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1 .  I n t r o d u c t i o n .  
1 

I A  mapping T  d e f i n e d  on  a  weak l y  compact convex subse t  C  o f  a  Banach 

I space X  i s  s a i d  t o  be n o n e x p a n s i ~  i f  I I T ( X ) - T ( ~ )  1 5 1 l x - y  1 f o r  a l l  x  

' and y  i n  C; and X  i s  s a i d  t o  have t h e  (weak) f i x e d  p o i n t  p r o p e r t y  (FPP) 

i ,cry such mapping has a  f i x e d  p o i n t .  C l a s s i c a l  r e s u l t s  ( [4 ] , [7 ] )  show 
w 

t h a t  e v e r y  u n i f o r m l y  convex Banach space and those  w i t h  normal s t r u c t u r e  have 

t h e  f i x e d  p o i n t  p r o p e r t y .  U n t i l  r e c e n t l y  o t h e r  p o s i t i v e  r e s u l t s  remained 

f ragmentary .  Moreover,  i t  was o n l y  i n  1981 t h a t  A l spach  [I] showed t h a t  

L1 [0,1] does n o t  have t h e  FPP (see a l s o  [11:1,[12]). 

A l so ,  Maurey [ l o ]  showed, u s i n g  u l  t r apower  t echn iques ,  t h a t  co(N)  and 

r e f l e x i v e  subspaces o f  L1[O,l] have t h e  FPP. I n  t h i s  paper  we r e f i n e  

Maurey 's  i deas  on co  and remove t h e  dependence on u l t r a p o w e r s .  We a r e  t h e n  

a b l e  t o  show t h a t  many Banach spaces s a t i s f y  s i m p l e  and v e r i f i a b l e  l a t t i c e -  

t h e o r e t i c  c r i t e r i a  and so have t h e  FPP. I n  p a r t i c u l a r  we: ( 1 )  c h a r a c t e r i z e  

o rde r - comp le te  M  spaces w i t h  t h e  FPP; (2 )  show t h a t  co (S ) , c (S ) ,  and Day ' s  

norm on co(S)  have t h e  FPP; ( 3 )  recover-much s t rengthened-examples due 

t o  K a r l o v i t z  [6 ]  and o t h e r s ;  ( 4 )  e x h i b i t  spaces w i t h o u t  a s y m p t o t i c  normal 

s t r u c t u r e  wh i ch  have t h e  FPP. 

F u l l  d e t a i l s  o f  t hese  and o t h e r  r e s u l t s  a r e  f o r t h c o m i n g  i n  [3]. 
w 

r e p l a c e  approx imate f i x e d  p o i n t s  by  f i x e d  p o i n t s  o f  a  r e l a t e d  mapping. L e t  

l _ ( X )  and co(X)  deno te  t h e  s u b s t i t u t i o n  spaces o f  X  i n t o  1_(N) and 

2. Bas i c  r e s u l t s .  

, 
A  sequence (x,) i n  C  i s  a p p r o x i m a t e l y  f i x e d  f o r  T i f  I l xn -T (xn )  1 1 

t ends t o  0  . It i s  a  s i m p l e  consequence o f  t h e  C o n t r a c t i o n  P r i n c i p l e  

! t h a t  such sequences e x i s t .  The f o l l o w i n g  b a s i c  c o n s t r u c t i o n  a l l o w s  us  t o  
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co(N), w i t h  elements [ x ] : = ( xn ) .  De f i ne  [ X I  t o  be t h e  q u o t i e n t  l _ ( X ) / c O ( X )  
rn 

w i t h  II:x] 1 : = l imsupJ  1xn/ I ,  and d e f i n e  [C]:=(r! C ) / co (X ) .  Then [C] i s  c l osed  
n- n = l  

bounded and convex and [TI[x]) :=[T(xn)]  d e f i n e s  a  nonexpansive mapping on 

[C]. It i s  c l e a r  t h a t  [x ]  i s  f i x e d  f o r  [ T I  e x a c t l y  when (x,) i s  app rox ima te l y  

f i x e d  f o r  T  . 
I n  any Banach space, t h e  quas i -m idpo in t  set Q(y ,z ) :=  TwtC: 1 l y -w l  l = l  i z -w l  I = 

( 1 / 2 ) l  l y - z l  I }  i s  a  nonempty c l o s e d  convex subset  o f  C  . I f  T  i s  non- - 
expans ive and C  i s  c l osed  convex and T - i n v a r i a n t  t hen  Q(y , z )  i s  a l s o  T- 

i n v a r i a n t  whenever y  and z a r e  f i x e d .  The f i r s t  r e s u l t  f o l l o w s  f r om t h e  

Con t rac t i on  P r i n c i p l e  and a  d iagonal  arguement a p p l i e d  t o  [ T I  on Q ( [ x ]  , [ y ] ) .  

Maurey g i ves  a  s i m i l a r  ( s l i g h t l y  weaker) r e s u l t  us ing  u l t r apowers .  

