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Abstract

The most famous open problem in Monotone Operator Theory concerns the maximal mono-
tonicity of the sum of two maximally monotone operators provided that Rockafellar’s constraint
qualification holds.

In this paper, we prove the maximal monotonicity of A+ B provided that A, B are maximally
monotone and A is a linear relation, as soon as Rockafellar’s constraint qualification holds:
dom A Nint dom B # &. Moreover, A + B is of type (FPV).
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1 Introduction

Throughout this paper, we assume that X is a real Banach space with norm || - ||, that X* is the
continuous dual of X, and that X and X* are paired by (-,-). Let A: X = X* be a set-valued
operator (also known as a relation, point-to-set mapping or multifunction) from X to X*, i.e., for
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every € X, Az C X*, and let graA := {(z,2*) € X x X* | 2* € Az} be the graph of A. Recall
that A is monotone if

(1) (x—y,a" —y*) >0, V(r,z")egraAdV(y,y") €grad,

and mazimally monotone if A is monotone and A has no proper monotone extension (in the sense
of graph inclusion). Let A : X = X* be monotone and (z,z*) € X x X*. We say (x,z*) is
monotonically related to gra A if

<ZE - y,l'* - y*> Z 07 v(ya y*) € graA.

Let A: X = X* be maximally monotone. We say A is of type (FPV) if for every open convex set
U C X such that U Ndom A # &, the implication

x € Uand (z,x2") is monotonically related to gra AN (U x X*) = (z,2") € gra A

holds. We say A is a linear relation if gra A is a linear subspace. Monotone operators have proven
to be important objects in modern Optimization and Analysis; see, e.g., the books [2, [, 111, 12, 15|
211,22, 19, 32, 33, [34] and the references therein. We adopt standard notation used in these books:
dom A := {z € X | Az # @} is the domain of A. Given a subset C' of X, int C is the interior of
C, bdry C is the boundary of C, aff C is the affine hull of C and C' is the norm closure of C. We
set C+ = {z* € X* | (Ve € C) (z*,¢) = 0} and S+ := {a** € X** | (Vs € ) (z**,s) = 0} for a set
S C X*. We define “C by
e {’C’, if aff C is closed;

&,  otherwise,

where ‘C' [32] is the intrinsic core or relative algebraic interior of C, defined by ‘C' := {a € C |
Vo € aff(C' — C),36 > 0,YA € [0,6] : a+ Az € C}.

The indicator function of C, written as ¢¢, is defined at x € X by

@) o) = {0, if x € C

00, otherwise.

If DC X, weset C—D ={x—y |z e Cy e D} Forevery x € X, the normal cone
operator of C at z is defined by Ne(z) := {z* € X* | sup,ec(c— z,2*) <0}, if z € C; and
Ne(z) =@, if © ¢ C. For x,y € X, we set [z,y] :={te + (1 —t)y | 0 <t <1}. Given f: X —
]—00, +00], we set dom f := f~1(R). We say f is proper if dom f # @. Let f be proper. Then
of : X m X*rax— {a* e X* | (VyeX) (y—az,2*) + f(z) < f(y)} is the subdifferential operator
of f. We also set Py : X x X* — X: (z,2*) — x. Finally, the open unit ball in X is denoted by
Ux :={z € X | ||z <1}, the closed unit ball in X is denoted by Bx := {z € X | ||z|| <1}, and
N :={1,2,3,...}. We denote by — and —+ the norm convergence and weak* convergence of
nets, respectively.

Let A and B be maximally monotone operators from X to X*. Clearly, the sum operator
A+ B: X = X*: z — Az + Bx := {a* 4+ b* | a* € Az and b* € Bz} is monotone. Rockafellar
established the following very important result in 1970.



Theorem 1.1 (Rockafellar’s sum theorem) (See [I8, Theorem 1] or [§].) Suppose that X is
reflexive. Let A, B : X = X* be maximally monotone. Assume that A and B satisfy the classical
constraint qualification

dom A Nintdom B # &.

Then A + B is mazximally monotone.

