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Abstract |

We give thirty-two diverse proofs of a small math-
ematical gem——the fundamental Euler sum identity

¢(2,1) =¢(3) =8¢(2,1).

We also discuss various generalizations for multiple
harmonic (Euler) sums and some of their many con-
nections, thereby illustrating both the wide variety
of techniques fruitfully used to study such sums and
the attraction of their study.
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1. Introduction |

There are several ways to introduce and make at-
tractive a new or unfamiliar subject. We choose to
do so by emulating Glenn Gould’s passion for Bach's
Goldberg variations.

We shall illustrate most of the techniques used to
study Euler sums by focusing almost entirely on the

identities of (2) and (5) below, viz

oo 1 n—1 1 oo 1 ( 1)nn 1 1
D ) >, — = ) 3 — Z > —
n=1M" m=1M n=1"m m=1 T

and some of their many generalizations. In doing
so we make a tour through a large variety of topics.



1.1 Euler, Goldbach and the birth of CI

What follows is a transcription of correspondence
between Euler and Goldbach that led to the origin
of the zeta-function and multi-zeta values:

59. Goldbach an Euler, Moskau, 24.
Dez. 1742.* [...]Als ich neulich die ver-
meinten summas der beiden letzteren se-
rierum in meinem vorigen Schreiben wieder
betrachtet, habe ich alsofort wahrgenom-
men, dalB selbige aus einem bloBem Schreibfehler
entstanden, von welchem es aber in der Tat
heiBet: Si non errasset, fecerat ille minus.t

This is the letter in which Goldbach precisely formu-
lates the series which sparked Euler’'s investigations
into what became the zeta-function. These inves-
tigations were due to a serendipitous mistake.

The above translates:

*AAL: F.136, Op. 2, Nr.8, Blatt 54-55.
TFrei zitiert nach Marcus Valerius Martialis, I, 21,9.



When I recently considered further the in-
dicated sums of the last two series in my
previous letter, I realized immediately that
the same series arose due to a mere writing
error, from which indeed the saying goes,
“Had one not erred, one would have achieved
less.”’* Goldbach continues...

Ich halte daflir, daB es ein problema prob-
lematum ist, die summam huius:

/54r/1+2i(1+2im)+31n( ot o)
1 1

+4n( +—+ +4m) + ete.
in den casibus zu f/nden, wo m et n nicht
numeri integri pares et sibi aequales sind,
doch gibt es casus, da die summa angegeben
werden kann, exempli gr[atial], sim =1, n =
3, denn es ist
1 1 1
1 — 1+ —

+23( +2>+33( + + )

- ( +2 + -4 ) Fete =T
etc. = ——.

43 72
*Opera Omnia, vol. IVA4, Birkhauser Verlag.
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1.2. The Modern Language of Euler SumsI

For positive integers sq,...,sm and signs o; = *£1,
consider the m-fold Euler sum

m o

C(s1,...,8m;01,...,0m) .= Z Hi

k)
k1>-->km>0 j=1%y
We combine strings of exponents and signs by re-
placing S by 8 in the argument list if and only if
o; = —1, and denote n repetitions of a substring
S by {S}". Thus, for example, ¢(1) = —log2,
C({2}3) = ¢(2,2,2) = #%/7! and

C(815--y8m) = > [Tk (1)

The identity

¢(2,1) =<¢(3) (2)

goes back to Euler and has been repeatedly redis-
covered. In this language Goldbach had found

4

¢(3,1) +¢(4) = =5



The more general formula

m—2
2¢(m,1) =m¢(m+1) — > <G+ 1)¢(m—35), (3)

J=1
for m > 2 is also due to Euler.

e Nielsen obtained (3) and related results based
on partial fractions. Formula (3) has also been
discovered many times.

Study of the multiple zeta function (1) led to the
discovery of a new generalization of (2), involving
nested sums of arbitrary depth:

¢({2,1}™") = ¢({3}™), necZt. (4)

e Although numerous proofs of (2) and (3) are
known (we give many), the only proof of (4)
of which we are aware involves making a simple
change of variable in a multiple iterated integral
(see (31) below).



An alternating version of (2) is

8¢(2,1) = (¢(3), (5)

which has also resurfaced from time to time.

Equation (5) hints at the generalization:

8"¢({2,1}") £ ¢({3}"), nezt,  (6)

we originally conjectured in 1996, and which re-
mained open until 2008—despite abundant, even
overwhelming, evidence. Zhao's 2008 proof (see
also Math by Experiment, ed. 2) relies on double
shuffles (below) and while very clever adds little in-
sight.

e The first 85 instances of (6) were recently af-
firmed to 1000 decimal place accuracy by Petr
Lisonek. He also checked the case n = 163, a
calculation that required ten hours run time on
a 2004-era computer.



1.3. Hilbert and Hardy Inequalitiesl

Much of the early 20th century history - and phi-
losophy - of the “ ‘bright’ and amusing” subject
of inequalities charmingly discussed in G.H. Hardy's
retirement lecture as London Mathematical Society
Secretary.

He comments that Harald Bohr is reported to have
remarked ‘“Most analysts spend half their time hunt-
ing through the literature for inequalities they want
to use, but cannot prove.” Central to Hardy's essay
are:

Theorem 1 (Hilbert) For non-negative sequences
(an,) and (bn), not both zero, and for
1<p,qg< oo withl/p+1/q=1 one has

O

Z )3 n b < mesc (p) lanllp llonllq- (7)

nlmln

Theorem 2 (Hardy) For a non-negative sequence
(an,) and forp > 1

X (a1t a4+ an\P p \' &
Z(l 2 ) S(p—_]-) ZGJ%

n=1 n n=1




e \We return to these inequalities in Section six.

Hardy remarks that his “own theorem was discov-
ered as a by-product of my own attempt to find a
really simple and elementary proof of Hilbert’s.”

He reproduces Elliott’s proof of (8), writing “it can
hardly be possible to find a proof more concise or
elegant” and also “I have given nine [proofs] in a
lecture in Oxford, and more have been found since
then.”

We wish to emulate Hardy
and to present proofs that
are either elementary, bright
and amusing, concise or ele-
gant - ideally all at the same
timel

10



1.4. Further Motivation and Intentionsl

In doing so we note that: ((3), while provably ir-
rational, is still quite mysterious. Hence, exposing
more relationships and approaches can only help.

e \We certainly hope one of them will lead to an
intuitive proof of conjecture (6).

Identities for ((3) are abundant and diverse. We
give three, each of which is the entry-point to a
fascinating set:

A first favourite is a binomial sum that played a
role in Apéry’'s 1976 proof of the irrationality of

¢(3):

B 5 00 (_1)k+1
o) = 2k§1 kS (57)

(9)

11



A second favourite is Broadhurst's BBP formula

¢(3) =
1 i 1 [ 2048 11264 1024 11776
672 £« 21 [(24k +1)°  (24k+2)°  (24k+3)3 ' (24k +4)°
512 . 4096 . 256 3456 128
(24k +5)2 ' (24k+6)3 ' (24k+7)2 ' (24k+8)3 ' (24k +9)3
704 64 - 128 32 B 176
(24k + 10)3  (24k + 11)3  (24k+ 12)3  (24k + 13)3  (24k + 14)3
16 216 8 64 4
+(24k +15)3 T (24K + 16)3 T (24k + 17)3 T (24k + 18)3  (24k + 19)3
46 - 2 - 11 1 }
(24k +20)3  (24k +21)3  (24k + 22)3 ' (24k + 23)3]

e T his discovery led Bailey & Crandall to their
recent work on normality of BBP constants.

A third favourite due to Ramanujan is the hyper-
bolic series approximation
7 w3 s 1
(B)=-%-—-2 ), :
180 = k3 (627rk_ 1)
with ‘error’ is ¢(3) — 773/180 ~ —0.003742745. To
our knowledge this is the ‘closest’ one gets to writ-
ing ¢(3) as a rational multiple of =3.

