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I. Introduction and Summary 

DARBOUX showed in his famous memoir, [1], that if a function F( t )  was 
analytic at t = 0 ,  and if on its corresponding circle of convergence, I t l = R ,  
0 < R <  oo, it possessed only a finite number  of singular points, all of which were 
algebraic in nature, then the rate of growth of its Maclaurin coefficients, F r 
could be deduced as n ~ oo. If these singular points, Re I~ Re t~ ... ,  were free 
to vary, it was assumed that they were restricted in such a manner that their 
essential configuration did not change as the Oj varied. In practice, their con- 
figuration was preserved by restricting the 0j to closed sub-intervals of [0, 2n] 
whose boundaries were independent of n. 

In this paper  we consider the special case 

F( t ,O)= ~ t"A,(O),  I t ] < l ,  
.=o (1.1) 

= (1 - t ) -  ~ [(e i o _ t) (e- io  _ t)] - a f ( t ,  0),  

where ). and A are bounded quantities, those branches of ( l - t )  -a  and 
[(e~~ ( e - ~ ~  -~ are taken which reduce to unity at t = 0 ,  and f ( t ,  O) is 
analytic in Iti<=e'(rl>O), uniformly for 0 in [0, u]. We show how DARaOUX'S 
method can be extended in such a way that the rate of growth of An(O), as n - oo, 
can be deduced in certain 0 sub-intervals of [0, u] which depend on n. Although 
this extension is a very special case, the more general case is quite analogous. 

In Section It, two theorems are proved which characterize the asymptotic 
behavior of certain integrals which appear in the later development. The term 
"asymptot ic"  is used here in the sense of ERD~LYI & WYMAN [4], which is more 
general than the usual POINCAR~ sense. This distinction is made clear in the theo- 
rems. Theorem 3 in Section I l l  contains the complete analysis of (1.1), whereas 
Section IV contains several examples, including the ultraspherical polynomials, 
to which the results of Theorem 3 are applicable. An appendix is included which 
contains the evaluation of certain pertinent integrals. 

II. Two Preliminary Theorems 

The following notation will be used throughout this paper. We take N to be a 
large, positive parameter  approaching + ~ .  Unless specifically stated otherwise, 
the various real parameters,  s, r, a, . . . ,  which occur will be taken as independent 

19" 
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of N. When the individual value of such constants is of no interest, the letter 
will be used generically as a real parameter independent of N. If O=<a<~/, we 
define Co (a, ~/) to be the contour in the v-plane which proceeds along the straight 
line from tie -i" to ae -i'~, then counterclockwise around the circle [ v l = a  to 
ae i'~, and from there along the straight line to t/e i~. Certain obvious modifications 
of this notation will be used, e.g., z+Co(a, ~1) will denote the contour Co(a, rl) 
translated through a distance z. We now set 

09a(V,p)=(--1)"(v--p), a=O or 1. (2.1) 

Then for a fixed value of A and v restricted to Co(a, t/), a well defined branch of 
the multiple valued function, [wa(v, p)]-a, may be determined by specifying 
[o9~ (a, 2 a a) ] - ~ = exp ( - A log a) explicitly, and requiring that 

]p l<a-~ ,  if a = 0 ,  

I p l > a + e ,  [ a r g p l < n - 6 ,  if a = l ,  (2.2) 

where ~ and 6 are small positive numbers. The restrictions in (2.2) will be tacitly 
assumed in the following whenever such binomial factors occur. Finally, through- 
out this paper we let A (v) be a generic notation for a positive valued function 
which is continuous, is bounded away from zero in the finite v-plane, and has 
only an algebraic rate of growth near infinity, i.e. A(v) is O(d) as I vl-- ,  ~ ,  for 
some real parameter 7. In particular, for a>O, e~ is absolutely integrable 
over Co(a, oo), and for a, s>0 ,  

oo tx) 

S e-v A(v) dv = O((NS) 1 +r e-N s ~ e-N" u(1 + Uy du) ,  (2.3) 
N s 0 

=O(N~ e-m), N-~ o0. 

We now prove a theorem analogous to Theorem (3.4) in [4]. 

Theorem 1. Let A~, A2 and 2 be arbitrary bounded parameters. Assume that a 
function H(v, N)=H(v,  N, Pl, P2, A1, A2) possesses an expansion of the form 

m - 1  

H(v,N)= ~ N-kQk(V)+Hm(V,N), (2.4) 
k = 0  

where the Qk(V) are polynomials in v, and 

Hm(V,N)=O(N-m[l+lV[]m/~), N--* oo, s > 0 ,  (2.5) 

uniformly in v for O<=[vl< N s, and in the parameters Pl, P2, A1, A2 and2. Then 
for a > 0 ,  a=O or 1, b=O or l, the function 

1 ~ eOv-~[og~(v, pl)]-~'[Wb(v, p2)]-dZH(v,N)dv, (2.6) 
F., b(N) = 2n i c~ (,,, NO 

has the asymptotic expansion 

~-~ N - ~  f 
Fo, b(N) = k=o y" 2~i c~(:., oo)dv-a[~176 (2.7) 

+O(N-"  IPl] -~Re ~ [P2 [-bRe~O+O(N~ exp (-- N~)), N--* o9. 
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The particular branch of [co,(v, pl)]-al([o~b(v, p2)] -'t2) used in (2.6) is also used 
/n (2.7). 