The most significant open problem in the theory concerns the maximal monotonicity of the
sum of two maximally monotone operators in general Banach spaces, which is called the “sum
problem”. Some recent developments on the sum problem can be found in Simons’ monograph [22]
and [5], [6], [7, 8, [10L 28, 14, 25] 291 B0, B1]. It is known, among other things, that the sum theorem
holds under Rockafellar’s constraint qualification when both operators are of dense type or when
each operator has nonempty domain interior [8, Ch. 8] and [27].

Here we focus on the case when A is a maximally monotone linear relation, and B is maximally
monotone such that dom ANint dom B # &. In Theorem [3.1] we shall show that A+ B is maximally
monotone.

The remainder of this paper is organized as follows. In Section [2| we collect auxiliary results for
future reference and for the reader’s convenience. The proof of our main result (Theorem [3.1]) forms
the bulk of Section [3| In Section [4] various other consequences and related results are presented.

2 Auxiliary Results

We start with a well known result from Rockafellar.

Fact 2.1 (Rockafellar) (See [I7, Theorem 1] or [22] Theorem 27.1 and Theorem 27.3].) Let
A: X = X* be mazimal monotone with intdom A # &. Then intdom A = intdom A and dom A
18 conver.

The Fitzpatrick function below is a very useful tool in Monotone Operator Theory, which by
now has been applied comprehensively.

Fact 2.2 (Fitzpatrick) (See [13, Corollary 3.9].) Let A: X =% X* be maximally monotone, and
set

(3) Fp: X x X* = ]—00,400] : (z,2") = sup  ((z,a*) + (a,2") — (a,a")),
(a,a*)egra A

the Fitzpatrick function associated with A. Then for every (z,x*) € X x X*, the inequality (xz,x*) <
Fa(x,x*) is true, and equality holds if and only if (x,x*) € gra A.



Fact 2.3 (See [26, Theorem 3.4 and Corollary 5.6], or [22, Theorem 24.1(b)].) Let A,B : X =
X* be mazximally monotone operators. Assume |Jy-o A [Px(dom Fy) — Px(dom F)| is a closed
subspace. If

(4) FA+B > <’7 > on X X X*v

then A + B is mazximally monotone.

We next introduce some properties of type (FPV) operators.

Fact 2.4 (Simons) (See [22, Theorem 46.1].) Let A : X = X* be a mazimally monotone linear
relation. Then A is of type (FPV).

Fact 2.5 (Simons and Verona-Verona) (See [22, Theorem 44.1] or [23].) Let A: X =% X* be
mazximally monotone. Suppose that for every closed convex subset C' of X with dom ANint C' # &,
the operator A + N¢ is mazximally monotone. Then A is of type (FPV).

Next we present a useful sufficient condition for the sum problem to have a positive resolution
(see also [6]).

Fact 2.6 (Voisei and Zalinescu) (See |28, Corollary 4].) Let A,B : X = X* be mazimally
monotone. Assume that ““(dom A) # @, (dom B) # @ and 0 € [dom A — dom B]. Then A + B
18 mazximally monotone.

Fact 2.7 (See [4, Lemma 2.9].) Let A: X == X* be a mazimally monotone linear relation, and let
z€ X N (A0)*t. Then z € dom A.

Fact 2.8 (See [3, Lemma 2.5].) Let C be a nonempty closed convex subset of X such thatint C # @.
Let ¢y € int C' and suppose that z € X ~ C. Then there ezists X € ]0,1[ such that Aco + (1 — N)z €
bdry C.

Fact 2.9 (Boundedness below) (See [9, Fact 4.1].) Let A : X = X* be monotone and x €
int dom A. Then there exist § > 0 and M > 0 such that x+0Bx C dom A and sup,c, 155, ||Aall <
M. Assume that (z,2*) is monotonically related to gra A. Then

() (z —2,2%) 2 6[|"|| - (Ilz — =[| + ) M.

Before we turn to our main result, we need the following technical lemma.

Lemma 2.10 Let A: X = X* be a monotone linear relation, and let B : X = X* be a mazimally
monotone operator. Suppose that dom A Nintdom B # &. Suppose also that (z,2*) € X x X* is
monotonically related to gra(A + B), and that z € dom A. Then z € dom B.