12



Often results about ¢(3) are really results about
¢(2,1) or ¢(2,1), as we shall exhibit.

Double and multiple sums are still under-studied
and under-appreciated. We should like to par-
tially redress that.

One can now prove these seemingly analytic
facts in an entirely finitary manner via words
over alphabets, dispensing with notions of infin-
ity and convergence.

Many subjects are touched upon—from com-
puter algebra, integer relation methods, gen-
erating functions and techniques of integration
to polylogarithms, hypergeometric and special
functions, non-commutative rings, combinato-
rial algebras and Stirling numbers.

For example, there has been an explosive recent
interest in g-analogs, see §, and in quantum field
theory, algebraic K-theory and knot theory.

13



1.5. Further Notation |

For positive N, we write

N
HN e Z 1/TL.
n=1

We use ¢ = [’/[C for digamma, the logarithmic
derivative of Euler's Gamma. Then vy(N+1)4+~ =
Hp, where v = 0.5772156649... is Euler’s con-
stant. The Pochhammer symbol (a)n, = a(a +
1)---(a+n—1) for complex a and integer n > 0, and
the Kronecker ommn is 1 if m = n and O otherwise.

We organize proofs by technique, though this is
somewhat arbitrary as many proofs fit well within
more than one category. Broadly their sophistica-
tion increases as we move through the talk.

We invite additions to a collection which for us has
all the beauty of Blake's grain of sand™:

“To see a world in a grain of sand
And a heaven in a wild flower,
Hold infinity in the palm of your hand
And eternity in an hour.”

*William Blake from Auguries of Innocence.

14



2. Telescoping and Partial Fractionsl

2.1. A first quick proof of (2) considers

5= Z nk(nl—l—k): Z %(%_nik)

n,k>0 n,k>0

1 M1
Z—QZE:C@)‘FC(ZU-
n=1"" k=1

On the other hand,

$ = 2 (%+1>(njk)2

n,k>0
= =2 27 1 )
nkz>0 n(n -I- k)2 t kz>0 k(n —|— k)2 ¢(2,1)
by symmetry.
©

e [ he above argument goes back at least to Stein-
berg and Klamkin.

15



2.2. A second proof runs as follows:

¢(2, T) + C(3) (10)

(— (1) K (=1)n (—1)F  (—1)mtk
-y SRy (R4

1)n n4k— (=1)"k
Z Z(_)( k(n + k) )

(~1)m (-1)*
Z n2(n+l<:) B Z n2(n + k)

|
gf\
N\
3|—l
+|3 7
w+
|\

k>0 n,k>0
B 1,1\ (- 1>n+k’ (—1)"(~1)"+
B n;O (n i k) R ;O n2(n + k)
. (_1)n+k (_1>n+k B [y
— n%o”(” nyBE + n%() -5 +¢(1,2) - ¢(1,2)
= 2¢(2,1) 4+ ¢(1,2) — ¢(1,2). (11)

16



Similarly we write

¢(2, T) —I—C(§) (12)

(—1)k (— 1)’“ (—1)ntk
—zngz 7( )
w1 B n—I—k—( 1)"k
_;n%;( 1)( k(n + k) )

_ (—1)* - (—1)nth
o Z nk(n—l—k)+ Z n2(n+ k) Z n2(n + k)

n,k>0 n,k>0
1)’“ (—O"(=1)"F
_n%( )(n+k)2+ Z 2otk P

(~1)"(~1)"+ o
B SRR P SN LR

=¢(2,1) +¢(2,1) +¢(1,2) - ¢(1,2). (13)

17



Adding equations (11) and (13) now gives

2¢(2,1) = ¢(3) +¢(3), (14)
That is,
8¢(2,1) = 4 i - +( " (15)
— 4 Zl (2m)3
= ((3), (16)
which is (5). ©

wé&B
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3. Finite Series Transformationsl

Lemma. For any positive integer N, we have

é\f: 1 % 11 Mo i 1

"3 ) . )

n=1"" =1 p=1 ko m Nkt
(17)

by induction. ©

Alternatively, consider

N 1 N
T = =
n,kZ=1 nk(k - n) n,kZ=1

E&R

19



On the other hand

~/ |_| — - <
1"k S _nzu__m =
n || 172n kl
— | | - kl NZﬂ.NZn_nl
L LA
12n — | ~—
_mn 172n 1i3n 1i2n
N /_1_/ — — —
2 SRR
| | | +
&

H&L

20



Since T = 0, this implies that

> -y Y = Yo Yi- % )
n=1 n3 n=1 n? p—1 K n=1 n? =1k g=1F
N 1 » 1
- n;ﬁk;zv_kw
which is (17). ©

Now the right hand side satisfies

z| 5
|
™=
3|
2|3

S

|

=
S

VAN

M-

:l\)"_‘
Pyl
ﬂ‘

>

|

=

_I_

|—l

A
(1=
S| =
2
|
3|3
+

5

1 3 1,1 _ 2Hy
- N+1%Z=\n N-n+1) N+

3
|
[

Letting N grow without bound now gives (2), since

H
im =& =o.
N—soo N

©
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4. Geometric Seriesl
4.1 Convolution of Geometric Seriesl

Let 2 < m € Z, and consider

bl SIS
CG+m—37)= 1lim > > > — —
=1 N—voo =)y oy It LRI
N 1
= |im
N—>oo{n£1 nm—1(k —n)k
a#n

= (m —2)¢(m+1)

N 1
+ 2 Iim .
N—0c0 n’%;1 nm—1k(k —n)
k#*n

e As suggested by Williams (also Bracken)

22



Thus, we find that

m—2

(m—2)(m+1)— > ¢G+1)(m—7)

j=1

n=1"" k=1 n
k#n
N 1 (nzlyq 1 n 1
QJJTOOZ_:—m{:E n ;N—k+1}
=2¢((m,1) —2¢(m+1
X n 1
+2N'Toon;n—mk;zv—k+1’
and hence
m—2
2¢(m,1) =m¢(m+1)— > <G+ 1)¢(m—j)
j=1
_ N 1 » 1
‘QN'ﬂlon;n—mk;N_Hl

23



But, in light of

N 1 » 1 N q n
D o 2 <>
n:1nmk:1N_k+1 n:lnm N—-—n++1
- 1 1
< Y +2
N+1“~\N-n+1 n
2Hy
N +1
the identity (3) now follows. ©

4.2. A Sum Formulal

)

R T ]
SR

| -

A
s it L
R T v
i
1 | '.I-‘I'
s T $
v e
| G\

e Equation (2) is the case n = 3 of the following
summation.

24



Theorem 3 If 3 <ne€Z then

n—2
¢(n) = > ¢(n—4,9). (18)
1

j:

Proof. Summing the geometric series (in j) on the
right hand side gives
Y > 3 g

@)

1
Z [hn 2m(h + m) m(h + m)n_1]

h,m 1

> m:1<m—h+m>—<(n—1,1)
S | 00 1 "= 11

=3 gt X et &g
h=1 h h=1h 1k:=1

¢(n).

25



4.3. A q—AnangI

Following Zudilin, for s > 1, 0 < g < 1 begin with

’U/U2

(1 —v)(1 —uv)s
UV s—1 uv?

