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“Iintuition comes to us much earlier and with much less outside influence than formal
arguments which we cannot really understand unless we have reached a relatively
high level of logical experience and sophistication.

Therefore, | think that in teaching high school age youngsters we should
emphasize intuitive insight more than, and long before, deductive reasoning.”
George Polya
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Experimental Mathematics in Action:
Insight from Computation

Abstract: The influence of the computer on
mathematics might be compared to the influence
the discovery of the microscope had on biology, or
the telescope on astronomy. Like those sciences
we now have a tool that allows us to see previously
unimaginable phenomena. We are still in the very
early days of beginning to understand the effect

and usefulness of this new tool.




“If mathematics describes an objective world just like physics, there is
no reason why inductive methods should not be applied In
mathematics just the same as in physics.” (Kurt Godel,1951

Seventy-five years ago Godel (and Turing) overturned the
mathematical apple cart entirely deductively; but he held quite
’ ‘ms of mathematical reasoning.

on the differences between
nd Proving Theorems.






Polya Made Plausible by Computers

“A mathematical deduction appears to Descartes as a chain of
conclusions, 'a sequence of successive steps. What is
needed for the validity of deduction is |intuitive Iinsight at
each step which shows that the conclusion attained by that
step evidently flows and necessarily follows from formerly
acquired knpwledge (acquired directly by intuition or
Indirectly by previous steps). ... | think that in teaching high
school age youngsters we should emphasize intuitive insight
more than, and long before, deductive reesoning.”

“This "quasi-experimental" approach to proof can help to de-
emphasis a focus on rigor and formality for |its own sake, and to
Instead support the view expressed by Hadamard when he
stated “The object of mathematical rigor|is to sanction and
legitimize the conquests of intuition, and there was never any

other object for it.[' George Polya (1887-1985)

George Polya in Mathematical discovery: On understanding, learning, and
teaching problem solving (Combined Ed.), New York, Wiley, 1981.




FURTHER ABSTRACT

“RESOURCES not COURSES”

This introductory lecture is based on my new book Experiment
-al Math in Action (also http://ddrive.cs.dal.ca/~isc/portal and
www.experimentalmath.info ) and my principal aim will be to
expose you to the incredible mathematical insight that can be
gained through computation and experimentation.

My goal here (and the book) is to "present a coherent variety of
accessible examples of modern mathematics where intelligent
computing plays a significant role and in so doing to highlight
some of the key algorithms and to teach some of the key
experimental approaches.”


http://ddrive.cs.dal.ca/~isc/portal
http://www.experimentalmath.info/

|. Experimental Mathematics a

Philosophical Introduction



Welcome and Introductions.

Goal. During these five days we hope to Iinitiate a
conversation about how mathematics is done
and what it is; especially in the presence of
computers.

Rough Schedule. On next slide



FOUR FORMS of EXPERIMENTS

Kantian examples: generating “the classical non-Euclidean geometries
(hyperbolic, elliptic) by replacing Euclid's axiom of parallels (or something
equivalent to it) with alternative forms.”

The Baconian experiment is a contrived as opposed to a natural
happening, it “is the consequence of trying things out' or even of merely
messing about.”

Aristotelian demonstrations: “apply electrodes to a frog's sciatic nerve,
and lo, the leg kicks; always precede the presentation of the dog's dinner
with the ringing of a bell, and lo, the bell alone will soon make the dog
dribble.”

The most important is Galilean: “a critical experiment -- one that
discriminates between possibilities and, in doing so, either gives us
confidence in the view we are taking or makes us think it in need of

correction.”
the only form which will make Experimental Mathematics a serious enterprise

Peter Medawar (1915-87) Advice to a Young Scientist (1979)



A Paraphrase of Hersh’s Humanism

. Mathematics is human. It is part of and fits into human culture. It
does not match Frege's concept of an abstract, timeless, tenseless,
objective reality.

. Mathematical knowledge is Fallible. As in science, mathematics
can advance by making mistakes and then correcting or even re-
correcting them. The “fallibilism” of mathematics is brilliantly argued
In Lakatos' Proofs and Refutations.