Proof. We can and do suppose that (0,0) € gra ANgraB and 0 € dom A Nint dom B. Suppose to
the contrary that z ¢ dom B. Then we have z # 0. We claim that

(6) Njp,.) + B is maximally monotone.

Since z # 0, then we have 1z € *“(dom Nio,.])- Clearly, ““(dom B) # @ and 0 € *[dom A — dom B].
By Fact Nig,-) + B is maximally monotone and hence (6) holds. Since (z,2*) ¢ gra(Nyg ) + B),
there exist A € [0,1] and z*,y* € X* such that (\z,2") € gra Njg ,j, (A2,9") € gra B and

(7) (z = Az, 2" — 2" —y*) <O,

Since (Az,2*) € graB and z ¢ dom B, A < 1. Then by (7)),
(8) (z,—x™) 4+ (2, 2" —y*) = (z,2" — 2" —y*) < 0.
Since (Az,z*) € gra N ,}, we have (z — Az,z*) < 0. Then (z, —z*) > 0. Thus implies that
(9) (z,2" —y*) <.
Let a* € A(Az). By the assumption, we have

(z=Az,2" —a" —y*) > 0.

Then we have (z, 2" —a* —y*) > 0 and hence
(10) (22" — ) > (07).
Now we show that
(11) (z,a") > 0.
We consider two cases.

Case 1: A = 0. Then a* € A0. Since z € dom A and A is monotone, [I, Proposition 5.1(i)]
implies that (z,a*) = 0. Hence holds.

Case 2: X\ # 0. Since (A\z,a*) € gra A, (A\z,a*) > 0 and hence (z,a*) > 0. Hence holds.
Combining and ,
(z,2* —y*) >0, which contradicts (9).
Hence z € dom B. |

Remark 2.11 Lemma generalizes |4, Lemma 2.10] in which B is assumed to be a convex
subdifferential.

We now come to our central result.



3 Main Result

The proof of Theorem in part follows that of [30, Theorem 3.1].

Theorem 3.1 (Linear sum theorem) Let A : X =% X* be a mazimally monotone linear rela-
tion, and let B : X = X* be mazimally monotone. Suppose that dom A Nintdom B # &. Then
A+ B is mazimally monotone.

Proof. After translating the graphs if necessary, we can and do assume that 0 € dom A Nint dom B
and that (0,0) € gra A Ngra B. By Fact dom A C Px(dom Fy4) and dom B C Px(dom Fp).
Hence,

(12) J A(Px(dom Fa) — Px(dom Fp)) = X.
A>0

Thus, by Fact [2.3] it suffices to show that
(13) Fayp(z,2%) > (2,2%), V(z,2") € X x X*.
Take (z,2*) € X x X*. Then
Fayp(z,27)
(14) = [(z,27) + (z,27) = (2, 27) + (2 = 2,4") = tgraa(2,27) = tgrap(z,y7)]

Assume to the contrary that

(15) Fayp(z,2") + X < (z,2%),
where A > 0.
Now by ,
(16) (z,2%) is monotonically related to gra(A + B).

We claim that
(17) z ¢ dom A.

Indeed, if z € dom A, apply and Lemma to get z € dom B. Thus z € dom ANdom B and
hence Faip(z,2*) > (z,2*) which contradicts (L5]). This establishes (L7).

By and the assumption that (0,0) € gra A N gra B, we have

sup [(0, 2*) + (z, A0) — (0, AO) + (z, BO)] = a*ef\sélgeBo [(z,a") + (2,0%)] < (z,2%).



Thus, since A0 is a linear subspace,
(18) ze XN (A0)* .

Then, by Fact we have

(19) z € dom A.
Combining and , we have

(20) z € dom A\dom A.
Set

(21) Up,:=z+Ux, VneN.

By , (z,2%) ¢ graA and U, Ndom A # &. Since z € U, and A is type of (FPV) by Fact
there exists (an, a))nen in gra A with a,, € U,,n € N such that

(22) (z,an) + (an, 2%) — (an, ay) > (z,2"), VneN.
Then by and we have
(23) anp #0, VYneN and a, — z.