Proof. Substitution of (2.4) into (2.6) yields 

Fa, b(N) 

m~l eV o-ir(O "0 x-*-Al  
N-k 

= [ L a t ,P l )J  [o~b(v, p2)]-a2Qk(v)dv+Rm(N),  (2.8) 
k=0 2~Z i Co~d,N') 

where 

I i J" s eVv-a[~ [~ (2.9) R m ( N ) -  2~ Cv~,N ) 

Elementary computations show that 

I[~o,(v, pO]-a'[oOb(v, p2)]-ael<_lP~l-aR=allP2l-bX~a2A(v), (2.10) 

uniformly for v on C,(~, oo). It then follows directly from (2.3) and (2.10) that the 
error incurred by extending the contour of integration of the m explicit integrals 
in (2.8) to C~(~, oo) is O ( N  ~ e-S~), N ~  oo. If the integrand of (2.9) is analytic 
on and interior to the contour C,(G, N~), Rm(N) is identically zero, and the first O 
symbol in (2.7) can be deleted. In general, however, Rm(N) is not zero, and one 
uses (2.5) and (2.10) to obtain the estimate 

R,,(N)=O(N-mIpl l -aRea~IP2I -bRea2 ~ eR~176176 
Cv (or, N ~) 

=O(N--m[pjl--aReA~]p2]-bRe~2 ~ eReVA(v)[dv]), (2.11) 
Cv (r oo) 

=O(N-mlPll-~ ), N ~ ,  

which completes the theorem. 
Obviously, for Theorem 1 to be of any practical use, one needs information 

on the integrals in (2.7). A complete listing of the possibilities for these integrals is 
given in the Appendix. Theorem 1 can be improved if a =b =0. In particular, the 
following generalization of Theorem 1 will be used in Theorem 3. 

Theorem 2. Let A and 2 be arbitrary bounded parameters, and z a real, non- 
negative parameter which is o(N~), as N---, 09. Assume that a function G(v, N)  = 
G(v, N, z, A, 2) is analytic in v, and possesses an expansion of the form 

ra--1 

G(v ,N)=  ~ N-kQk(v )+G~(v ,N) ,  (2.12) 
k=O 

where the Qk(v) are polynomials in v, and 

Gm(v,N)=O(N-m[I+[vI]m/~),  N ~ o O ,  s > 0 ,  (2.13) 

uniformly in v for  0 < ] v J < fl N ~, fl > 1, and in the parameters z, A and 2. 
Then for  a > O, the function 

1 
F ( N ) =  2 lr---~ ~ e~ V-i[V2 +'[2]--A G ( v , N ) d v ,  (2.14) 

Cv(z+a,  N s) 
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has the asymptotic expansion 

m-1 N - k  
V ( S ) =  k=~o ~ e~v -~ [v 2 +z2] -A Qk(v)dv+O(U ~ exp ( -  N')) 

= 2 n i c , ( , + , , ~ )  
(2.15) (N_m (1 + 0 -Re (2~) ] (1 + z)~m/~)-Re (~ +a) 

" 1 + 0 (  N-m I'(A) ), N~oo. + 0 

The particular branch of [v+_iz] -a used in (2.14) is also used in (2.15). I f 2  or A 
is an integer < O, then the second or third 0 symbol, respectively, in (2.15) can be 
deleted. 

Proof. If z < 2 a ,  then Co(z+a, N ~) and C~(z+a, ~ )  can be deformed into 
Co(3a, N ~) and C~(3a, ~ ) ,  respectively, and Theorem 2 reduces to a special case 
of Theorem 1 (see the remark preceding (2.11)). Therefore we assume z>2a .  
Substituting (2.12) into (2.14), we have 

m-1 N - k  
F ( N ) =  r (2.16) 

k'~'O 2n i c,(,+~,n,) 
where 

Rm(N)= 1 2n~  ~ e" v-Z[v2 + zz]-n Gm(v 'n)dv"  (2.17) 
CvO: +a, N s) 

Since 
I l-v ~ + d ] - ~  I =< (1 + z)-Re (z~) A (v), (2.18) 

uniformly for v on Co(z+a, c~), it follows, exactly as in Theorem 1, that the error 
incurred by extending the contour of integration of the m explicit integrals in 

ir+eTriN s C V 

- L  +L V C O 
v. 

_ N s h ~ . q  

'~k"~--iT +e-  TriNs 
Fig. 1 

(2.16) to Cv(z+a ,  oo) is O(N  ~ e-n ' ) ,  as N---> ~ .  To estimate Rm(N), it is neces- 
sary to deform Cv(z + a, N s) into a new contour, C* (z + a, N~), in such a way that 
the limiting contour, C * ( z + g ,  oo), could be used to deduce the asymptotic 
behavior with respect to z of Rm(OO) when Gin(v, o o ) - 1  and z ~ + oo. One may 
take for C* (z + a, NS), the contour shown in Fig. 1. 