. There are different versions of proof or rigor. Standards of rigor
can vary depending on time, place, and other things. The use of
computers in formal proofs, exempllfled by the computer-assisted
proof of the four color theorem in 1977 (1997), is just one example of
an emerging nontraditional standard of rigor.

. Empirical evidence, numerical experimentation and probabilistic
proof all can help us decide what to believe in mathematics.
Aristotelian logic isn't necessarily always the best way of deciding.

. Mathematical objects are a special variety of a social-cultural-
historical object. Contrary to the assertions of certain post-modern
detractors, mathematics cannot be dismissed as merely a new form
of literature or religion. Nevertheless, many mathematical objects can
be seen as shared ideas, like Moby Dick in literature, or the
Immaculate Conception in religion.

“Fresh Breezes in the Philosophy of Mathematics”, MAA Monthly,
Aug 1995, 589-594.



A Paraphrase of

Ernest’s Social Constructivism

The idea that what is accepted as mathematical knowledge is,
to some degree, dependent upon a community's methods of
knowledge acceptance is central to the social constructivist
school of mathematical philosophy.

The social constructivist thesis Is that mathematics is a
social construction, a cultural product, fallible like any other
branch of knowledge (Paul Ernest)

Associated most notably with his Social Constructivism as a
Philosophy of Mathematics, Ernest, an English Mathematician
and Professor in Philosophy of Mathematics Education,
carefully traces the intellectual pedigree for his thesis, a
pedigree that encompasses the writings of Wittgenstein,
Lakatos, Davis, and Hersh among others, social construct-
Ivism seeks to define mathematical knowledge and
epistemology through social structure and interaction of the
mathematical community and society as a whole.

DISCLAIMER: Social Constructivism is not Cultural Relativism






Experimental Mathodology

1. Gaining insight and intuition

2. Discovering new relationships
3. Visualizing math principles
4

. Testing and especially falsifying
conjectures Detailed examples are

_ given later
5. Exploring a possible result to see

If it merits formal proof

6. Suggesting approaches for
formal proof

/. Computing replacing lengthy
hand derivations

8. Confirming analytically derived
results

Comparing —y?In(y) (red) to y-y? and y2-y4



Uber die Anzahl der Primzahlen unter einer Gegebenen Grosse

On the number of primes less than a given quantity [ SSEEHEY page 1859

‘Paper of the Millennium’?

RH is so
Important
because it
yields precise
results on
distribution and
behaviour of
primes




Buy this book

 Formulae
e History
e Equivalences

And almost all the
key papers on the
#1 problem in
Mathematics

Dilcher/Taylor
series editors



The imaginary parts
of first 4 zeroes are:

14.134725142
21.022039639

25.010857580
30.424876126

The first 1.5 billion
are on the critical line

Yet at 1022 the “Law
of small numbers”
still rules (Odlyzko)

The Modulus of Zeta and the Riemann

Hypothesis (A Millennium Problem)
Made Concrete

‘All non-real zeros have real part one-half’
(The Riemann Hypothesis)

Note the monotonicity of x — | (x+iy)| Is equivalent to

RH discovered in a Calgary class in 2002
by Zvengrowski and Saidak



Things Computer are Good For

*High Precision Arithmetic: the microscope

*Formal Power-Series manipulations: 6, 052
Continued Fractions: changing representations
ePartial Fractions : changing representations
Pade’ Approximations: changing representations
*Recursion Solving: ‘rsolve’ and ‘gfun’

sInteger Relation Algorithms: ‘identify’

Creative Telescoping: Wilf-Zeilberger

ePictures, Pictures, Pictures: simulation



Generating Functions in Maple

Sums of 2, 3, 4 squares: what we can tell the easy way

> r:=sum(q” (n*~2) ,n=0..20) ;
p o= 1 +q+q4+q9+q16+q25+q36+q49+q64+q81+q100+q121+q144+q169+q196
+q* B g+ g g™ p=1 mod 4 iff p = n2 + m?
> series(r*2,q,5Q)- (Fermat)
1+2q+q2+2q4 2q9+2q10+2q13+2q16+2q”+q18+2qrzo+4qr25
12904200 + T2 42 +247 424+ 24" +24¥ + 247 + O™
> series(r*3,q,50) ; 8N+7 is not a sum of 3 squares