(1—u)(1—v)3 = 1(1—1})3"‘1(1—11/0)3 J

Put v = ¢, v = ¢"™ and sum over m,n > 0. Thus,

m—|—n m+2n

Z (1—q””)(1—qm+")8 Z (1—q")(1—qm+")5
m,n>0 m,n>0
m+n m—|—2n

=2 (1= g1 - gv) -2 (T — g (1 — gmtn)

m,n>0 m,n>0

m—|—2n

_Z B DT

7=1 m,n>0

m—|—2n

m+n
- Z (l—q”)s[l—q 1—qm+”] Z Z (l—q”)9+1(1—qm+")s J

j=1 m,n>0

m,n>0
m—|—2n

_Zu—qn)szl—q Z 2 Gy g

n>0 ji=1 m,n>0

n—l—m

_Zu—qn)sH 2 T era

n>0 n>m>0

m+2n

_Z 2 Gy gy

7=1 m,n>0

26



Cancelling the second double sum on the left with
the corresponding sum on the right and replacing
m —+n by k in the remaining sums vields

Z qk _ q2n
oo (L —=gM)8(1 —g™) S5 (1 —qn)stl
S o
j=1k>m>0 (1-— qm)]+1(1 — qk)s_]’
or equivalently, that
Z q2k _ Z qk
s—2 qk—l—m
+ . — . (19)
jgl k>%z:>0 (1 —¢F)s (1 —gm)itt

Multiplying (19) through by (1 — ¢)5t1 and letting
q — 1 gives

s—2
((s+1)=¢(s, 1)+ > (s —j,5+ 1),
Jj=1
which is just a restatement of (18). Taking s = 2

gives (2) again. ©
27



The g-analog of an integer n>0Iis

[n]g = z e —

1—q

n

and the multiple q—zeta funct/on
m q(S]_l)kJ

C[s1,...,8m] := > 11

ki>oskm>0 j=1 [Kjlg
for real numbers with s; > 1 and s; > 1, 2<j5 < m.

,  (20)

Multiplying (19) by (1 — ¢)$t1 with s = 2 gives
C[2,1] = ¢[3] — a g-analog of (2) (i.e., the latter
follows as ¢ — 1—.) Also, s =3 in (19) gives

¢[4] + (1 —¢)¢[3] = ¢I3, 1] + (1 — ¢)¢[2, 1] + ¢[2, 2],
so ([2,1] = ¢[3] implies ([3, 1] = ([4] — ([2, 2].

Bradley shows ([2, 2] reduces to depth 1 multiple ¢-
zeta values. Indeed, by the g-stuffle multiplication

rule, ¢[2]¢[2] = 2¢[2,2] + ¢[4] + (1 — q)¢[3]. Thus,
¢[3,1] = ¢[4]—¢[2, 2] = 3¢[4]—3 (C[2D)*+5(1—q)¢(3],
which is a g-analog of the evaluation

4

¢(3, 1)—%

28



5. Integral Representationsl
5.1. Single Integrals II

We use the fact that

o1 1
/O uF-logu)du=—5,  k>0. (21)
Thus
1 — 1 L ok-1
> ?ZZ—Z/UJ (—logu) du
k>n>1k n n=1nk>n 0

— io: %/C)l(—logu) S b du

k>n

I
M
‘:
QL
=g

(22)

_ /1 (—logu) log(1l — u) T
0

1 —wu

29



e Interchanges of sum and integral are justified by
Lebesgue’s monotone convergence theorem.

After making the change of variable t = 1 — u, we
obtain

1

2 2

k>n>1

= f[dlog(1 —t) (—logt) %  (23)

= [} (~logt) ©00, 0 dt.

e Again, since all terms of the series are posi-
tive, Lebesgue’'s monotone convergence theo-
rem permits us to interchange the order of sum-
mation and integration.

Thus, invoking (21) again, we obtain

©.@) ©.@)
> o= [logne =3
k2n =1 n /0 - =1 n3’

k>n>1
which is (2). ©



5.2. Single Integrals III

The Laplace transform

I 0o Mo+ 1)
r—1 o — ru , o —
/O '~ T (—logx) dx—/o e "Htu du = o1

(24)
for r > 0,0 > —1 generalizes (21) and yields the
representation

1 X r(m+1) 1 & 1 4 .
C(m+1)_ﬁr— e _EZ/O;U (— log )™ da
(=1)™ rllog™x
m! o 1—=zx
Interchange is valid if m > 0, so z — 1 — x vields
_1ym (1 d
C(m+1) = (=1) / Iogm(l—az)—x, 1 <meZ.
m! 0 T
(25)

Farnum used (24) with clever changes of variable
and integration by parts, to prove the identity
s 1 1
E'C(k+2) = Z Z —, 0< k€.
nj=1 "1N2" e gy 5y P

(26)
31



e Thecase k=1 of (26) is again (2). We give a
simpler proof of (26), dispensing with integra-
tion by parts.

From (24), k' {(k+2) =

Z 1 r(rkki_ll) 1/ " 1( log a?)kda:‘

r=1"

= /01(— log z)*log(1 — x)_l dz

xXr

1 d
=/ Iogk(l—x)_l(—logaz)l v
Z 1 pnitnot:+ng

nino - - - Ny /O l—=x
1
> > /O P~ (—log z) dx

1
R p>n1+n2+ +ny

(—logx) dx

=3 3y >

n1=1 no=1 ne= 1 n2 Ny p>n1—|—n2—|—-~-—l—nkp

©
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5.3. Double Integrals II

Write
1
¢(2,1) =
kziok(m-l-k)Q

)

://O Z(Q) Z(xy)m ldajdy

k>0
. 1Iog(1—:vy)
_—/O/O L dwdy,

Make the change of variable v = zy, v = x/y with
Jacobian 1/(2v), obtaining

_ 1 log(1l —u) [l/udv
((2,1) = 2J0 l—u /u ?du
/1 (logu) Iog(l—u)d
—Jo l1—u 7

which is (22). Now continue as in §5.1. ©

33



5.4. Double Integrals III

Let ¢ > 0. Expand the integrand as a geometric
series. One gets:

§: //1 (wy)g
—1(n —|— )2 1— :cy
Differentiate wrt € and let ¢ = O:

1Iog(xy)
¢(3) / I
1o o
_// gx + gydxdy
1l —xy
. / /1 Ioga:
- 01 —:I:y
by symmetry. Now integrate with respect to y to
get

C(3) = /Ol(log x)log(1l — m)i—x. (27)
Comparing (27) with (23) yields (2). ©

e | his was reconstructed from a conversation with
Krishna Alladi.

34



5.5. Integration by Partsl

Start with (27) and integrate by parts to obtain
1 dx
2¢(3) = 2/ (log z)log(1 — z)%%
Xr
. /1 log? z
l—=x
d
=/ 10g2(1 —a:)—x
Z /1 n—l—k 1

n,k>0

1

on appealing to the first telescoping result of §2. (©

35



5.6. Triple Integrals II

Instead of (21) we use the identity

Y1 Yo
kQ /y1 / ys—n—1 , y2 1 dyz dys dyq,
for kK > n > 0. This yields
Y1 1 (Y2 _
/ /o (1-y2) 1/0 (1—y3) ™! dyzdyady;.

(28)
The change of variables y; = 1—xz; (1 = 1,2,3) gives

1
/(1—:131) 1/m /x:cgldagdacgd:cl
1 2

T
:/O /3 _1/ (1—331)_ dxrq dxo dx3.