The contour C~, V= - ,  0 or + ,  is the contour Co(a, N s) translated through 
the distance 7iz, while the contours _+L~, y = - or + ,  are straight line segments 
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parallel to the imaginary axis. After performing this deformation on Cv(z + a, NS), 
let Rm(N; C~) and Rm(N; +L~) denote the contributions to Rm(N) from C~ and 
___L~, respectively. Clearly Rm(N) is the sum of such contributions. By symmetry, 
R,. ( N ; • L~ ) and R,,, ( N ; C~ ) are of the same order as Rm ( N ; + L +) and R~, ( N ; C~+ ), 
respectively. It is thus sufficient to consider in detail R.,(N; +__L~+), Rm(N; C ~ 
and Rm(N; C+). First, for all v on C~*(z+a, NS), 

I vl <=l - NS + i.cl = NS[/ l +(N-S w)2 < fl N ~, (2.19) 

for N sufficiently large. Thus, Gin(v, N) can be estimated on all of C*(~+a, N ~) 
by (2.13). Simple computations then show that the R,,(N; +L~ +) terms are 
O(N ~ e -m) as N ~  ~ .  Next, consider 

1 S eVv-~'[v2+z2] -aGm(v'N)dv" (2.20) Rm(N; co) = 2hi cv(,,,Ns) 

If the integrand of (2.20) is analytic on and interior to C,,(a, N~), e.g., as when 2 
is an integer __<0, R,,,(N; C ~ is identically zero. More generally, however, we 
proceed by noting that (2.18) also holds uniformly for v on C~(a, oo), and hence, 
by computations similar to (2.11), that R,,,(N; C ~ can be estimated by the second 
O symbol in (2.15). Finally, consider 

R,,(N; C +) 1 = 2 ~ i  ~ e~+w(iz+w)-~w-a(w+2iz)-AGm(iZ+w,S)dw.(2.21) 
Cw(a, N ) 

As before, if the integrand of (2.21) is analytic on and interior to C~,(a, N~), e.g., 
as when A is an integer <0,  then Rm(N; C +) is equal to zero. If R,,(N; C +) is not 
zero, we use the simple estimate 

I(i~ +w)-Zw-a(w+ 2iz) -a [ l + l  i'c +WlJm/Sl~(l +'r,)(m/s)-Re(~t+a) A(w), (2.22) 

which is valid uniformly for w on Cw(a, N~), to deduce, by computations similar 
to (2.11), that Rm(N', C +) can be estimated by the third O symbol in (2.15). The 
theorem is completed by combining the estimates for the various contributions 
to Rm(N). 

III. Main Theorem 

We now analyze for large n and 0_< O - n ,  the behavior of the coefficients A.(O) 
defined by (1.1), or using CAUCHu theorem, the functions A.(O) defined by 

A.(O) = , ,1 .  I F(t,O) tN dt,  N = n + l ,  
z n t c,(o) (3.1) 

F (t, 0) = (1 -- t) - a [(e' 0 _ t) (e-i  0 _ t)] - a f(t ,  0), 

where F(t, O) has the same interpretation as in (1.1), and Ct(0) is a simple, closed, 
counterclockwise-oriented contour in I t[<__e ~, enclosing t = 0  but not the singu- 
larities t=e +~~ or t = l .  Our choice for Ct(O) will depend upon 0 and N. In par- 
ticular, we take Ct(0) to be one of the contours shown in Figs. 2, 3 and 4. 

These contours correspond, respectively, to the geometric configurations 
where all three singular points are "dose" ,  all three singular points are "well 
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separated", and the configuration where the singular points t =e  + s0 are "close", 
but "well separated" from t = 1. What is meant by the phrases "close" and "well 
separated" will be specified in each situation. Those portions of Ct(0) near the 
singularities t=e •176 and t = l  are essentially Ct(aN -~, N -~ or N-~),  properly 
translated and rotated, and only they contribute significantly to the value of 
A,(O). The radius of the large circle I tl =Ro (of which the subcontours Ct form 
a part) will also depend on 0 and N. 

FIGURE 2 t- PLANE FIGURE 3 t- PLANE 

Figs. 2 - -  4 

FIGURE 4 t-PLANE 

It is convenient to introduce the following notation. The P-intervals A~, Bp 
and C~ are defined as follows: N=n+ 1, ~ rc<a<~  n, 

A=: O<O<5aN -~-~,  0 < ~ < 1 ;  

Bp: 4aN-~+~<-O<-z~-2aN -~+t~, O<=fl<_l; (3.2) 

C~: O<zc-O<3trN -~-~,  0 < ~ < 1 .  

Clearly, if 2~+  3fl<2, the union of these intervals covers the P-interval [0, n]. 
Figs. 2, 3 and 4 correspond to the situations when OEA~, B~ and C~ respectively. 
The phrase "uniformly for 0 in the interval Iv, 7 fixed" will be abbreviated by 
"u. O~Iv". 

Next, we define the parameters, N=n + 1, 

0 
# = N 2  sin ~ ,  

0 (3.3) z=N2 cos ~-, 

p=N sin0. 

These parameters are obviously closely related, e.g. it follows from the elementary 
inequalities, 2q~<rc sin ~o<zcq~, 0<2~o<n,  that N</A u. OeC=; p~<l~ ~, u. OeBp; 
and p-1 =O(N-p)  as N ~  oo, u. OeBp. Thus p, p ~ oo, as N ~  oo, u. OEBa (fl>0). 
Finally, we will need the function 

~b(w)=wV1--T-~-~-�89 2, Iwl<2. (3.4) 
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Simple computations show that w 2 [1 -@ (w)] = [~b(w)] 2 and that ~k (w) is monotone 
increasing for w positive. 