1+3g+3 q2+q3+3q4+6q5 +6q9+6 10+3q“+q12+6q13+6q14
+6q21++9q25+12q26+4q27

+34°+94 7 +64%+347 +0 77
+12¢P+6¢°+3¢72+64%+9¢ +64°+6¢7+ 647 +9 ¢ +6 g% +15¢"

+q256+q

+6q"+3gP +3¢M"+12¢Y+6¢"+9"+9¢Y +0(4")
> series(r™4,q,50) ;
11+4g+60°+48+5¢"+124° +12¢°+4¢"+64°+164° +18¢'° +12 ¢'' +8 ¢'?
+16 g2 +24 ¢ +12 ¢ +5¢"+24¢V +30 ¢+ 16 ¢ + 18 ¢** + 28 ¢*1 + 24
G +12¢P +12 M +28¢P +42 g% +28 ¢+ 12 ¢ +36 ¢ + 48 ¢ + 16 ¢! +
6 g7 +36 07 +42 P +36 ¥ +29¢° +28¢7 T+ 48 ¥+ 28 ¢ + 18 ¢* + 48 oM
+60g¥ +28 g% +24 g + 60 ¥+ 48 ¢+ 24 ¢V + 8 ¢™ + 44 ¢V + O(¢™)

All numbers are sums of four squares (Lagrange)



And what Sloane tells us ...




And what Sloane tells us ...

o \What a wonderful resource!

*The more technical the result, the less we will learn
from Sloane and the more from Salvy-Zimmerman




Eight Roles for Computation

4.1

Eight Roles for Computation

I next recapitulate eight roles for computation that Bailey and I discuss in our two recent
books [9, 10]:

#1.

2,

(Gaining insight and intuition or just knowledge. Working algorithmically with
mathematical objects almost inevitably adds insight to the processes one is studying.
At some point even just the careful aggregation of data leads to better understanding.

Discovering new facts, patterns and relationships. The number of additive
partitions of a positive integer n, p(n), is generated by

Pl@) =1+ pln)a" = é —

(2)

Thus, p(5) = 7 since Reuvisit later today

b=4+1=3+2=3+1+1=2+2+1= 241 +1+1=1+1+1+1+1.

Developing (2) is a fine introduction to enumeration via generating functions. Additive
partitions are harder to handle than multiplicative factorizations, but they are very
interesting, [10, Chapter 4]. Ramanujan used Major MacMahon’s table of p(n) to
intuit remarkable deep congruences such as

p(bn+4) =0 mod 5, p(Tn+5)=0 mod7, p(1ln+6)=0 mod 11,




E versus Pi: Continued Fractions




41% one’s? Gauss-Kuzmin




£3.

from relatively limited data like

Plg) = 14+q+2¢°+3¢+5¢"+T" + 114" + 154
+ 225 +30q° + 4240 + 564 + TT g2 + 101 ¢*3 + 135 ¢4
+ 176¢" +231¢" + 297 ¢'7 + 385 4" + 400 ¢°
+ 627¢%b + 79267 + 100267 + - -+ p(200)g*° + - - (3)

Cases bn + 4 and Tn+ 5 are flagged in (3). Of course, it is markedly easier to (heuristi-
cally) confirm than find these fine examples of Mathematics: the science of patterns.®
The study of such congruences—much assisted by symbolic computation—is very ac-
tive today.

Graphing to expose mathematical facts, structures or principles. Consider
Nick Trefethen’s fourth challenge problem as described in [5, 8. It requires one to find
ten good digits of:

4. What is the global minimum of the function
exp(sin(50x))+sin(60e¥) +sin(70 sin z)+sin(sin(80y)) —sin(10(x+u)) + (z* +47) /47

As a foretaste of future graphic tools, one can solve this problem graphically and in-
teractively using current adaptive 3-D plotting routines which can catch all the bumps.
This does admittedly rely on trusting a good deal of software.




#6: example on next page




Then a,b, c solve Fermat's eq’'n: a3 = b3 + 3.