Now we claim that
(24) z € dom B.
Suppose to the contrary that z ¢ dom B.

As , there exists K7 € N such that a,, ¢ dom B,Vn > K;. For convenience, we can and do
suppose that

(25) an ¢ domB, VneN.
Since 0 € int dom B, by Fact and Fact there exists § € |0, 1] such that
(26) 9z € bdry dom B.
Now consider the operator: B + Nj,,]. Following the corresponding lines of the proof of
Lemma and by , B + Njyq,) is maximally monotone for every n € N.

Because a,, ¢ dom B by (25)), a, & dom BN [0,a,] = dom(B + Ny ) for every n € N. Thus,
(an, z*) ¢ gra(B + N[O,an])' Thence there exist 3, € [0, 1], w} € B(Bna,) and v} € N[Oﬂn](ﬁnan)
such that

(27) (an, — Bnan, 2" —wy) < (an — Bpan,vy,) <0, VYneN.



Since S, € [0,1], there is a convergent subsequence of (3, )nen, which, for convenience, we still
denote by (Bn)nen. Now 3, — 3, where 3 € [0,1]. Then by (23),

(28) Bnan — Bz.
We claim that
(29) <<l

Indeed, suppose to the contrary that § > 6. By , Bz € dom B. Then by 0 € int dom B and
[32, Theorem 1.1.2(ii)], 0z = %Bz € int dom B, which contradicts (26). Hence holds.

We can and do suppose that 5, < 1 for every n € N. By ,
(30) (ap, 2" —wy) <0, VneN.
Since (0,0) € gra A, (an,a}) > 0,Vn € N. Then by (22)), we have
(31) (2 Bnan) + (Buan, 2°) — Balan, an) 2 (Buz, ) + (Batn, 2°) — Balan, ay) = Balz, 2%).
Hence, by ,
(32) (2 = Bnan, Bnay) = (Bnz = Pnan, 2°).
Since gra A is a linear subspace and (a,,a}) € gra 4, (Bpan, Bnal) € gra A. By (7)), we have

A <<Z — Bnan, Z* - w:; - /Bna;» = <Z — Bnan, z¥ - w;;) + <Z — Bnan, _/Bna:L>

< <Z - Bnan) 2* — ’U):;> - </an - /Bnan7 Z*> (by )
Then

(33) A S <Z - ﬁnana Z* - w;> - </an - ﬁnana Z*>-

We again consider two cases:

Case 1: (w})nen is bounded. By the Banach-Alaoglu Theorem (see [20, Theorem 3.15]), there
exist a weak™ convergent subnet (w})er of (w);)nen such that

(34) W~y wa, € X

Combine , and , we pass to the limit along the given subnet of to deduce that
(35) A< (z—pz 2" —wk).

o

By , on dividing by (1 — ) on both sides of we get

(36) (z,2" —wi) > A > 0.
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On the other hand, by and , on passing to the limit along the same subnet in we see
that
(37) (z,2" —wi) <0,

o0

which contradicts .

Case 2: (w})nen is unbounded. After passing to a subsequence if necessary, we assume that
||lwr| # 0,¥n € N and that ||w}| — +oo. By the Banach-Alaoglu Theorem again, there exist a
weak* convergent subnet (w}),er of (w);)nen such that

*
v

[[wp |

(38) 2

As 0 € int dom B and using Fact there exist p > 0 and M > 0 such that

(H/BnanH + p)M

?
*
[wil

*

(39) (Bran, T2 > p— Vn € N.

Combining and ,and taking the limit in along the subnet, we obtain
(40) (B2, y5) = p-
Then we have 8 # 0 and thus 5 > 0. By ,

(41) (2,400) = 2 > 0.

=D

Dividing by [Jw} | in and taking the weak™ limit in along the subnet, it follows from
and that

(42) (2 — Bz, —yl) > 0,

By (29),

(z,y%) <0, which contradicts ([41]).

Combining all the cases above, we obtain z € dom B.
Next, we show that
(43) Fayp(tz,tz*) > t%(2,2%), Vt€]0,1[.
Let t €]0,1[. By 0 € int dom B, Fact and [32, Theorem 1.1.2(ii)], we have

(44) tz € int dom B.