Theorem 3. I f  A,(O) is defined by (3.1), where 2 and A are bounded quantities, 
if those branches of ( 1 - t )  -~ and [(ei~ (e - i~  -~ are taken which reduce to 
unity at t=0 ,  and if f( t ,  O) is analytic in I t l<e"(r />0) ,  u. 0eA, ,  B a or C,, then as 
N=n+ 1 ~ ~ ,  

A. (0) = I •  + O (N ~ exp ( -  �89 N b ) ,  

= 1 I(N) + I + (N) + I_ (N) + O (N ~ exp ( -  p*)), 

=I,(N)+ I • O(N ~ exp(-�89 

u. 0e A~, (3.5) 

u. OeBp(fl>O), (3.6) 

u. 0 e C~, (3.7) 
where 

F(1-@(w),O) d~k(w) dw, in 1 S - -  0 A,, ,  (3 .8)  
I •  2n-----{Cw((l+u)X-,,N-~) [1-qJ(w)] N dw 

~ 1 N-k  
~ N ~ , + 2 A - 1  .( v - 2 + k  2 2 - d  

Lk=O 2hi  c~o+~,,oo) e v Iv +# ] Pk(v,O) dv 

"1-0( N-m (1 +/~)-R'(2'~)]F----~--m)) ] +O (\N-" (l+/Z)'m-ReO'+d)F(A) ) }  

+O(N"exp(-N~)) ,  N~oo,  u. OeA~, eo(v,O)=f(1, O), 

(3.9) 

1 S , , F ( 1 - 0 ( w ) , 0 )  dO(w) dw, 
I x ( N )  = 2 lr-----/- [1 - @ (w)] N d w (3.10) C w ( a N -  , N -  #~) 

0 in Bp, or in C~, 

=/~-2n Nx+24-1 S e v v -a+k Qk(v, O) do+ 0 r(-US--m) 
Lk=O 2 h i  cv(-,~) 

+ O (N * exp ( - / t~)) ,  (3.11) 

I + ( N ) = - -  

N--'p oo ~ 

u. OeBp(fl>O) and OeC~, Qo(v,O)=f(1, O), 

e-'"~ r F(e'~ 0) 
2~zi Cw(r l "p~) ( l - -w) N dw, (3.12) 

0 in Bp,  

) =I~--Z--Az--AN~+S~--texp --iO n + A + - ~  + i } ( 2 + A )  

( )} �9 e vv -a+k S :  (v, 0) d v + O  F(d-m) 
Lk=O 2 h i  cv(r 

(3.13) 

+O(N"exp(-p*)) ,  N~oo,  u. OeBp(fl>O), S~(v,O)=f(e'~ 
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(--1)n S F(--I+~k(w),O) d~k(w) dw, 0 in C,, (3.14) 
I+ (N )=  2zci Cw((I+ON-I,N-~) [1--~(W)] u dw 

I ~ I N  -k 
- - ( -1 ) "2 -~N 2~-' i e~ -~ Tk(v,O)dv 

(k=0 2~ i  e~(l+,,oo) 

+O(N_m(l+z)~'m-Re'~)} (3.15) 
F(A) +O(N~exp(-N~)),  IV~oo, 

u. 0 E C , ,  T o (v, 0) = f (  - 1 ,  0) , 

and I_(N) is ( -  1) I+ (N) with + i replaced by - i .  
In the above, ~(w) is the function defined by (3.4), and Pk(V , 0), Qk(V, 0), S + (v,O) 

and Tk(V, O) are polynomials in v, with coefficients dependent on O, defined by (3.36), 
(3.38), (3.39) and(3.37), respectively. The degree in v Of Pk(V, 0), Qk(V, O) and Tk(V, O) 
is [�89 k], while that of S + (v, O) is k. Under the stronger hypothesis that f(t, O) is 
analytic in I t l<e"(r />0),  uniformly for 0 in [0, 2hi, 

A,(O)=O(NU), N ~ ,  uniformly for 0 in [0, n],  

( 2 = - l + M a x { R e ( 2 + Z A ) ,  Re(2), Re(A), Re(ZA)}. (3.16) 

Proof. Clearly, F(t, O) is O(N~), as N ~  0% uniformly in t along any t-contour 
in I t l < e ", which avoids the singular points, e + ~0 and t = 1, by a distance only alge- 
braically dependent on N. Thus, if we take 

Ro = 1 - ~ 9 ( - N - + ) ,  (3.17) 

for the analyses of the intervals A~ and C~, it follows from the inequality 
x--�89 x2 <log(1 +x),  0 < x <  1, that as N--* 0% 

1 ~ r(t,O) dt+O(N~exp(_�89 u. O~A, (3.18) 
A,(O)= 2rt i c?' tN 

_ 1 ~ V(t,O) dt+O(N,  exp(_�89 u. OeC,. (3.19) 
2 n i c~ + c? tN 

Then, the change of variable t = l - ~ ( w )  in those integrals over Ct +l and Ct t, 
and the change of variable t = -  1 + ~b(w) in the integral over C f ,  reduces (3.18) 
to (3.5), and (3.19) to an equation which varies from (3.7) by terms of order, as 
N-~ oo, 