Expand (1—331) 1 and interchange sum and integral:

X
Z / /3 _1/ B d:cldajgdajg,

k> >O

k> >O

k>n>0
n= 1n
which is is (2) again. ©

e Additionally:
36



k
Z Hn? (29)

onbe t(]) (J)

where the integral is over the simplex
1> > s s s s s s o,

C(s1,...,5.)

and is abbreviated by
1k dt dt
/O [[av,  a=% b= (30)

Using t — 1 — t at each level switches the forms a
and b, vielding the duality formula

¢(s1+2,{1}"1, .. sn +2,{1}")
= ((rn+2,{1}°",...,r1 +2,{1}"1), (31)
for all s;,7; EN. Then s1 =0, r1 =1=mnis (2).

e More generally, (4) can be restated as
1 1
ab?)™ :/ a?b)"
| @)= | (a?)

and (4) is recovered with s; =0,r; =1 in (31).
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D. ZAGIER’S CONJECTUREI

For »>1 and ny,...,n, > 1, consider:
1 ) > e
Ni,...,Np, T) .= n1 o
O<myp<...<mq 1 - Mr
Thus
2 3
xXr xXr xr
IS the classical polylogarithm, while
1 x2 1 1 x3 1 1 1 z*
Lnmiz) = ot @t st @ram Tt s
_|_ cee
11 23 1 1 1 1 1 1 2%
Lin,m,Liz) = -t (Gt oot oa) —+

1l2m 3n 1l om 1l 3m 2[ 3Im’ 4n

e The series converge absolutely for |z|] < 1 and
conditionally on || =1 unless ny = x = 1.



T hese polylogarithms

my

T
L(n’l"a"'anl;x): Z Ny ni o
O<my<..<my o -1

are determined uniquely by the differential equa-
tions

d 1
— L(ny,...,n1;z) = —L(ny—1,...,n9,n1;,x)
dx x
if n,>2 and
d 1
— L(ny,...,no,n1;0) = —L(ny_1,...,n1;x)
dx l—=x

If n, = 1 with the initial conditions
L(ny,...,n1;0) =0
for r > 1 and
L(0;x) = 1.



Set 5 := (s1,82,...,8N). Let {35}, denotes concate-
nation, and w =) s;.

Then every periodic polylogarithm leads to a function
Ls(z,t) := )  L({5}n; 2)t""
n

which solves an algebraic ordinary differential equa-
tion in x, and leads to nice recurrences.

A. In the simplest case, with N = 1, the ODE is
DsF = t°F where

prim(@-0 ) (e)”

and the solution (by series) is a generalized hyperge-
ometric function:

s n—1 s
L =1+ ¥ LT (1441,

n>1 "V k=1
as follows from considering Dg(z™).



B. Similarly, for N = 1 and negative integers

s n—1 S
I—(z,t) =14+ Y (- az)”t 1T <1+(—1)’%>,

n>1 k=1
and L—(2z — 1,t) solves a hypergeometric ODE.

» Indeed
1

5(1+272 ?)

L—(1,t) =

C. We may obtain ODEs for eventually periodic Euler
sums. Thus, L_5 1(z,t) is a solution of

tOF = 2%(z— 1)?(z 4+ 1)? D°F
z(z — 1)(z + 1)(152°2 — 62 — 7) D°F
4+ (z—1)(6523+ 142° — 41z — 8) D*F
+ (z—1)(90z°2 — 11z — 27) D3F
+ (z-1)(3lz — 10) D?°F + (x — 1) DF.



e This leads to a four-term recursion for F' = Y ¢, (t) 2’
with initial values cg = 1,¢; = 0,cp = t3/4,¢c3 =
—t3/6, and the ODE can be simplified.

We are now ready to prove Zagier's conjecture. Let
F(a,b; c; z) denote the hypergeometric function. Then:

Theorem 1 (BBGL) For |z|,|t| < 1 and integer n >

1
0. @)
3 L(3,1,3,1,...,3,1;x) t*"
n=0 n—}gold
t(14+i) —t(1+i
— F<( ;_Z), (2+Z);1;:r:> (17)

. F (t(l —i)’ —t(1 —i); 1;90) |
2 2



Proof. Both sides of the putative identity start

th 5 t* 5 184 44tt ,
14 _
T 18 T 1536 © T

and are annihilated by the differential operator

Dap 1= ((1 _ o) %)2 (w%)z _ 4

QED

e Once discovered — and it was discovered af-
ter much computational evidence — this can be
checked variously in Mathematica or Maple (e.g.,
in the package gfun)!

Corollary 2 (Zagier Conjecture)

2 4n
¢(3,1,3,1,...,3,1) -

) = (18)
n—?old (4TL + 2)'




Proof. We have

1 __Sinma
rM1-—a)f(14+a)  7a
where the first equality comes from Gauss's evalua-
tion of F(a,b;c; 1).

F(a,—a;1;1) =

Hence, setting z = 1, in (17) produces

i (t(l +i) —tA+0). . 1) P (t(l —i) -9, 1)
2 2 2 2

2 _ (1—|—7L > _ (1 —1 )
= ——— SINn 7t ] SIn i
212 2 2

o0 27T4nt4n

coshnwt — cosnt

- T2t2 o Z (4n 4+ 2)!

n=0
on using the Taylor series of cos and cosh. Comparing
coefficients in (17) ends the proof. QED




» \What other deep Clausen-like hypergeometric fac-
torizations lurk within?

e If one suspects that (2) holds, once one can com-
pute these sums well, it is easy to verify many
cases numerically and be entirely convinced.

& This is the unique non-commutative analogue of
Euler's evaluation of {(2n).



For alternations we add the differential form
c:= —dt/(1+t) to obtain the generating function

> ({21 =

n=1
00

5 {z6n—l—3 /()1(a02ab2)na02—|—z6n+6 /Ol(ac2ab2)6”+6}.

n=0

A lengthy calculation shows the only changes of
variables preserving [0, 1] and sending the non- com-
mutative polynomial ring Q{a,b) into Q(a, b, c) are

S(a,b) = S(a,b), t—t, (32)
S(a,b) = R(b,a), t—1-—1t,
(33)
S(a,b) = S(2a,b+ c), t 2, (34)
2t
S(a,b) = S(a+c,b—c), t|—>1—+t,
(35)
4t
S(a,b) = S(a + 2¢,2b — 2c¢), t|_>(1—|—t)27
(36)

and compositions thereof, such as
t—1-2t/(L+¢t)=(1Q-t)/(1+1), etc.
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e In (32)—(36), S(a,b) denotes a non-commutative
word on the alphabet {a,b} and R(b,a) denotes
the word formed by switching a and b and then
reversing the order of the letters.

Now view a, b and ¢ as indeterminates. In light of
the polynomial identity

ab® — 8ac® = 2[ab® — 2a(b + ¢)?]

+ 8[ab® — (a+c)(b— c)?]

+ [(a 4+ 2¢)(2b — 2¢)? — ab?]
in the non-commutative ring Z{a, b, c) and the trans-
formations (34), (35) and (36) above, each brack-
eted term vanishes after the identifications a = dt/t,
b=dt/(1—t), c= —dt/(1+t) and perform the reqg-
uisite iterated integrations.

T hus,

C(2,1)—8§(§,1)=/Olab2—8/01a02=0

which in light of (2) proves (5). ©
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5.7. Triple Integrals III

By expanding the integrands in geometric series and
integrating term by term,

1da: T oydy (Y zdz

2,1) =38 .
3 ) 1—y2Jo 1—22
Now make the change of variable
rdxr du ydy dv zdz dw

1—:1:2_1—|—u’ 1—y2_1—|-v’ 1—z2_1—|—w
to obtain the equivalent integral

¢(2,1)

. 8/ du du U do /’U dw

2(2-|—u) 14+u/Jo 14+v/o 14+w
The two inner integrals can be directly performed,
hence

~ log?(u—+ 1)
du
0 u(u4+1)(u—+2)
Finally, the substitution v+ 1 =1/4/1 — x yields

2(1 — x
¢(2, 1)—2/1 199 (1 )dng“(?)),

by (25). ©

40
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5.8. Complex Line Integrals II

Here we apply the Mellin inversion formula

(
1 jetico  dz Loy>1
—/ oy —= 40, gy<1
271 Je—ioo Z 1

L5 y:]_

which is valid for fixed ¢ > 0.