Fact implies that
(45) tz € int dom B.

Set
H, =tz+ %UX, Vn € N.

Since dom A is a linear subspace, tz € dom A\dom A by . Then H, Ndom A # &. Since
(tz,tz*) ¢ gra A and tz € H,, and A is of type (FPV) by Fact there exists (by, b} )nen in gra A
such that b,, € H,, and

(46) (£2,b%) + (bn, t2°) — (bn, b)) > t2(2,2%), Vn € N.

As tz € intdom B and b, — tz, by Fact there exist N € N and K > 0 such that

(47) b, € intdom B and sup ||v*|| < K, Vn> N.
v*€B(bn)

Hence

Faip(tz, tz") > sup  [(bp,tz") + (tz, b)) — (by, b)) + (tz — by, )], Yn >N

{creB(bn)}
> sup  [t3(z,2") + (tz —bp, )], Yn >N (by (46))
{creB(bn)}
> sup [t%(z,2") — K[tz = b,||], Yn >N (by [@7))
(48) > t2(z,2*)  (by b, — t2).

Hence Fu,p(tz,tz*) > t2(z, 2*).

We have proved that holds. Since (0,0) € gra(A + B) and A + B is monotone, we have
F44p5(0,0) = (0,0) = 0. Since F44p is convex, implies that

tFA (2, 2%) = tFayp(2,2%) + (1 — t)Fa B(0,0) > Fayp(tz, t2*) > t3(z,2%), Vt€]0,1].
Letting ¢t — 17 in the above inequality, we obtain
(49) Faip(z,2") > (z,27%).
Therefore, holds, and A + B is maximally monotone. [

Remark 3.2 Theorem generalizes the main results in [3] [4, [30].

We now establish the promised corollary:

Corollary 3.3 (FPV property of the sum) Let A: X = X* be a mazimally monotone linear
relation. Let B : X =% X* be maximally monotone. If dom A Nintdom B # &, then A+ B is of
type (FPV).
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Proof. By Theorem A + B is maximally monotone. Let C' be a nonempty closed convex
subset of X, and suppose that dom(A + B) NintC # @. Let ;1 € domA N intdom B and
zo € dom(A + B)Nint C. Then x1,z2 € dom A, 21 € intdom B and z2 € dom B Nint C. Hence
Az1+ (1 —A)x2 € int dom B for every A € ]0,1] by Fact [2.1]and [32], Theorem 1.1.2(ii)] and so there
exists 0 € |0, 1] such that Az + (1 — Az € int C for every A € [0, 4].

Thus, dz1 + (1 — )z € dom A Nintdom B Nint C. By Fact or [6, Theorem 9(i)], B + N¢ is
maximally monotone. Then, by Theorem (applied A and B+ N¢ to A and B), A+ B+ N¢ =
A+ (B + N¢) is maximally monotone. By Fact A+ B is of type (FPV). [

Note that with A = 0 we recover the fact that a maximally monotone mapping is type (FPV)
when its domain has nonempty interior.

Remark 3.4 The proof of Corollary was adapted from that of [30, Corollary 3.3]. Moreover,
Corollary generalizes [30, Corollary 3.3].

4 Further Consequences

The next result reduces all sum theorems to linear ones.
Proposition 4.1 Let A, B: X = X* be monotone such that dom ANdom B # &, let
C:={(r,z) e X x X |z € X}.
Let T : X x X = X* x X* be defined by
T(z,y) := (Az, By).

Then A+ B is mazximally monotone if and only if T + N¢ is mazimally monotone.

Proof. We have

(50) Ne(z,z) = {(z*,—2%) | 2" € X*}, Ve X.