,-#(-~N-~)I-~'(fN-'~')F(t'O)-~ dt=O (N'l'-~,( ~-N-~,--~--~~ dt)=O(N~exp(_�89 u. O~C,. (3.20) 

The analysis for the interval Bp (fl > 0) is similar, except that here we choose 

R o = 1 + N-  t p6. (3.21) 

Thus, it follows from (3.1) that, as N-* 0% 

1 ~ F(t, O) 
A , ( 0 ) = 2 n i  cl+c+ + c T ~  dt+O(N~exp(-p~)) '  u. O~Bp(fl>O). (3.22) 
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Then, setting t = l - ~ ( w )  in the integral over Ca in (3.22), t = e i ~  - ~  w] in 
the integral over G +, and making a corresponding change of variable in the integral 
over C7, one obtains an equation which varies from (3.6) by terms of order, 
as N ~  o% 

X-q,(-N-'~) r(t, O) [ o~ dt~ 
~ .�89 tN d t = O ~U ~ = O (N ~ exp ( -  p~)), - l+sa-lp~ t N ] (3.23) 1 + N 

u. 0 eB~ (fl>0).  

The first part of the theorem will follow if we can show that Theorems 1 and 2 
of Section II can be applied to the various integrals. To see this, we prove the 
following lemmas. 

Lemma 1. I f  ~J(w) is defined by (3.4), then 

e-N w [1 - ~ (w)] -N = exp(-- N w 3 g (w)), (3.24) 

where g(O) =~-g and the function g(w) is an even function of w, analytic in the region 
I wl < wo=�89 

Proot. Since 

1O(w)l_- < +lwl 1+ _-<lwl2+lwl<l, Iwl<w0, (3.25) 

w+log[1-~b(w)] can be expanded in a power series in w for I wl <Wo. That this 
series is an odd function of w follows from the fact that [1 - ~ (w)] [1 - ~k ( -  w)] = 1. 
The rest follows by explicit computation. 

Lemma 2. Suppose r is an integer > 1, and h(w), g(w) are functions analytic in 
Iwl<t/(>0). Let 

K ( v , O = h ( v ( ) e x p ( v ( v ~ f g ( v ( ) ) ,  IvCl_-<q, (3.26) 

{ ~) ( 4 )  q ( 4 )  q ( t / ]~+ '~  1 
A =  (v, I~vq[< , [~l<~o = ~-~-] j ,  q = l + - - . r  (3.27) 

Then K(v, ~) can be written in the form, m arbitrary, 

m - 1  

K(o,~)= ~ (~v)kQk(v)+(~V)mKm(V,~), Qo(v)=h(O), (3.28) 
k = O  

where Qk(V) is a polynomial in v of degree 

and where K,,(v, ~), for  (v, ~)~A, is an analytic function of v which satisfies an 
inequality of the form 

[Km(v ,~ ) l<M[ l+ lv l ]  r"/r, ( v , ~ ) e A ,  (3.29) 

M being a positive number independent of v and ~. 
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Proof. The existence of the expansion in (3.28) and the degree of the Qk(V) a r e  

obvious. It follows from CAUCHY'S estimate for the remainder of a series, that for 

ICl<P<rllv1-1, 
1 

Max [h(v~)exp(v(v~)'g(v~))[. (3.30) [vm gm(v,~)l~ pm-l(p__[~l) fr 

For  (v, O~A we may take 

p =  , vo=3 , (3.31) 

a s  

and 

31vl - - Ivpl=vo+lvl ( ~  ) ("')__<3(Y~)('/"=~1, (3.32) 

,_, 
P 

<l~vq[ [2~q<(8~'~<1 Ivl>Vo (3.33) 
\ 3 ]  = \ 9 ]  ' 

_-< I r (Vo)q (2)q_-< (8 ) '<  1, tvl_-<Vo, Ir 

Since [ v(vp)'l <= 3 "+ 1 and Vo + ] v l < (1 + Vo) (1 + ] v 1), it follows from (3.30), that 

[vmKm(V,l~)l<Ml[l+lvl] mq, (v, OeA, (3.34) 

M 1 being a positive number independent of v and ~. Under the additional assump- 
tion, Iv[ > vo, (3.29) can be deduced from (3.34). Since (v, ff)~A implies 

Iv~l < Ivpl<= ~, (3.35) 

Kin(v, ~) is an analytic function of both v and ~. Thus by continuity, Km(v, 0 is 
uniformly bounded on the compact (v, () subset {(v, ~)l[ v I=< Vo, [(1__< ~o}, which 
is the content of (3.29) for [vl=<Vo. Combining the inequalities for [vl__>v o and 
[ v[ __< v o, we arrive at (3.29), and the lemma. 