It follows that if¢ >0 and s—1 >c¢ > 1—t then the
Perron-type formula

() + 2CCs 1) (37)
— OO —s t + ctio0 n Z@
= S Sk [T (3)
1 c—I—zoo d
=~ -2+ T (38

is valid.
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e We have not yet found a way to exploit (38) in
proving identities such as (2)

We do note that integrating around the rectangular
contour with corners (d+c £+ iM) and letting M —
+ 00, establishes the stuffle formula in the form

CCost) + G5 1) F (1 9) + ¢+ 5) = (D)

for s,t > 1 + c. The right hand side arises as the
residue contribution of the integrand at z = O.

e One may also use (38) to establish

O

> [+ 5+t = Y .
=2 nsmso mn(n —x)
] X .
" 5nzzjl n(n — x>7

but this is easy to prove directly.
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5.9. Complex Line Integrals III

Let A(s) :=>,~0Ann"° be a formal Dirichlet series
with real coefficients )\, and set s := o + ¢7 with
o = R(s) > 0. We consider the following integral:

NG /OO|AS) ° dT:%/_@;‘A(s)

0 S
as a function of .

2
dr, (39)

A useful variant of the Mellin inversion formula is

/OO Cos (at)

—ﬂnt24—u2

dt = L emau (40)
U

for u,a > 0, as follows by contour integration, from
a computer algebra system, or otherwise.

e [ his leads to:
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Theorem 4 ForA(s) =521 Apn~®ands=o+iT
with fixed o = R(s) > 0 such that the Dirichlet
series s absolutely convergent it is true that

2 0o A2 2
oo | \ NG — N\
n@) = [T = T 1 (a1)
0 S 20 =4 n20
where N\p := 37 _1 A\, and Ng := 0. More generally,

for absolutely convergent Dirichlet series a(s) =

2p=1 On N7, B(s) := >onlq BnnT?

/OO 04(8)5(8) T X ApBp— A
2 )0 024+ 712 2(7 =1

in which Ap, =377 _1a and Bn = 11 Bk-

_1B,_

e Note that the right side of (41) is always a gen-
eralized Euler sum.
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1. For the Riemann zeta function and for o > 1,
Theorem 4 applies and vyields

o 1

Z1e(o) = ((20 = 1) = Z¢(20),

T 2
as \p, = 1 and A, =n—1/2. By contrast it is known
that on the critical line

2 () =z

e There are similar formulae for s — ((s—k) with k
integral. For instance, applying (41) with {q 1=
t— ((t+ 1) yields

1 [o|¢3/2+im)?, 1 1
E/o 1jag2 = EL<1<_>

2
2¢(2,1) +<(3)
3¢(3),

on using (2).
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li. For the alternating zeta function,
a:=s— (1-217%)¢(s), the same approach via (42)
produces
/OO a(3/2 4+ 1i1) a(3/2 +iT) p
-
0 1/4 + 72

202, 1) +¢(3) =3¢(2) 10g(2) ~ <(3),

1
T

and

1 oo a(3/2+1i1)C(3/24i1)
Z/_oo 1/4 + 12 ar

@D+ D +a@) =_02) 1032 — ~¢(3),

since as we have seen repeatedly ¢(2,1) = ¢(3)/8;
while one can show

((2,1) = ¢(3) - 2¢(2)log(2)
and
(@) = ¢(2)l0g(2) — = ¢(3).

e As in the previous subsection we have not been
able to directly obtain (5) or even (2), but we
have linked them to quite difficult line integrals.
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5.10. Contour Integrals and Residuesl

Let Cn, (n € ZT) be the square contour with vertices
(£xt1+i)(n+ 1/2). Using the asymptotic expansion

> BQT
W(z) ~ Ing———z:2 5 largz| < 7
in terms of the Bernoulli numbers
t s B2T 2
=", t| < 27
1—et L+5 +T¥1(2r)! 1

and the identity

1
Y(z) = ¢Y(—2) — — —wcotrmz,
<
we can show that for each integer k£ > 2,

lim 2k y2(—2)dz = 0.

n—oo Jo,
MA
b !-a-Ef

"|
A 4

|!II 'Il"n

4
|
|n
|
f

n;"» flﬁw AP

?HEL\ZEM 80 -

DR RILeTA

a7



Then by the Cauchy residue theorem, we obtain:

Theorem 5 For every integer k > 2,

M — kc(k 4 1) — 29¢ (k)

k—1
— > €Uk -5+ 1),

=1
where v = 0.577215664 ... is Euler’'s constant.

In light of the identity

—11
Y(n)+v=H,1 :ZE nezt
Theorem 5 is equivalent to (3). The case kK = 2

thus gives (2). ©

e Flajolet and Salvy develop the residue approach
more systematically, and apply it to a number
of other Euler sum identities in addition to (3).
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6. Witten Zeta—functionsl

We recall that for r,s > 1/2:

© @) @) 1
Wirys,t) = 2 Zl n" ms (n + m)?

n=1m=

is a Witten (-function.* Ours are also called Torn-
heim double sums. There is a simple algebraic re-
lation

W(r,s,t) =W —-1,s,t+1)+W(r,s—1,t+1). (43)
This is based on writing

m -+ n - m n n
(m+n)tt  (m4n)tt © (m+ )t
Also
W(r,s,t) = W(s,r,t), (44)
and

W(r,s,0) = ((r) ((s) while W(r,0,t) = ((¢t,7). (45)

Hence, W(s,s,t) = 2W(s,s—1,t+ 1) and so
W(1,1,1) =2W(1,0,2) =2¢(2,1) =2((3)

*Zagier describes the uses of more general Witten (-functions.
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Note the analog to (43), viz.

¢(s,t) + ¢t s) = C(s) ¢(F) — C(s + 1)

shows W(s,0,s) = 2((s,s) = ¢2(s) — ¢(2s). Thus,
W(2,0,2) =2¢(2,2) =7%/36 — 14/90 = 74 /72.

e More generally, recursive use of (43) and (44),
along with initial conditions (45) shows that all
integer W(s,r,t) values are expressible in terms
of double (and single) Euler sums.

Again (s)/(m+n)t = [3 l(—logo)t—1om*Tn—1 45 gives

—lo t—1
( g9) do.

W(r, s, t) = (t>/ Lir(o) Lis(o)

For example, we recover an analytic proof of

11n2(1 — o) do = 2¢(3)

2¢(2,1) = W(1,1,1) = /

0

Indeed S in the telescoping proof of §2.1 is precisely
W(1,1,1). ©
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e VWe may now discover many analytic as opposed
to algebraic relations.

For example, integration by parts vields

W(r,s+1,1) + W(r+1,s,1) (46)
= Li,41(1) Lig41(1) + <C(r+1)¢(s+1).

So, in particular, W(s+1,s,1) = ¢2(s+ 1)/2.

Symbolically, Maple immediately evaluates

—

W(2,1,1) = —.
( ) 72
and while it fails directly with W(1,1,2), we know it
must be a multiple of #% or equivalently ¢(4); and

numerically obtain

W(1,1,2)
O 49999999999999999998 . . .
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6.1. The Hilbert Matrixl

Letting apn := 1/n" and b, := 1/n®, inequality (7) of
Section 1.3 vields

WGrs,1) < mese (7)) {fctas). 1)
p
Indeed, the constant in (7) is best possible. Set

W({(p—1)s,s,1)
7 ((ps)

Rp(s) =

and observe that with

oP(s) 1= i (n/m)~®P=1)8 /(n + m) — 7 csc <5> |

m=1 .
we have
Lp: = SE}"P/p(pS —1) nizojl mijl ”_S:%;(;—l)s
- sI—i>T/p(pS -1 n§1 # o7, (8)
- SLiT/p (ps — 1) nil {ohi(s) - 7;;5C (7/9))}

s—1/p q

4+ lim (2s—1){(ps)mwcsc (g) = 0+ wcsc <Z> :
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Setting r := (p — 1)s,s — 1/pT we check that
C(ps) /P ¢(gr)t T = ¢(ps)

and hence the best constant in (47) is the one given.

e In terms of the celebrated infinite Hilbert matrix
Ho :={1/(m+n)}y =1

we have actually recovered:

Theorem 6 Let 1 < p,gq < oo have 1/p+1/q = 1.
The Hilbert matrix Hog determines a bounded linear
mapping on the sequence space ¢P with

W(s,(p—1)s,1)

s
Hollpp = lim = 7 CSC (—)
Holler = ™ ¢Gos) p

Proof. Appealing to the isometry between (#P)*
and ¢4, and the evaluation £, above, we compute
the operator norm of Hg as

|Hollpp = sup |[Hozlp
|z]p=1

= sup sup (Hoz,y) = mCSC <E> :
yllg=1 [|z||p=1 p

©
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e A delightful operator-theoretic introduction to
the Hilbert matrix Hg is given by Choi in a Chau-
venet prize winning article.