11



“=": Clearly, T+ N¢ is monotone. Let ((mo, Yo), (2, yS)) € (X x X) x (X*x X*) be monotonically
related to gra(T + N¢). Now we show that ((zo,0), (2§, %)) € gra(T + N¢). Then by (50),
((20,90) = (a,0), (w5, 45) — (a",b%) = (2", ~2")) 20, V¥(a,a") € gra A, (a,b") € gra B,
Vz* e X*
= <(x0 —a,yo—a), (zg—a" — Yy —b* + x*)> >0, VY(a,a")€graA,( (a,b")€grab,
Vot e X*
= (zo—a,zf—a*) + (yo —a,y5 — b*) >0, (zg—a,—z") + (yo —a,z*) =0,
V(a,a*) € gra A, (a,b*) € graB,Vz* € X~
= <x0 —a, Ty — a*> + <yo —a,yy — b*> >0, 90 =1yo, V(a,a")€graA,(a,b")egraB
= <x0 —a,xy+y,—a" — b*> >0, o0 =yo, V(a,a")€grad,(a,b*)egraB
= x5+ ys € (A+ B)xg, 0 =yo (since A+ B is maximal monotone)
= " e X*, i+ v" € Axg,y; — v* € Bxg, ko = Yo
= ((z0,%0), (25,55)) € gra(T + Ne)  (by (50)).

Hence T+ N¢ is maximally monotone.

“«<": Let (2,2") € X x X* be monotonically related to gra(A + B).
(z—a,z" —a* —b") >0, V( *)EgraA,(a,b*)GgraB

:><z—a,%— N+ (2 - b*) +(z — a,—a*) + (2 — a,z*) > 0,
V(a,a*) € gra 4, (a,b*) € graB vzt e X*
= <z—a,%—a*—x*>+<z—a,?—b*+x*> >0,
Y(a,a*) € gra A, (a,b") € graB,Va* € X~
= ((2:2) = (@,0), (5, 5) = (a",b") = (¢, —=2")) 20, V(a,a") € grad, (a,b") € gra B
Vot e X*
= <(z,z)—w,(%,%)—w*> >0, Y( *) € gra(T + N¢)  (by (50)
= (%, %) € (T'+ N¢)(z,2) (since T 4+ N¢ is maximal monotone)
= 30", (5.5) € (42, B2) + (', —v")  (by (E0)
A
*=—+—-€(A+B
=z 7 T3 € (A+ B)z
Hence A 4+ B is maximally monotone. |

It is important to note that exchanging the roles of A and B in Theorem [3.1] leads to a much
tougher linear sum problem.
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Remark 4.2 Let A, B be maximally monotone such that dom ANint dom B # & (i.e., they satisfy
Rockafellar’s constraint qualification), let 7', C' be defined as in Proposition Then we have

U Aldom T — dom N¢] = X x X.
A>0

Note that 7" is maximally monotone (see the corresponding lines of proof of [10, Proposition 3.13])
and N¢ is a maximally monotone linear relation. If the following conjecture is true then by
Proposition A + B is maximally monotone and hence the general sum theorem holds.

Congjecture Let S : X == X* be a mazimally monotone linear relation, and let T :
X = X* be mazimally monotone such that | Jyo oA [dom S —domT| = X. Then S+ T
18 maximally monotone.

In a related manner we have:

Corollary 4.3 Let A: X = X* be a maximally monotone linear relation, and let B : X = X* be
mazximally monotone such that dom ANintdom B # &. Let C := {(z,z) € X x X | x € X} and let
T:X xX = X*x X" be defined by T'(z,y) := (A:U, By). Then T + N¢ is mazimally monotone.

Proof. Apply Theorem and Proposition [4.1] directly. [

In consequence, we are left with the following unresolved and interesting questions.

Open problem 4.4 Let A: X — X* be a continuous monotone linear operator, and let B : X =
X* be mazximally monotone. Is A+ B necessarily mazimally monotone 7

Open problem 4.5 Let f : X — |—o00,+00]| be a proper lower semicontinuous convex function,
and let B : X = X™* be mazimally monotone with dom df Nintdom B # @. Is 0f + B necessarily
mazximally monotone ?

Finally we recapitulate the conjecture after Remark
Open problem 4.6 Let A: X = X* be a mazrimally monotone linear relation, and let B : X =

X* be mazimally monotone such that|Jy-o A [dom A — dom B] = X. Is A+B necessarily mazimally
monotone ?
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