We now complete the proof of the theorem. To evaluate asymptotically the 
integrals defining I• 1 (N), I• (N) and II(N), we proceed as follows. After making 
the change of variable w =vN-1 in (3.8) and (3.14), we see from the lemmas that 
the functions 

e-V[l_~(v N-,)]-N-a f ( l_~(v N-,),O) [_~k(vN-1).] -z d~b(v N -1) 
[ vN -1 J d(vN -1) 

(3.36) 
= ~ N-kvkpk(O,O), Po(V,O)=f(1,O), 

k = O  

e-~[1-~k(vN-1)] -N-a 1 O(vN-1)2 l+~k(vN-'),O) d(vN_l) 
(3.37) o o  

= ~ N-kvkTk(v,O), To(v,O)=f(--1,O), 
k = 0  
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are functions of the type G(v, N) in Theorem 2 with s =3 .  Moreover, since p and 
z are O(N ~-~) as N ~  oo, u. OeA~ and C~, respectively, Theorem 2 is applicable 
and yields (3.9) and (3.15). For  II(N), we make the change of variable w = v N - 1  = 
v2(sin 0/2) #-1  in (3.10) and then use the lemmas to deduce that 

e-V[l_r N-1)]-N-,~ f(l_~k(v N-1),O) [~k (vN-1 ) ] -~  d~k(v N-1) 
[ vN -1 J d(vN-b 

(3.38) - -A oO 

is a function of the type H(v, N) envisaged in Theorem 1 with s =~, but with p 
now playing the role of N. This leads to (3.11). Finally, to evaluate asymptotically 
the integral defining I+ (N), we make the change of variable w = v N - 1 = v (sin 0) p - 1 
in (3.12) and use the above lemmas to deduce that 

e-V[l_v N-1]-N f (e'~ +e-'" vN-1),O) 
. 8  

[ iveiO'-A (l+ ive'~ cos~)-2 (3.39) 
�9 

= ~ p-kvkS:(v,O), So(v,O)=f(ei~ 
k = 0  

is a function of the type H(v, N) in Theorem 1 with s =�89 but with p now playing 
the role of N. This yields (3.13). The last statement in the theorem, (3.16), clearly 
follows from the preceeding statements, and completes the proof of the theorem. 

Remark 1. The integrals in (3.11) and (3.13) are just sums of gamma functions, 
see (A.3), whereas the integrals in (3.9) and (3.15) are, in hypergeometric notation, 
sums of 1F2(-/~2/4)'s, see (A.12). The 1F2(-#2/4) 's  which occur in (3.15) are 
of the type where the numerator parameter differs from one or the other of the 
denominator parameters by a non-negative integer. It then follows from the 
formula (FIELDS [10]), 

It2 {a+mlx] = ~ (-m)k(-x)~ oFl(k +blx) (3.40) 
a,b I ] ~=o (a)k(b)kk! 

that the 1Fz's in (3.15) can be written as a finite sum of oFl's of the same argument. 
These oF~'s are essentially Bessel functions of the first kind, since 

If 2 is an integer, < 0, these same remarks are applicable to the integrals of (3.9). 

Remark 2. The relative simplicity of the above expansions for A.(O) in the 
various 0-intervals stems from the fortuitous circumstance that the coefficient of 
w 2 in log(1-O(w))  is zero. This circumstance allows us to approximate A.(O) 
in the "large" A~ and C~ intervals, a < 1. If this coefficient were not zero, the above 
analysis would be sufficient to approximate A,(O) only in the "small" At and C~ 
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intervals, and it would be necessary to design a more complicated analysis to 
approximate A, (0) over the "huge" B o interval. Such an analysis can actually be 
made, but only at the expense of utilizing much more complicated functions than 
gamma or Bessel functions. For  completeness, we sketch such a B o analysis. The 
choice Ro = 1 + N  -~ leads to an expansion of I+ (N) in powers of N -1, whose 
coefficients are sums of integrals of the form 

1 ~ eOv~_~[p+(O)_v]_~[p+(O/2)_v]_~dv; 
2n i cyst,, oo) 

p + (0), p + (8/2) exterior to C~ (a, oo), (3.42) 

,(j-o) 
p + (0) = N 2 (sin 0) e , 

which are confluent hypergeometric functions of the two variables x=p+(O/2) 
and y=p+(O), see (A.8). When 4aN-l<O<Ol<Z3 n, then [ x l < l y [  and ly-x[ 
< l yJ, and the double series expansions given in (A.8) are applicable. For  0 < 0o < 
0 < n -  2a  N - 1 ,  I P + (0/2) 1 > N2 sin (0o/2), and the second binomial factor in (3.42) 
can be expanded in powers of N - 1 .  After some rearrangement, one obtains an 
expansion of I+ (N) in powers of N - 1 ,  whose coefficients are sums of integrals 
of the form 

2~icv(~ oo)eV vk-~[P +(O)--v]-a dv; p+(O) exterior to Cv(a, oo), (3.43) 

which are confluent hypergeometric functions of the one variable p+ (0), see 
(A.5). The I_ (N) analysis is clearly conjugate to that for I+ (N). The above choice 
of R o also leads to an expansion of Ii(N) in powers of N - l ,  whose coefficients 
are sums of integrals of the form 

1 ~ e~vk-~[#2+v2]-~dv; +_ip exterior to Q(a, oo), (3.44) 
2~ i c~(~. ~o) 

which are Meijer G-functions which can be written as a sum of three xFz (-p2/4)'s 
see (A. 13). 