One may also study the corresponding behaviour of
Hardy's inequality (8).

For example, setting ap := 1/n in (8) and again
denoting Hn, = >-7_; 1/k yields

O H yo p p
> (M) < (o 25) <,
n=1 " p—
Application of the integral test and the evaluation
o rlog x\P r(1+p)
/ ( ) dr = T
! z (p— 1)PF

for p > 1 easily shows the constant in (8) is again
best possible.
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7. A Stirling Number Generating FunctionI

e Following Butzer, we begin with integral (25).

In terms of (unsigned) Stirling numbers of the first
kind (also called Stirling cycle numbers)

(~1)" < "

log"(1—z) = ) u(n,m)x—

| I
m. n—0 n.

for integer m > 0. This implies

{§MWWQ——XWWM

|
n=1 n
for m > 0. Telescoping the known recurrence

uln,m) =un—1,m—-1)4+n—Duln—1,m), (48)
for 1 < m < n yields

am+n=/1

0

u(n,m)Z(n—l)!{ml—l—zu(]j _1)}. (49)

Iterating this gives the representation

((m+1) = ¢(2, {1} )
for m > 1, the m = 2 case of which is (2). ©
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The alternating case begins by writing the recur-
rence (48) in the form

un+1,k)4+ (G —n)uln, k) =uln,k—1) 4+ juln, k).
Multiply both sides by (—1)rTkt+lk—m=1,05_ n),
where 1 <n<j—1 and k,m € Z1, yielding

Y (=)t u(n+1,k) - (=1)"u(n, k) } b1

o S G—n+t D)’
{(—=1D)*Tuln, k= 1) — (=1) u(n, k)j* ™} .

_ (=)
(]_n)n
Now sumonl<k<mand1l<n<j3—1, obtaining

k:+]u —1)ym+t {3
Z( 1) G, ) jiz:((jl_)n! S (=1)"(G—n—1)!u(n,m).

Finally, sum on j € ZT to obtain

k=437 o,
c(m) = Z Z( 1) u(g, k)

k=1 j=k ghgm=+
— S (- Ty (n,m v~ U-1-n)
O e
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Noting that
— (G—-1-n) & k!

2. 2.

1 1
= 2@ 1Lnt11) = D=1
we find that
(—1)I1Fu(j, k) (—1)" T y(n,m)
o(m) = kzljz gtgm= k +nzm n—1)(n—-1) |

Now employ the recurrence (48) again to get

m—2 0o ~7+ku .
Cc(m) = ZZ( 1) | (J, k)

m—k
kljk} ']‘7

n Z (=1) " tu(g,m —1)_|_Z( 1)7%™ u(j, m)

i1 gty iz 7!
-3 =
I I
m=2 0 itk (4 Jtm=1, —
— kz::lj:k( 1;-!jm_;(;7’k) J;l( 1) X ](], 1)
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Using (49) again, we find that the case m = 3 gives

((3) = Z (= 12 ;L(Jal) np Z (= 1)3 13(3,2)
1=1
< (-1t X (—1)5" . I u(k, 1)
:jgl j3 +2j§2 gl (]_1)!k§1 k!
< (—1)it1 (— 1>9f’ 1
= S +2 -
jz::]_ J3 ]Z ] k=1k

which easily rearranges to give (14), shown by tele-
scoping to be trivially equivalent to (5). ©

M&P
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8. Polylogarithm Identitiesl
38.1. Dilogarithm and Trilogarithml

Consider the power series

xn
J(z) = ((2,1) = )| NCTR 0<z<1.
n>k>0

In light of (72), we have

J(m)_/xdt/o 1—u/0 1_@_/xlogz(l—t)

Maple readily evaluates

z 1og2(1 — t)
I

0 2t

dt = ((3) + % l0g?(1 — z) log(z)
(51)
+ log(1 — x)Lis(1 —xz) — Lig(1 — x)

where Lis(z) := Y02 1 z"/n? is the classical polylog-
arithm.

e One can also verify (51) by differentiating both
sides by hand, and checking that (51) holds as
r — 0+4.
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Thus,
J(2) = ¢(3) + % 1092(1 — ) log(z)

+ log(1 — x)Lis(1 — x) — Lig(1 — x).
Letting x — 1— gives (2) again. ©

In Ramanujan’s Notebooks, we also find that

J(=z)+J(—1/z) :—%Iog3z — Lis(—2)logz
+Liz(—2) + <¢(3) (52)
and

J(l—z)z%logzzlog(z—l) — %Iog3z
—Liz(1/2)logz — Liz(1/z) + ((3). (53)

Putting z = 1 in (52) and employing the well-known
dilogarithm evaluation

. B 00 (_1)n_ 71.2
La(-1 = Y, =

gives (5). ©
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Putting z = 2 in (53) and employing Euler’s dilog-
arithm evaluation
(1 > 1 2 1
L'2<5> - E_:l 2 =13 3992
n=
along with Landen’s trilogarithm evaluation (see
Lewin)

1 > 1 7 T2 1, 5
Lig[ = | = = —((3) ——10g2+ —log~2
3<2> n; 3o = g¢(3) — 51092+ Zlog
gives (5) again. ©

e | hese evaluations follow from

Lis(2)4Lin(1—z)—log(z) log(1—2z) = C = Lix(1)

and a similar trilogarithmic identity.
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Alternatively, differentiation shows that

J(—z) = —J(z)+= J@9)+J( 4_1> 1J<Crii02>.

(54)
Putting = 1 gives 8J(—1) = J(1) immediately,
i.e. (5). ©

e Once the component functions in (54) are known,
the coefficients can be deduced by computing
each term to high precision with a common
transcendental value of x and employing a linear
relations finding algorithm.

We note next a harder (now guided) but more hu-
man method for arriving at (54). First, as in the
section on alternating iterated integrals one deter-
mines the fundamental transformations (32)—(36).
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This is not so difficult but is lengthy. Perform-
ing these transformations on the function J(x), one
finds that

J(x):/:ab2, J<1+ ) /(a—l—c)(b—c)2
J(—:I:)Z/Oxacz, J(:c2)=/ 2a(b + ¢)?,

((11@2) / (a + 20)4(b — ¢)2.

We seek rationals r1, ro, 73 and r4 such that
ac® = riab® + 2roa(b + ¢)? + r3(a + ¢) (b — ¢)?
+ ra(a + 2c)4(b — c)?
is an identity in the non-commutative ring Q(a, b, c).

Finding such rationals reduces to solving a finite
set of linear equations: comparing coefficients of
ab? tells us that r{ 4 2ro + 73 + 4ry = 0.