Leta(q) = S~ g tnm+n® oy .= N () )n—mgm”+nm+tn?
—rY\41s - L 1 Y YNNI/ T L\ 1 y
m,n m,n

c(q) i= 3 g1/ +1/3)(m+1/3)+(+1/3)? \yhere o = (2im/3

J{‘OOO sech(t) tanh(t)
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The Key Cubic Discovery: series +— product

>b:=N->sum(sum(cos (2*Pi* (n-m) /3) *g" (n*2+n*m+m"2) ,n=-
N..N) ,m=-N..N) ;

N N
2 - n2+nm+m2
b:=N—> Z [Z cos[ n(z m)jq( )]

m=-N\n=-N

> convert (series(b(10) ,g,50) ,polynom) ; ;
1-3¢g+6¢°-3¢"-6g +6¢+6¢°-6¢"-3¢"°-6¢"+12¢" -3¢ +64g"
_6q28_6q31+6q36_6q3?+12q39_6q43+6q48_9q49

>82p(%,q) ;

(1-g)(1-g%) (1-¢") (1-¢") (1-¢°) (1-¢%) (1-¢") (1-¢%) (1-¢°)
(1-") (1-¢") (1-¢™) (1-¢™) (1-g") (1-¢"%) (1-¢"%) (1-¢"7)
(1-¢") (1-¢") (1-¢™) (1-¢™) (1-g%) (1-g%) (1-¢%) (1-¢%)
(1-g%) (1-¢") (1-¢%) (1-¢®) (1-¢*) (1-g") (1-¢®) (1-¢™)
(1-g*) (1-%) (1-¢") (1-¢") (1-¢*) (1-¢*) (1-¢") (1-¢")
(1-¢") (1-") (1-¢") (1-¢") (1-¢") (1-¢") (1-¢%) (1-¢*)




Ten Things to Try Them On, |

1. ldentify
1.4331274267223117583171834557759918204315127679060

2. Compute the following to 50 digits for N=1,2,3,4,5 and explain the
answer 5.10% (—1)"

4 Z 2n+ 1

n=0
3. Find the first three numbers expressible as the sum of two cubes In
exactly two ways. The first is 1729=123+1=103+93,

4. Evaluate 124(1 —2)%
/O dx

1 4 22

5. Evaluate for sinc(x) =sin(x)/x

% + ) sinc(n) sinc(n/3) sinc(n/5) - - - sinc(n/23) sinc(n/29)

n=—1

. sinc(x) sinc(x/3) sinc(x/5) - - - sinc(x/23) sinc(x/29) dx



Ten Things to Try Them On, |

6. Evaluate

00 (_1)k—|—1k2

3
7. and 8. Determine
> o (2M) > e (2M)
Z omn ? Z omn
n=1 n—=—1

where o(n)) ((e(n)) count the number of odd
(even) digits in n. Thus 0(901) = 2,e(901) =
1,0(811) = 2.

9. Determine the behaviour of the dynamical system

(z,y) — (y,a% —y?) as (zg,yo) ranges over R
10. Minimize
exp(sin(50x))+sin(60e¥)+sin(70sinxz)+ s

sin(10(z + y)) + (=® +y2)/4

(fi

/-\
Zi
~
0
)
N
~—
N’
I



#9. Plotting the Region of Convergence






















The truth?






#10. Nick Trefethen’s 100 Digit/100 Dollar

Challenge, Problem 4 (SIAM News, 2002)

What is the global minimum of the function:

exp(sin(50x)) + sin(60eY) + sin(70sin x)
+ sin(sin(80y)) —sin(10(z + v)) + (2 + y%) /47

e NO bounds are given.
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#2 SEEING PATTERNS in PARTITIONS

The number of additive partitions of n, p(n), is generated by

1

[T>1(1 —q™) (1)

14 > p(n)g" =
n=1

Thus, p(5) = 7 since
5=44+1=342=34+14+1=2424+1 =24+1+4+14+1 =14+14+14+1+41.

 Developing (1) is good introduction to enumeration via
generating functions.

e Additive partitions are harder to handle than multiplicative
factorizations, but they may be introduced in the elementary
school curriculum with questions like: “How many trains of a
given length can be built with Cuisenaire rods?”



