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For a complex Hilbert space H we denote by B(H) the algebra of continuous 
linear operators on H. For T E B(H), T * denotes the adjoint operator. The nunzerical 
range of T, W ( T ) ,  is defined as 

and 
W ( T )  = { ( T x ,  X )  : XEH,  lIxjJ = 11, 

u(T)  = sup {ld.I : A E  W ( T ) )  

is the nunzerical radius of T. W ( T )  is a convex subset of the complex plane whose 
closure contains the spectrum of T, u (T) .  The set of eigenvalues of T is denoted by 

-, pa(T) and the set of approximate eigenvalues by na(T).  Co a ( T )  is the convex hull 
of a ( T ) .  

A point I E W-(T) is a bare point of W(T) if I lies on the perimeter of a closed 
circular disc containing W(T). We say WTT) has a corner with uertex if i. E W(T) 
and -w(T) is contained in a half-cone with vertex J. and angle less than n. 

We aim to relate the vertices of corners of WTT) to points in a ( T ) .  The starting 
point is the following lemma first suggested to me by A. M. Sinclair. 

LEMMA 1. For a complex Nilbert space H and ?' E B(H), i f  1 = v ( T )  E W ( T ) ,  
then 1 E pa(U) where U = $ [ T  + T*] .  

Proof. 1 = sup Re W ( T )  = sup W(U)  < r(U) = IjUIJ < + ( u ( ~ ) f  u(T*))  = I ;  so 
1 1  U1j = 1 .  Now for some x E H, Ilxll = 1 ,  we have 

1 = ( T x ,  x )  = Re ( T x ,  x )  = (Us ,  X )  6 (lUx( llxll < 1 ;  

so, by the rotundity of H, Ux  = x. 

. , 
LEMMA 2. For a conzplex Hilbert space H and T E B(H), i f  J. E W(T)  is a bare point 

of W ( T ) ,  then (e-" T +eie T * )  x = (e-ie3.+eie 1) x for some X E  H, 1x1 = 1 ,  and 
0 ,0  < 6 < 2n. 

Proof. Since 3, is a bare point of W(T) there exists r > 0 and a E C such that 
W ( T )  5 D = (z E C : Iz-ul < r) and ?,E W(T) n bdry D. Let A-a = reie, 
0 < 6 < 2n and set TI = r-' e - " ( ~  - x1). Then W(TJ is contained in the unit 
disc and if X E  H,  1x11 = 1, is such that 3, = ( T x ,  x),  we have 
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so, by Leinma 1, 3[T ,  + T,*]x = s. Therefore 

This last lemnia is sinlilar to a result by B. A. Mirlnan for compact operators 
[4; sledstvie 11, and from it our first main result follows. 

THEOREM 1. For a cor?7plex Hilbert space H al~d T E B(li) ,  if I. E W ( T )  is tlie certex 
of a corner of W(T),  then I. E pa(T). 

t 

Proof. Since i. is the vertex of a corner of W(T), E. is a bare point of W(T), and 
in fact we can find at least r,,  r ,  > 0 and a,, a, E C, cr, # t s ,  for any t E R, such that 
- -  - 
W ( T ) c D j = { z ~ C : l z - u j J 6 q } a n d i ~ W ( T ) n D j f o r j = 1 , 2 .  So from the 
proof of Lemma 2 there exist O, ,  0, E (0,2n), 0 < ( 0 ,  - @ , I  < n, such that 

Subtracting these two equations gives 

+(e-2i@~ - e - 2 i @ ~  ) T x  = +(e-2i0~ - e2 i01)  iq 

and so, since 0 ,  # O,, T x  = I.x. 

COROLLARY 1.1. For a complex Hilbcrt space H and conzpuct operator T E B ( H ) ,  
if0 # j. E W(T)  is the certex of a corner of 6t1(T), tlren i. E pa( T ) .  

Proof. Since i is the vertex of a corner of W(T), A is a non-zero exposed \- 
point of W(Tj and so, by [I; Theorem 11, 1. E W(T) and the result now follows from 
Theorem 1. 

COROLLARY 1.2. For a complex Hilbert space H and T E B(H), if W ( T )  is  a closed 
polygon then co a ( T )  = W ( T ) .  

Proof. Let the vertices of the convex polygon W ( T )  be {A,}. Then, by Theorem 1, 
ii E pa(T) for all i; so 

co a ( T )  =, W ( T )  but co a ( T )  E W(T)  = I v (T) .  

COROLLARY 1 . 3 .  A closed bounded polygon with m vertices is the numerich1 range 
of an operator on n-dinlensional Hilbert space ifand onlj. i fm  6 n. 
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Proof. Let the numerical range of T  be the closed polygon with vertices 
1 ,  A ,  . . . . Then by Theorem 1 each l i  is an eigenvalue of T and there are at 
most n of them. 

Conversely, let 4, ..., 1, ( m  ,< n )  be the vertices of a closed polygon P. Then 
the normal operator represented by the diagonal matrix 

= 0  m < i , < n  
has W ( T )  = co a ( T )  = P. 

We now consider the case when 1 is the vertex of a corner of W(T) but 
1 E w)\ W ( T ) .  

THEOREM 2. For complex Hilbert space H  and T E B(H), if 1 E W )  is the vertex 
- of a corner of W(T) then 3. E na(T) .  

Proof. By a construction of S. K. Berberian [2] and a result of Berberian and 
G. H. Orland [3] we can embed H in a larger Hilbert space K and extend T to  
[ T I E  B(K)  such that W(T) = W ( [ T ] )  and n a ( T )  = pa([T]) .  The result now 
follows by applying Theorem 1 to [ T I ,  since I. E W ( [ T ] )  is the vertex of a corner of 
-- 

W(U-1) = W ( [ T I ) .  

COROLLARY 2.1. For a complex Hilbert space H  and T E B(H),  ifm) is a closed 
polq~gon, tlzetz co a ( T )  = W(T).  

Proof. Let (i.J be the vertices of v). Then, by Theorem 2, 1; E n a ( T )  for 
all i ;  so co a ( T )  2 -W(T). 

A result corresponding to Theorem 2  is not generally valid in a Banach algebra 
without further restrictions. B. Schmidt [5,6] has shown that if 1 is the vertex of a 
corner of V ( B ,  T )  with angle less than n/2 then 1 E a ( T )  and that this is best possible. 

The author wishes to express his gratitude to the referee, who suggested a 
number of improvements to the original manuscript. It has also been brought to the 
author's notice that a similar result to that of Theorem 2 has been obtained by S. 
Hilderbrandt (~Llatlz. Arznalen 163 (1966), pp. 230-247). 
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