define
—00
Since w € F(F), F € §(C), and klim ||z — w|| = r, we have the following
—00

lim sup || T, () — w| = lmsup [T, () — T (w)]
—00

k—o0

< limsup ay, (w)||yx — w|| = limsup a¢, (w)||dp T3, () + (1 — di)zs, — w||

k—o0 k—o0
(6.11)
< timsup (dyay, ()] T3 () — ] + (1 = di)a, ()]} — w])
—00
< Jim (dya?, ()2 = wll + (1 = dy)ag, (w) oy — w]) <.
k—o0
Note that
Tim (i (Ty, () = w0) + (1 = i)z — )]
(6.12)

k—o0 k—o0
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Applying Lemma 2.2 with uy, = T3, (yx) — w and vy = x5 — w, we obtain the

equality kll—>r§o | Tt (yx) — xx]| = 0. This fact, combined with the construction

formulas for z;,; and yy, proves (6.9).

Since
T3, (zx) — we|| < T3 (2n) — T ()| + (1T, (yr) — |

(6.13) < ag (@e) lzk — yell + 1 Te (ye) — 2]
= diay, (xp)| Ty (2r) — 2pll + T3, (e) — 2,

it follows that

(6.14) T () — @il < (1 = diag, (24) ™ 1 To (yr) — ill-

The right-hand side of this inequality tends to zero because ||T3, (yx) — xk|| — 0,
limsupay, (xx) = 1 by the fact that the Ishikawa process is well defined, and

k—o0

{d.} € (0,1) is bounded away from 1. O

We need the following technical result being the Ishikawa version of Lemma
5.3.

Lemma 6.3. Let C' be a bounded, closed and convex subset of a uniformly
conver Banach space X. Let F € S(C). Let the generalized Ishikawa process
gI(F, {ck}, {dx}, {tr}) be well defined. Let A C J be such that to every s € A
there exists a strictly increasing sequence of natural numbers {j} satisfying the

following conditions:
(a) ||zg — ;]| = 0 as k — oo,

(b) imy o0 || Te, (z5,) — .|l = 0, where e, = |t;,, —t;

Jk+1 - 8|'

k

Then {xy} is an approzimate fized point sequence for all mappings {T,,s} where
s€ A and m €N, that is

(6.15) lim || Tyns(24) — 24| = 0

k—o00

for every s € A and m € N. If, in addition, A is a generating set for J then

(6.16) lim ||Ty(zx) — 2kl =0
k—o0

foranyte J.
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Proof. The proof is analogous to that of Lemma 5.3 with Lemma 5.1 replaced by
Lemma 6.1, and Lemma 5.2 replaced by Lemma 6.2. U

We are now ready to provide the weak convergence results for the Ishikawa
iteration processes.

Theorem 6.1. Let X be a uniformly convex Banach space X with the Opial
property. Let C' be a bounded, closed and conver subset of a X. Let F € S(C).
Assume that gI(F,{ci},{dr},{tx}) is a well defined Ishikawa iteration process.
If the sequence {xy} generated by gI(F,{ck},{dr},{tr}) is an approximate fized
point sequence for every s € A C J where A is a generating set for J, then {x}

converges weakly to a common fized fized point w € F(F).

Proof. The proof is analogous to that of Theorem 5.1 with Lemma 5.3 replaced
by Lemma 6.3, and Lemma 5.1 replaced by Lemma 6.1. O

Stmilarly, it is easy to modify the proof of Theorems 5.2 and 5.3 to obtain the
next two results.

Theorem 6.2. Let X be a uniformly convex Banach space X with the Opial
property. Let C be a bounded, closed and convex subset of a X. Let F € S(C)
be a semigroup with a discrete generating set A = {o, a9, a3...}. Assume that
gl (F,{ck}, {dr},{tx}) is a well defined Ishikawa iteration process. Assume that
for every m € N there exists a strictly increasing, quasi-periodic sequence of natu-
ral numbers {ji(m)}, with a quasi-period py,, such that for every k € N, t;, . () =
Qm + tj (m). Then the sequence {xy} generated by gI(F,{cx}, {dr}, {tx}) con-
verges weakly to a common fized point w € F(F).