Coefficients of other monomials give us additional

equations, and we readily find that r1 = -1, ro =
1/4, r3 = 1 and r4 = —1/8, thus proving (54) as
expected. ©
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8.2. Convolution of Polylogarithmsl

For real O < x <1 and integers s and t, consider

T o(2) = i g tm B i "t (m — n 4 n)
it ' nSmt(m —n) _“= . nSmttl(m —n)
m,n—=1 m,n=1
m#£En mz£En
= mmz:: e m%::l n5—Lmtt1(m — n)
m=#=En m=n
B Zlﬁ Zl (mt+1 nt—|—1> t To-1,041(2)
n=— m=

= Lis(@)Lijy1(2) — Ligpy1(@®) + Ts_1 441 (2).

Telescoping this gives

S
To1(2) = T sqt(x)—5 Ligpyp1(x2)+ Y Lij(2) i1 (),
J=1

for s € N. With t = 0, this becomes

Tso(x) = To s(z)—s Ligy1(z?)+ > Lij(z)Lizrq ().
=1
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But for any integers s and t, there holds

00 wn—l—m
T o
s,t() m%::l ntms(m — n)
m=£=En
00 mn—l—m
— — Z st — S,t(aj)'
mne=1 Mo (n —m)
m#=n
Therefore,
TS,O(QU) — Z I—lj(w)l—ls—l—l ](x) _I—ls—l—l(x ).
] 1
(55)
On the other hand,
0O m 09 M
T = —
S,O(x) ”Z::l S mzzzl —
mz=En
oo ,.2n o0 m—n n n—1

[
(]
(]

[
|_
W
N
S
N
—
L.
=
N\
8
N—
[]e

e Comparing (56) with (55) gives
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S .
— > I—|5—|—1($2)

| | | 1= |
= [Lis(@) = Lis(z®)| Lig(2) = = 37 Lij(@)Lis1—;(x),
Jj=2
(57)
where we now require s > 2 because the terms j =1
and 7 = s in (55) were separated, and assumed to
be distinct.

Now forneNandO<z <1, 1—z" = (1-— :z:)z O:I:J

<(1—x)n. Thus, if2<seNand O0<z <1, then
| | | | > z"(1 — 2"
0 < [Lis(z) — Lis(e?)| Liz(z) = Liy(2) Y © (1 —a")

S
n=1 n

<(1-2)10g%(1 —=x) — 0,

n

< (1-2)Liy(z) 3 nf_l
n=1

as x — 1—, so the limit in (57) gives

¢(s,1) ——SC(S-I-l) -5 Z ¢+ 1)¢(s —7),

] 1
which is (3). ©
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9. Fourier Seriesl

T he Fourier expansions

i sin(nt) _ T and i cos(nt)

n=1 n

are both valid in the open mterval 0<t<2m. Mul-
tiplying these together, simplifying, and using a par-
tial fraction decomposition gives

—log |2sin(t/2)|

X sin(nt) "= 11 13 sm(nt)” 1(1 1 )
— —+
ngl noop=k Z kgl ko n—k
_1 Sln(nt)
2n>§k:>0k(n_k)
1 X sin(m + n)t

=22

_ mn
mn=1

& sin(mt) cos(nt)
m%: 1 mm
— 7T2_ log |2sin(t/2)] (58)

again for 0 < t < 2.

e Integrating (58) term by term yields
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50 n—1
> COZ?Q) > l—c(z 1) + - /0<w—t> log [2sin(t/2)| dt

n=1 l<:=1

(59)
valid for 0 < 0 < 27w. Likewise for 0 < 60 < 2,

O

2.

n=1

cos(ne)

_<(3)+/ (0 — ) log |2sin(t/2)] dt.

(60)
Setting 8 = 7 in (59) and (60) produces

((2.1) — ¢(2.1) = _% /O”(w 1) log [2sin(t/2)] dt

_¢(3) =<3
— 5 ,
In light of (2), this implies
(1) = <(3>42r<(3> S L+ (1)
n=1 n
e 1 1
-z e e

which is (5). ©
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e Much more follows. For example:

Applying Parseval's equation to (58) leads to the
integral evaluation

1 27 2 2 ) _ N H%
E/O (m —t)<log=(2sin(t/2)) dt _ngl (n + 1)2
= @),

e A reason for valuing such integral representa-
tions is that they are frequently easier to use
numerically than the corresponding sums.
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10. Further Generating Functionsl
10.1. Hypergeometric Functionsl

First, ¢(2,1) is the coefficient of zy2 in

Glz,y): = > 3 amTlyntle(m 42, {11")
m=0 n=0
= y Z 0 ZWH <1-|-—,> (61)
m=0 k=1 j=1 J
Thus,

k—1
Y <1+g> _ (W
kal J k!
where (y)p == y(y+1)---(y+ k — 1) is the rising
factorial. Substituting this into (61), interchang-

ing order of summation, and summing the resulting
geometric series yields the hypergeometric series

o= £ OH(2)
1> |

k=1 -
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Now Gauss’s summation theorem for the hyperge-
ometric function and the series expansion for the
logarithmic derivative of the gamma function yield

Y, — M(1—xz)l (1 —y)
217 1) =
1 -z r1—z—y)
> C(k
:exp{Z(azk (:v+y)) ()}
k=2
So, we obtain the generating function equality
©.@) ©.@)
> Y Ty T (m 42, {1}7) (62)
n=0 m=0
> k
:1—exp{ > ( + 4 — (z+y) ) < )}
k=2
Extracting coefficients of zy2 from both sides of (62)
yields (2). ©

Generalization (3) can be similarly derived: extract
the coefficient of 2™ 142 in (62). Also, the coeffi-
cients of .ir:y2 in Kummer'’'s summation theorem

F ( 7,y ‘_1>:r(1+x/2)r(1+x—y)
> r(1+2)r(1+z/2-y)
yields (5). ©
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10.2. A Generating Function for SumsI

Identity (2) also follows by setting x = 0 in the next
unlikely identity:

Theorem 7 If x is any complex number not equal
to a positive integer, then

ngl n(n —x) mgl m—x ngl n2(n —x)

Proof. Fix x € C\ ZT. Let S, denote the left hand
side. By partial fractions,

- £5 (s i)

n(n —m)(m — x) B n(n—m)(n —x)

n=1m=1

—m—z = n(n—m) ‘=nln-z) = n-—m
_OO 1 - 1 1 > 1 nl
glm(m—x)n;1<n—m_ﬁ>_?;n(n_x) m
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Now for fixed m € ZT,

> (o) = m 3 (2n-3)

UL | m 1
= > —— lim >

1" N—>oon:1N—n—|—1
_ i 1

n=1n

since m is fixed. Therefore, we have

00 1 mo 1 00 1 n—1 1
S.,. = - .
v m§=:1 m(m — x) n§=:1 n n§=:1 n(n — x) m§=:1 m

n=1 n(n o x> m=1"" m=1 " n=1
©

Theorem 7 is equivalent to the Ohno-Granville sum
formula

> ¢(a142,a+1,...,ar+1) = ((r+s+1), (63)
> a;=s

valid for all integers s >0, »r > 1.
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10.3. An Alternating Generating FunctionI

An alternating counterpart to Theorem 7 is:

Theorem 8 For all non-integer x
— (—1)" - z?
Z n2 — xz{Hn +;n(n2 _CCQ)}

n=1
o (=D)n T 1
pp b= CORMOREECORES

n2 — 12
- 1 = (-1)"n
o Z 0(02_x2)+2(n2_$2)2
o>00dd n=1
. = e 5 = 1
o Z N2  * Z 2 2\2°
>0 even (&% — €?) o>00dd® (22 —0%)

Setting x = 0 reproduces (5) in the form

> 1

(1))=Y 5y

n>0
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We record that
= (™ 1 T

nzzjl n2 —x2 222 2¢ sin(rz)’

while

> ”n{ b(n) - <m>—gcot<m>—2i}

n=1 X
o0 1) 2
= n 2 n(n x<)
o 1 o n( 1)

= — _|_Z 2

=1 (2n—-1)((2n — 1)2
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10.4. The Digamma FunctionI

Define an auxiliary function A by
2A(z) = 3¢/ (1 —z) — 5 (¥ (1 —z) + )% — 3¢(2).
(64)

It is easy to verify that

©.@)

Y(l—2)+y= >

=y n(r — n)’

w’<1—x>—<<2>=§:( ! —1) (65)

T

(z—n)2 " n?
2

B i 2nr — x
iy lnz(n—x)Q’

and
> (42,Da" =y —— vl
n=0 . ’ n—= ln(n_m)m 1m.
Hence,
o0 1 1 n—1 1
MNaz) = ngl n2(n — x) — nzl n(n—z) = m(m — )
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Now,
o0 1 n—1 1

n§=:1n2(n—€’3) - Z N(n—a}) z_:lm(m—af)
= Z

is directly equivalent to Theorem 7, and we have
proven

n(n—af;)m 1 m

A= S C(n+2,1)a",

n=0
so that comparing coefficients vyields yet another
proof of Euler’s reduction (3).