Ramanujan used MacMahon's table of p(n) to
intuit remarkable deep congruences like

p(bn+4)=0mod5, p(7n+5)=0mod7, p(lln+6)=0modl1l1l

from relatively limited data like

P@)=1 + q+22+3¢3+5¢*+7¢>+11¢°+15¢"
224 +30¢° + 42¢'° 4 56 ¢ + 77412
101 ¢13 4+ 135 ¢1* 4 176 ¢1° + 231 ¢1°
297q17—|-385q18—|-@q19

627 ¢2% + 792 ¢%1 + 1002 22

.o 4 p(200)¢2°0 + . ..

+ 4+ + + +

e Cases bn+ 4 and 7n + 5 are flagged above.
Current research abounds!

Of course, it is easier to (heuristically) confirm than to find these fine
examples of Mathematics: the Science of Patterns, Keith Devlin's 1997
book.




IS HARD or EASY BETTER?

A modern computationally driven question is:
How hard is p(n) to compute?

e In 1900, it took the father of combina-
torics, Major Percy MacMahon (1854—1929),
months to compute p(200) using recur-
sions developed from (1).

e By 2000, Maple would produce p(200) in
seconds if one simply demands the 200'th
term of the Taylor series. A few years ear-
lier it required being careful to compute the
series for [[,>1(1 — ¢") first and then the
series for the reciprocal of that series!




PENTAGONAL NUMBER THEOREM

e [ his baroque event is occasioned by Eu-
ler's pentagonal humber theorem

> (3n+1)n/2 Try the cube
Y — n n n
H (1-¢") = Z (=1)"q : of both sides
n>1 nN=——00

e [ he reason is that, if one takes the series
for (1), the software has to deal with 200
terms on the bottom. But the series for
anl(l — ¢™), has only to handle the 23
non-zero terms in series in the pentagonal
number theorem.

If introspection fails, we can find the pentagonal numbers occurring
above in Sloane’s on-line "Encyclopedia of Integer Sequences":
www.research.att.com/personal/njas/sequences/eisonline.html



http://www.research.att.com/personal/njas/sequences/eisonline.html

A CAVEAT |

The difficulty of estimating the size of p(n) analytically---so as
to avoid enormous or unattainable computational effort---led
to some marvelous mathematical advances By researchers
Including Hardy and Ramanujan, and Rademacher.

* The corresponding ease of computation may now act as a
retardant to insight.

 New mathematics is often discovered only when prevailing
tools run totally out of steam.

This raises a caveat against mindless computing: Will a
student or researcher discover structure when it is easy to
compute without needing to think about it? Today, she may
thoughtlessly compute p(500) which a generation ago took
much, much pain and insight?



Grand Challenges in Mathematics (CISE 2000)

Are few and far between

Four Colour Theorem (1976,1997)
Kepler's problem (Hales, 2004-11)

On next slide
Nonexistence of Projective Plane of Order 10

— 10%+10+1 lines and points on each other (n+1 fold)
« 2000 Cray hrs in 1990

« next similar case:18 needs102 hours? Fano plane of
« Ora order 2

Fermat’s Last Theorem (Wiles 1993, 1994)

— By contrast, any counterexample was too big to find (1985)

N 4 yN =N N > 2
has only trivial integer solutions




» Kepler's conjecture the densest way
to stack spheres is in a pyramid

— oldest problem in discrete geometry?

— most interesting recent example of computer
assisted proof relies on CPLEX!

— published in Annals of Mathematics with an
“only 99% checked” disclaimer

— Many varied reactions. In Math, Computers
Don't Lie. Or Do They? (NYT, 6/4/04)

e Famous earlier examples: Four Color
Theorem and Non-existence of a Projective
Plane of Order 10.

— the three raise quite distinct questions -
both real and specious

— as does status of classification of Finite
Simple Groups and Poincare’ conjecture

Formal Proof theory (code validation) has received an
unexpected boost: automated proofs may now exist of the
Four Color Theorem, Godel and Prime Number Theorem

e« COQ: When Is a proof a proof ? Economist, April 2005




Cultural Mathematics

An Inadmissible US Two-Colouring

and an intractible bi-partite
“traffic light” German

3

)

A French meteo in poor taste
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Enigma

“The object of mathematical rigor is to sanction and legitimize the
conquests of intuition, and there was never any other object for it.”

» J. Hadamard quoted at length in E. Borel, Lecons sur la theorie
des fonctions, 1928.
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