IV. Applications and Comments 

It is clear that Theorem 3 is applicable to the ultraspherical polynomials 
P~,a)(x), when - l ~ x _ < l ,  as they can be defined by the generating function 
(SzE66 [13], (4.7.23)), 

[(e'~176 -a= ~ t"P~.a)(cosO), I t l < l ,  (4.1) 
n = O  

For special values of A, limits need to be taken in (4.1) and (4.2). The above results 
are also applicable to the polynomials 

S(.~)(x)= ~ P(k~)(x), (4.3) 
k = O  
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when - 1 < x _ <  1, since 

(1 - -  t ) -  1 [(ei O_ t) (e - i ~  t)] -a = ~ t" S~a)(cos 0), 
.=0 

[t l<l .  (4.4) 

Next, we point out that in Theorem 3, the explicit algebraic form of F(t, O) 
as given in (3.1) was used only in a neighborhood of radius O(N -~ or N -+) of the 
singular points t=e  e io and t = 1. Thus, if 

G(t,O)= ~, t"B,(O), I t [ < l ,  (4.5) 
.=0 

and G(t, O) can be extended analytically into [tl <e"(r/>0),  uniformly for 0 in 
[0, ~] except for isolated singular points at t =e  + i0 and t = 1, then it is only neces- 
sary that the singular terms of G(t, O) be of the form F(t, O) in proper neighbor- 
hoods of the singular points t =e  + i0 and t = I for completely analogous results to 
Theorem 3 to hold for B.(O), as n ~ ~ .  For example, define the Jacobi poly- 
nomials, P,t~'P)(x), by the generating function (SZEG6 [13], FIELDS [9]), 

Since 

X(t,0)) 
(2), P,(" ~)(cos 0), (4.6) 

=n=O ~ ( - t ) "  (1 +fl), 

2 = ~ + f l + 1 ,  x ( t , O ) = - 4 t ( 1 - t )  -2 sin~- , 

P,~"~)(x)=(-  1)" (1 +fl).n____..~2F 1 ( - n ,  n+ct+fl+ll+fl l+x]2/" (4.7) 

( ~ 5 ( 1 - t ) 2 + 2 t  sin~- = ( e ~ ~ 1 7 6  (4.8) 

G(t, O) has singularities at t=e +i~ and t =  1. Instead of considering the full inter- 
val, - 1 < x <  1, it follows from the relation ([13], (4.1.3)), 

P.~" P)(x) = ( -  1)" prO, ~)( _ x), (4.9) 

that it is sufficient to consider only - 1  < x < 0 ,  or �89 The singularity of 
G(t, O) at t = 1 is only an apparent one, as can be seen from the analytic continua- 
tion formula for the 2F1 (X) in (4.6), when X is near infinity. Similarly, the behavior 
of G(t, O) for t near e + i0 can be deduced from the analytic continuation formula 
for the 2FI (Z) when Z is near one. Full details of this development will be included 
in a subsequent paper which will give uniform expansions of the generalized 
Jacobi polynomials (FIELDS and LUKE [7, 8], FIELDS [9]) 

( - n ,  n+2 ,  txx, i. . ,~ p z) 
P+ 2Fp+ 1 ill, ".,tip+ 
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in the interval 0 < z <  1, as n ~  oo. SZEG/J [11, 12] gave similar analyses for the 
ultraspherical and Jacobi polynomials. 

Finally, we point out that when the problem of finding uniform asymptotic 
expansions of the Jacobi polynomials, P(n~'"a)(X), for --1 < x <  1, is attacked from 
the standpoint of the differential equation satisfied by the P(Z'P)(x), i.e. ([13], 
(4.2.1)), 

{ (1 -  x2) DZ + [( f l -cO-(e  + fl + 2) x] D + n(n + e + fl + l ) } P(." a)(x)=O, 

d 
D= 

dx ' 

(4.10) 

one is led to turning point problems of the type which are introduced by poles as 
opposed to zeros. Thus, the above extension of DARaOUX'S method gives a simple, 
alternate approach to certain types of turning point problems. This approach 
becomes especially important in the case of the generalized Jacobi polynomials, 
because they satisfy a differential equation similar to (4.10), but of order (p +2), 
and explicit computation is quite difficult. 

Appendix 
Here we list the various possibilities for the integrals occuring in (2.7), i.e., 

V-A 1 e [~a(V,X)]-a'[t-Ob(v,y)]-A2dv, (A.1) Ia, b(x, y, A1,A 2 ,2)= 2re i cv(~ ~) 

~ o ( v , p ) = v - p ,  Ip l< t r - e ,  
~Ol(v,p)=p_v ' i p l>a+e ,  l a r g p l < ~ _ 6  (A.2) 

where e and 6 are small positive numbers. The principal branch of each binomial 
factor is used in the following. If neither variable occurs explicitly in (A.1), the 
integral is essentially the Hankel representation for the gamma function, i.e., 

1 
I,, b(x, y, 0, 0, 2) = F(2) " (A.3) 

If only one of the variables does not occur explicitly, the resulting integrals 
are confluent hypergeometric functions of one variable, i.e., 

IO'b(X'y'A~'O'2)= F(X+A0 2_]_A1 X ; (A.4) 

F ( 1 - 2 - A ~ )  ~ , (  A2 ) 
F ( 2 ) F ( 1 - 2 )  2+A2 y 

..r F ( - l + 2 + A 2 )  y I _ X _ h l F , (  1 - 2  ) 
F(2)F(Az) 2 - 2 - A  2 y ; 

la, l(x,y,O, A2,2)= 

(A.5) 

l a rgy l<n .  
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The function, 1,,,l(x,y, O, A2,2), can also be written in terms of TRICOMI'S 
function, see [2], as [F(2)] -1 kU(A2, 2+A2 lY). 