In particular, setting x = 0 again produces (2). ©

K&K
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10.5. The Beta Functionl

The beta function is defined for positive real x and
y by

1 [ (x)l
B(z,v) ::/ @11 _ -ty = @W)
0 Mz +y)
We begin with the following easily obtained gener-
ating function:

e log(1l — ¢
E thn = — g( )
— 1 —+¢
n=1

For m > 2, the Laplace integral (24) now gives

(=)™ liog™ () log(1 —t)
C(m’l)_(m—l)!/o 1—¢ at
— (mQEni)—(I)l!) /01 l0g™2(¢) log?(1 — t)%
where in terms of (64)
82

bi(x) = 8—y2B(:U,y) = 2A(—x).

y=1
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——=B(z,y) = B(z,y)

x (W) — (@ + )2+ ¢ () — (@ + )],

we derive

Now observe that from (66),
(—y — (x4 1))?

((2.1) _%bl(o) — lim

.0 2x
/ Y
x.0 2x 2
= ¢(3).
©
e (66) is well suited to symbolic computation
We also note the pleasing identity
M (x
W) =" 2 (67)
(z)

In some informal sense (67) generates (3), but we
have been unable to make this sense precise.
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Continuing, from the following two identities, cog-
nate to (65)

00 2
(7= v+ 102 = (X (1"em+1)a")
m=1

00 m—1
=) D)™ (k4 1)¢(m—k+1)z™,

m=1 k=1

¢(2) =¥/ (@4+1) =) (- (m +1)¢(m +2) 2™,
m=1

we get

b1 (z) = 2 Z (—1)™¢(m, 1) z™ 2
_ Z (m — 2)| Z( DR

m— 1
((m +1Cm+2) = 3 ¢k +1)¢0n — b+ 1>> o

k=1

from which Euler’'s reduction (3) follows—indeed
this is close to Euler’s original path.
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11. A Decomposition Formula of EulerI

For positive integers s and t and distinct non-zero
real numbers o« and z, the partial fraction expansion

xs(azl—oz) = (1) Z (t_l_r ) : (68)

=5 t—1 ajs—froét—l—fr

_I_Z (S—l-’l“—l) (—1)T

— s—1 a5t (x —a)t—"

implies Euler’s decomposition formula

§—2 .
(o)=Y (T T e — )

r=0 t—1
t—2 s+ r—
+> 0 )<<t—r><<s+r>
r=0

~ (T ){<<s+t>+<<s+t—1 1)}, (69)

The depth-2 sum formula (18) is obtained by setting
t=1in (69).

If we also set s = 2, the identity (2) results. ©
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To derive (69) from (68), separate the last terms
of sums on the right side of (68), obtaining

1 S72 44— 1 1
= (—1 t
rS(x — a)t (=1) TZ:O ( t—1 >CL'S_TOét+T

=2 s4+r—1 (—1)"
)

as—l—r(x _ a)t—r

s+t —2 1 1 1
_(_1)( s—1 )ozS‘H_l(x—a_;).

Now sum over all integers 0 < a < z < oo. ©

e Nielsen states (68) which Markett proves by in-
duction. One may directly expand the left side
into partial fractions using residue calculus.

Alternatively, apply the partial derivative operator

1 o\t 1 5\ 1
<s—1>!<_a_w> <t—1>!<_a_y>

to the identity
1 1 1

- _|_ :
(z +vy)y

zy (z+y)e
and then set y = a — x to obtain (68).
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12. Equating Shuffles and Stufflesl

We begin with an informal argument. By the
stuffle multiplication rule (‘sum’)

¢(2)¢(1) =¢(2,1) +¢(1,2) +¢(3). (70)
On the other hand, the shuffle multiplication rule
(‘integral’) gives ab.b = 2abb 4+ bab, whence

¢(2)¢(1) = 2¢(2,1) 4+ ¢(1,2). (71)
The identity (2) now follows immediately on sub-
tracting (70) from (71). ©

e [ his needs help—we cancelled divergent series.

To make the argument rigorous, we introduce
the multiple polylogarithm. For O < x < 1 and posi-
tive integers sq1,...,s, with £ = s = 1 excluded for
convergence, define

k .
Cx(81,...,Sk) Z ' H nj_sj (72)
j=1

7’L1>"°>7’Lk>0
U)o
J
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where the integral is over the simplex
p>t > s tD s s s s S o

and is abbreviated by

z K dt dt
/ I[ev %  a=%2, b=-2  (73)
0 iy ¢ 1t
Then
¢(2)¢(1) = Z Z—
n>0 k>0
- Y L4y ey
’n>k>0 k>n >O k>0
and

o (2)¢x(1) :/Oxab/Oxb:/Ox (2abb + bab)

Subtracting the two equations gives

af;k—ac

(@ -G@)a1) =G@) -G D+ X~

n>k>0
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We now take the |limit as z — 1 — . Uniform con-
vergence implies the right hand side tends to {(3) —
¢(2,1). That the left hand side tends to zero follows
immediately from the inequalities

0 < 2|¢(2) = ¢(2)]¢(1)
1 dt
— :r;/m 0g(1 — 1) log(1 — 2)=
< /1 l0g2(1 — t) dt
= (1-2) {1+ (1-log(1—x))?}.
©

The alternating case (5) is actually easier in this
approach, since the divergent sum ((1) is replaced

by the conditionally convergent sum ¢(1) = —log 2.
By the stuffle multiplication rule,
¢(2)¢(1) =¢(2,1) +¢(1,2) + ¢(3), (74)

C(2)¢(1) = ¢(2,1) +¢(1,2) 4+ ¢(3). (75)
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On the other hand, the shuffle multiplication rule
gives acwc = Dac? + cac and ab.c = abc + acb + cab,
whence

¢(2)¢(1) = 2¢(2,1) +¢(1,2), (76)
¢(2)¢(1) =¢(2,1) +¢(2,1) +¢(1,2). (77)
Comparing (74) with (76) and (75) with (77) yields
the two equations
¢(2,1) =¢(1,2) +2¢(2,1) - ¢(1,2) - ¢(3),
Subtracting the latter two equations vyields
2¢(2,1) = ¢(3) +¢(3),

i.e. (14), which was shown to be trivially equivalent
to (5) in by telescoping. ©
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13. Conclusion |

There are doubtless other roads to Rome, and as
indicated in the introduction we should like to learn
of them.

We finish with the three open questions we are most
desirous of answers to.

e A truly combinatorial proof of ((2,1) = ((3).

e A direct proof that the appropriate line integrals
in Sections 5.8 and 5.9 evaluate to the appro-
priate multiples of {(3).

e An analytic or combinatoric proof of (6), or of
at least some additional cases of it, say n =2,3
of:

8"¢({2,1}") = ¢({3}"), nezt. (78)
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