P r o p o s i t i o n  1. ( [ 3 ] )  .- Suppose t h a t  C  i s  a  min imal  T - i n v a r i a n t  weak ly  compact 

convex subset . o f  X c o n t a i n i n g  0. Suppose a l s o  t h a t  ( xn )  and ( yn )  a r e  

app rox ima te l y  f i x e d  f o r  T  i n  C  and t h a t  l i m l  lxn-ynI  I = diam (C ) .  Then 
- - -  n- 

t h e r e  e x i s t s  a  sequence (2,) o f  app rox ima te l y  - - f i x e d  p o i n t s  i n  C w i t h  

The e x i s t e n c e  o f  d i ame t ra l  app rox ima te l y  f i x e d  p o i n t s  can always be 

guaranteed ( [3 ] , [6 ] , [10 ] ) .  We a l s o  need two l a t t i c e - t h e o r e t i c  concepts .  A 

subset C  o f  a  Banach l a t t i c e  w i l l  be c a l l e d  rleakly o r thogona l  i f  
w 

( 2 )  l i m i n f  l i m i n f l l  J x n - i h x  - X /  I =  0 
n- mt- 

whenever ( xn )  converges weak ly  t o  X i n  C. A l a t t i c e  Y i s  s a i d  t o  be weakly 

o r t hogona l  whenever a l l  i t s  weakly compact subsets  a re .  I t  i s  r e l a t i v e l y  

easy t o  show t h a t  c (S ) ,  co(S),  l p ( S )  ( IT<- )  a r e  weakly o r t hogona l  w h i l e  

l _ ( H )  and non-atomic L p  spaces a r e  n o t .  Obv ious ly ,  any norm-compact s e t  i s  

weak ly  o r t hogona l .  I t  i s  a l s o  easy t o  see t h a t  e v e r y  O r l i c z  sequence space 

w i t h  t h e  " d e l t a - t w o "  c o n d i t i o n  [9 ]  i s  weakly o r t hogona l .  F i n a l l y ,  we d e f i n e  



t he  Riesz anole o f  a  Banach l a t t i c e  by 

P r o p o s i t i o n  2. (131) ( a )  F o r  any E E ~  l a t t i c e  X. l  5 a(X) 5 2  ) . i ~ t h  a(X!=l 
1 Y 

i f  and o n i y  i f  X i s  an F1 space. ( b )  If X i s  -- an a b s t r a c t  Lo space 

(1  5 p  5 m )  t h c a ( X )  = 2 " ~  . ( c )  L e t  -- X - be - - a  - - f u l l  s u b s t i t u t ~ o n  space on 

a idex s e t  I and (Xi : i e I )  i s  1 f a m i l y  o f  B a z g h - l a t t i c e s .  Then f o r  the  sub- - - 
s t l t ~ t i o n  space P: = ?(Xi,Xj 

(4) a ( P ) 5 a ( X )  sup a(Xi) . 
i € I 

The fundamental i n e q u a l i t y  i n v o l v i n g  t h e  Riesz ang le  i s :  

and i s  e a s i l y  es tab l i shed .  

3 .  F ixed p o i n t  theorems. 

Recal l  t h a t  the  Mazur d i s tance  between two Banach spaces X and Y i s  

1  g i ven  by d(X,Y): = i n f { l  lUI I I IU- ( ( :U  i s  an isomorphism o f  X on to  Y}. -- - - - 

Theorem 1. ([3]) A Banach space _ X  has t h e  FPF i f  t h e r e  e x i s t s  a  weakiy 

o_rchogonal Banach l a t t i c e  Y such t h a t  

.- 
( 6 )  d(X,Y) a(Y)  < 2 . 

Proof. We suppose t h a t  T i s  nonexpansive on a  minimal i n v a r i a n t  weakly - 

compact subset C . Se lec t  an approx imate ly  f i x e d  sequence (an) . On 

e x t r a c t i n g  a  subsequence and t r a n s l a t i n g  we may assume t h a t  (an) i s  weakly 

n u l l  and t h a t  0 l i e s  i n  C . Now use ( 6 )  t o  p i c k  an isomorphism U o f  

X on to  Y w i t h  ( 7 )  I IUI I ( I U - '  / ( a ( ~ )  < 2 . Since Y i s  weakly o r t h o -  
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gonal,  we can f i n d  subsequences (xn)  and (y,,) o f  (an) w i t h  ( 8 )  J U a l n u ~ ,  ( 

t e n d i n g  t o  ze ro  i n  norm. S ince  any a p p r o x i m a t e l y  f i x e d  sequence i s  d i a m e t r i z i n g  

[6 ]  we can a l s o  assume t h a t  ( 9 )  ( / xn - yn  I t ends  t o  d iam(C) .  P r o p o s i t i o n  1  

produces a  t h i r d  a p p r o x i m a t e l y  f i x e d  sequence (2,) s a t i s f y i n g  ( 1 ) .  Now ( 5 )  

shows t h a t  

Now ( I ) ,  ( 8 )  and ( 1 0 )  combine t o  show t h a t  2 diam(C) 5 1 / U l  ( IU-I 1 / a (Y )d iam(C) .  