Theorem 6.3. Let X be a uniformly convex Banach space X with the Opial
property. Let C' be a bounded, closed and convex subset of X. Let F € S(C) be
equicontinuous and B C B = A C J where A is a generating set for J. Let {x}
be generated by a well defined Ishikawa iteration process gI(F,{ck},{dr}, {tx})-
If to every s € B there exists a strictly increasing sequence of natural numbers
{jr} satisfying the following conditions:

(a) tj, ., —tj — s ask — oo,

(b) ||zx — xj, || = 0 as k — oo,

then the sequence {xy} converges weakly to a common fixed point w € F(F).
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7. STRONG CONVERGENCE OF GENERALIZED KRASNOSEL’SKII-MANN AND
ISHIKAWA ITERATION PROCESSES

Lemma 7.1. Let C' be a compact subset of a Banach space X. Let F € S(C)
and {s,} C J. If s,, = 0 as n — oo then F is equicontinuous, that is

(7.1) lim sup ||}, (x) — x| = 0.
n—00 pc

Proof. Assume to the contrary that (7.1) does not hold. Then there exist {wy}
a subsequence of {s,}, a sequence {y;} C C and n > 0 such that for every k € N
there holds

(7.2) T, () = yell > 0 > 0.

Using compactness of C' and passing to a subsequence of {y;} if necessary we
can assume that there exists w € C such that ||yx —w|| — 0 as k — oc.

0 <n < limsup || Ty, (yr) — Y|l

k—o00
(7.3) < lim sup([[To, (ye) = T ()| + [T, () = wll + o = g}
— 00
< lim sup(au, () [y = wl| + [T, () = wl} + o = if]) = 0
—00
since lim supy,_, o Gu,, (w) < 1 and t — Ti(w) is continuous. Contradiction. O

Theorem 7.1. Let C be a compact, convex subset of a uniformly convexr Banach
space X. Let F € S(C) and B C B = A C J where A is a generating set for
J. Let {x}} be generated by a well defined Krasnosel’skii-Mann iteration process
gK M (F,{ck},{tx}) (resp. generalized Ishikawa process gI(F,{ck},{dr}, {tx}))
If to every s € B there exists a strictly increasing sequence of natural numbers
{jr} satisfying the following conditions:

(a) tj,., —tj — s ask — oo,

(b) ||z — x|l = 0 as k — oo,

then the sequence {xy} converges strongly to a common fized point x € F(F).

Proof. We apply Lemma 5.3 (resp. Lemma 6.3) for the parameter set B. Note
that condition (a) of Lemma 5.3 (resp. Lemma 6.3) is assumed. By Lemma 7.1
the semigroup F is equicontinuous and hence the assumption (b) of Lemma 5.3

(resp. Lemma 6.3) is satisfied. By Lemma 5.3 (resp. Lemma 6.3) then {z;} is
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an approximate fixed point sequence for any 7; where ¢t € B. By Lemma 3.3
{1} is an approximate fixed point sequence for any T; where ¢t € A. Since A is a
generating set for J, it follows that {x;} is an approximate fixed point sequence
for any T, where t € J (again, by Lemma 5.3 or respectively Lemma 6.3 for the

Ishikawa case). Hence for every t € J

(7.4) | Ti(zg) — 2x]| — 0 as k — oo.

Since C'is compact there exist a subsequence {x,, } of {z}}, and x € C such that
(7.5) | T (zp,) — || = 0 as k — oo.

Observe that

(7.6) I, — 21l < I, — Tilop)ll + Tz, — ),

which tends to zero as k — oo by (7.4) and (7.5). Hence

(77) I [Jz,, ]| =0.

Finally
79 1T () — || < |[Ti(2) = Ti(xp, )| + | Ti(wp,) = 2pll + N2, — 2]

< at('T)Hka - JJH + HTt<ka) - xpk” + ”ka - l‘”,
which tends to zero as k — oo by boundedness of the function a;, by (7.7), and
(7.4). Therefore, T;(x) = x for every ¢t € J, that is z is a common fixed point
for the semigroup F. By Lemma 5.1 (resp. Lemma 6.1), limy_, ||zx — x| exists
which, via (7.7) implies that

(7.9) lim ||z — ]| =0

k—o0
completing the proof of the theorem. O
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