In general, both variables actually occur, and we have the following formulae 

Io, o(x,y, ADA2,2)= 
F(2+A1 +A2) 

~2(A1,A2; 2"I- A 1 +d2;  x, y); (A.6) 

Io, ,(x,y,  A1, A2,2)= r ( z ) r o - z )  F(1-2- -A1)  F(2+AI)  11' l(x, y, Ax, A2, 2) 

F ( 1 - 2 )  x l -~-a '  Y-a~ r (1-2,/12,  2 - 2 - A 1 ;  y ,  y ) ,  (A.7) 
r (A1) r (2 -2 -A1)  

Ixl<lyl;  

F ( 1 - 2 - A I - A 2 )  ~2(A1, A2; 2 + A I + A 2 ; x , y )  I , , l (x ,y ,  Al, d2,2)= r ( 2 ) r o - 2 )  

F ( 2 + A I + A 2 ) F ( 1 - 2 - A 1 - A 2 ) F ( 1 - A 1 )  xl-X-a~ y - ~  
F(2) F(A 1 +A2) F(1 -A1 -A2) F ( 2 - 2 - A  1) 

F ( 2 + A I + A 2 ) F ( 1 - 2 - A 1 - A 2 ) F ( 1 - A 1 )  y-~(y--x)l-A~--A~e y (A.8) 
r(,~) r(~2) r ( 1 - 2 )  r (2 -  ~ 1 -A2) 

( ) �9 ~t I - A 2 , 2 , 2 - A 1 - A 2 ;  ---}-, x - y ,  Ixl<lYl ,  I x - y l < l y l ;  

1 _~,y_~2 ( 1 1)  
NF"tZ) X ~4 1 -2 ,  ADA2; , , x y 

x,y--.oo, largx[,  l a r g y l < n ,  

where ~1, ~2 and ~4 are the confluent hypergeometric functions of two variables 
defined by the convergent series 

~l(a, fl, y ; x , y )=  ~ = (a)m+,(fl)m x m yn 
=0.=o (~),.+. mt n ! '  I x l < l ,  (A.9) 

~2 (a, fl; r ; x, y) = ~= (a)m (fl)~ x m y" 
=o .=o (~),.+. mt n! ' (A.10) 

and the formal series 

~4 a, fl, 7; x '  " = re!n! 
m = 0  n = 0  

These results are taken from ERDt~LYI [3, 5, 6]. 
20 Arch.  Rat ional  Mech.  Anal. ,  Vol. 27 
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Some specializations of the foregoing are of particular interest, i.e., 

Io, o ( i z , - i z ,  A,A,2) F(2 + 2 A)  iF2 A-t-2 ~--, dq- - - 4 -  ' 

( 4 )  z -2a 2 - 2  1--2 - z  -7 
"" F(2) aF~ A, 2 ' 2 

for v--,m, l a r g z t < 2 ;  

and 

I1.1 (i/~, - - ip ,  A, A, 2)= 

#2 1 ) 
-2ac:31 1 - 2  2 - 2  ; 

1 _2a3Fo(A, 1 - 2  2 - 2  I 42 ) 
~ r ( , ~ )  ~' 2 ' 2 - ' 

#--,o% larg~ <T"  

(A.12) 

(A.13) 

The Meijer G-function in (A.13), see [2], can be expanded in the ordinary way 
as the sum of three ,F2(-/~2/4)'s. 

The derivations of these formulae fall into three broad classes. If both x and 
y are interior to the contours, the product of the binomial factors can be expanded 
in a double series in x/v and y/v, and term-by-term integration can be justified. 
If one or more of the x and y are exterior to the contour, the ascending expansions 
can be deduced as in the following example. Consider Io,o(X, y, At, A2,2) with 
0 < x < y  and the various parameters properly restricted. Then Co(a, oo) can be 
deformed and broken up into the straight line segments [ - 0 %  0], [0, x], [x, y], 
[y, x], [x, 0], [0, -oo ] .  The arguments of v, x - v  and y - v  are then constant on 
each line segment, though varying from segment to segment. Pairing off these 
contributions to Io,o(X, y, A1, A2, 2) in the obvious way, Io,o(X, y, A1, A2, 2) can 
be written as the sum of three ordinary straight line integrals, two of which can 
be evaluated in terms of 

�9 I(~,/L ~; x,y)= r(~) i F(~) F(7--~ v u~- i (1 -u )~ -~- l (1 -xu ) -P  e~Y du'  

Re(~)> Re(~)>0 ,  l a r g ( 1 - x ) l < n ,  x ~ l ,  (A.14) 

and the third in terms of 11,1 (x, y, A 1, A2, 2). Once 11,1 (x, y, A 1, A2, 2) is identi- 
fied in terms of ~ l  and ~2, the parameter and variable restrictions can then be 
relaxed by analytic continuation. The various asymptotic formulae follow directly 
from WATSON'S lemma when the paths of integration are rotated in a proper 
manner. The G-function identification in (A. 13) follows when/1, t (i/~, - i/4 A, A, 2) 
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is represented as a straight line integral,  the b inomia l  factors are replaced by their 
Mell in-Barnes integral representations,  and  the order of in tegrat ion is inter- 
changed. 

This research was sponsored by the Applied Mathematics Laboratory, Office of Aerospace 
Research, Wright-Patterson Air Force Base, Ohio. 
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