S ince  ( 7 )  h o l d s  C must be s i n g l e t o n .  

C o r o l l a r y  1. ( a )  Eve ry  weak l y  o r t h o g o n a l  l a t t i c e  w i t h  R iesz  a n g l e  l e s s  t han  

two has t h e  FPP. 

( b )  A B a n s h  j p 5  X such t h a t  d X l P  < 2 '  has t h e  

FPP ( f o r  l<p<- )  . 
( c )  A-Banach space --- X - - such . . - - t h a t  d (X ,c (S ) )  < 2 o_r d(X,co(S))  < 2  

has t h e  FPP. 

C o r o l l a r y  2. An a b s t r a c t  L  space (1 2 p 5 -) o r  an a b s t r a c t  o r d e r -  
- P -- 

compl-ete M space - has t h e  FPP i f  and o n l y  i f  i t  c o n t a i n s  no i s o m e t r i c  copy 

fl L1[0,1]. 

P r o o f .  Fo r  p > l  , L spaces a r e  u n i f o r m l y  convex and t h e  r e s u l t  i s  t r i v i a l .  
P  4 

For p  = 1, i t  i s  a  consequence o f  A l s p a c h ' s  example, t h e  f a c t  t h a t  a tom ic  

L1 spaces have t h e  FPP, and t h e  f a c t  t h a t  a  non-atomic  L1 space c o n t a i n s  a  

copy o f  L1[O,l]. F i n a l l y  any o rde r - comp le te  F1 space which c o n t a i n s  no copy 

o f  1_(N)  i s  i somorph i c  and i s o m e t r i c  t o  c,,(S) on some i n d e x  s e t  S [8 ] .  

Example 1 .  (161)  ( a )  L e t  1  2 p 5 r < and l e t  t > 0. Cons ide r  

X: = X(p , r , t )  as 1  ( 5 )  renormed by  / x  / 1 :  = 1 (x I l r v ( t  IX l i p )  . For  p  = 2, 
P  
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J 1 ( r = - these norms were s t u d i e d  i n  [2] ,  [6]. I t  i s  i m e d i a t e  t h a t  X i s  

ny weakly o r t hogona l  and P ropos i t i on  2 ( c )  shows t h a t  a ( ~ )  5 2 " ~  < 2 . Thus X 

has t h e  FPP. B a i l l o n  and SchGnberg [2]  showed t h a t  ~ ( 2 , m , t )  has normal 

s t r u c t u r e  o n l y  f o r  t > l/a , and a s y m p t o t i c  normal s t r u c t u r e  o n l y  f o r  

t > 112. T h e i r  r e s u l t s ,  t h e r e f o r e ,  o n l y  a p p l y  f o r  t > 112. 

( b )  I t i s  a lmos t  i m e d i a t e  t h a t  Day ' s  norm on co (S )  [5]  has 

I ' I 
d l  O ( i ) )  5 &/2 - 2. C o r o l l a r y  1 ( c )  shows t h a t  Day 's  norm has t h e  FPP. - 
Vote t h a t  d ( c (S ) , co (S ) )  = 3 and t h e  two p a r t s  o f  C o r o l l a r y  l ( c )  a r e  t h u s  

1). 
d i s t i n c t .  Note a l s o  t h a t  co(S)  i s  l o c a l l y  u n i f o r m l y  convex, b u t  i s  n o t  

u n i f o r m l y  convex i n  e v e r y  d i r e c t i o n  [5]. 

Remark 1 .  Our r e s u l t s  can be reph rased  so t h a t  t h e y  a p p l y  t o  weak ly  o r t hogona l  

s e t s  i n  a r b i t r a r y  l a t t i c e s .  I n  p a r t i c u l a r ,  e v e r y  weak ly  o r t hogona l  subse t  o f  

1_(S)  has t h e  FPP. T h i s  i s  i n t e r e s t i n g  because e v e r y  Banach space i s  i s o m e t r i c  

t o  a subspace o f  some l _ ( S ) .  One can t h e r e f o r e  show t h a t  a c l a s s  o f  spaces 

has t h e  FPP by  showing t h a t  t h e i r  i s o m e t r i c  images a r e  weak ly  o r t hogona l  i n  t h e  

1- l a t t i c e  s t r u c t u r e .  Converse ly ,  i t  f o l l o w s  t h a t  any i s o m e t r i c  image o f  t h e  

L, [0,1] u n i t  i n t e r v a l  must f a i l  t o  be weak l y  o r t h o g o n a l  s i n c e  such s e t s  a d m i t  

nonexpansive mappings w i t h o u t  f i x e d  p o i n t s  [12]. I s  i t  p o s s i b l e  t o  use t hese  

i deas  t o  show t h a t  ( supe r - )  r e f l e x i v e  spaces have t h e  FPP? 
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