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connote  classical
technigues whose use can be traced back to the §
early development of the calculus of variations |~
and further. Rooted In the physical principle of
least action they have wide applications In
diverse fields.

The discovery of modern variational principles and
nonsmooth analysis further expands the range of
applications of these technigues.

— | anticipate a working knowledge of undergraduate analysis and
the basic principles of functional analysis The recent monograph
" by Rockafellar and Wets provides an
authoritative account of variational analysis in finite dimensions

— S I 0)Y
Boris Mordukhovich, is a comprehensive complement to the
present text




= \We shall start with an overview of

i " In Lecture 1-2 and shall
-1 continue with concrete “ "IN
Lectures 3-4 and 5.

— the distinction Is blurred

= As we proceed we shall see fewer
= broad results and more detailed proofs

— full detalls of almost all results are In
and




= To talk about things | somewhat
understand

= To complement my colleagues’
lectures

= To revisit some hard old problems
= To show some very recent results
= TO pose some open problems
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= | have pictures
= | can offer complete notes =

= To complement my colleagues’
lectures -

= | have lousy blackboard style

= Since 2003 | work In a Computer
Science Faculty
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“I feel so strongly about the wrongness of
reading a lecture that my language may seem
immoderate. --- The spoken word and the
written word are quite different arts. ---
I feel that to collect an audience and then
read one’s material is like inviting a friend to
go for a walk and asking him not to mind if
you go alongside him in your car.”

(Sir Lawrence Bragg)

URL: www.cs.dal.ca/~jborwein




Un sujet, un/deux langues, deux cultures

France

America






MY INTENTIONS IN THIS TALKI

Most significant results or constructions in
non-smooth analysis rely on exposing and re-
ally understanding underlying objects.

Insight taking place

Usually these objects
are

e Cconvex or

e differentiable
or both

v. As an illustration, in R"

Theorem 1 (BFKL, 2001) Every ‘“reason-
able” connected set with zero interior to
its domain is exactly the range of the
gradient of a continuously differentiable
bump function, i.e., with compact sup-
port.*

*Online slides are a superset of this talk



After a topological detour, I shall illustrate
this in five ways:

1. Smooth variational principles and bumps

2. Bumps and generalized gradients

3. Derivatives and best approximations to
sets

4. Non-differentiable mean value theorems
and convex sandwich theorems

5. Convex functions and the Banach spaces
they populate

e Full references will be found in

J.M. Borwein and Qiji (Jim) Zhu, Tech-
niques of Variational Analysis CMS-
Springer Books 2005.



Michael Faradayl

The most prominent requisite to a lec-
turer, though perhaps not really the most
important, is a good delivery; for though
to all true philosophers science and na-
ture will have charms innumerably in every
dress, yet I am sorry to say that the gen-
erality of mankind cannot accompany us
one short hour unless the path is strewed
with flowers.

e So I offer nano-flowers and nourishing tubers



SOME TOPOLOGYI

The acronym usco (cusco) denotes a (convex-
valued) upper semicontinuous non-empty
compact-valued multifunction (set-valued
function).

These are fundamental because they de-
scribe common features of maximal mono-
tone operators, convex subdifferentials and
Clarke generalized gradients.

Cuscos are the most natural extensions of
continuous (single-valued) functions.

The Clarke gradient is usually much too
large (generically “maximal”, see below).

By contrast convex subdifferentials and
maximal monotone operators are always
“minimal” (interior to their domains), as
are the Clarke subdifferentials of a.e. strictly
differentiable functions (BM).



e An usco (cusco) mapping ¢ from a topo-
logical space T to subsets of a (linear)
topological space X is a minimal usco (cusco)
if its graph does not strictly contain the
graph of any other usco (cusco) on T.

e A Banach space is of class (S) (Stegall)
provided every weak™ usco from a Baire
space into X* has a selection which is
generically weak* continuous. Every smooth
Banach space is class (.S).

e A Banach space is (weak) Asplund if con-
vex functions on the space are generically
Fréchet (Gateaux) differentiable. Equiva-
lently, every separable subspace has a sep-
arable dual (e.g., reflexive spaces).

In our setting a fundamental result is:



e A Banach space X is Asplund if and only
if every locally bounded minimal weak*
cusco from a Baire space into X™ is gener-
ically singleton and norm-continuous. A
fortiori, Asplund spaces are class (.S).

We show the power of minimality by easily
proving a generic (partial) differentiability re-
sult:

Theorem 2 Suppose that f is locally Lips-
chitz on an open subset A of a Banach space
X and possesses a minimal subgradient on A.

(@) WhenY is a class (S) subspace of X then
f is generically Y —Hadamard smooth through-
out A.

(b) When Y is an Asplund subspace of X then

f is generically Y —Fréchet smooth throughout
A.



Proof. Let 2y be the restriction of elements
of Of to Y.

As the composition of the ‘restriction’ linear
operator

R:z* — z*|Y
and the minimal cusco df, 2y is a minimal
cusco from A C X to Y*.

(a) Consider first the class (S) case.

Then 2y is generically single-valued on the

open (Baire) set A. An easy application of

Lebourg’s mean-value theorem establishes that
at each such point f is (strictly) Y-Hadamard

smooth.

(b) The Asplund case follows similarly. ©

o Note how Y and X™* have been ‘detached’!



e An immediate consequence is that in any
Banach space, continuous convex func-
tions are generically Fréchet (respectively
Gateaux) differentiable with respect to any
fixed Asplund (respectively class (S)) sub-
space.

Remark 1 Fabian, Zajicek and Zizler give a
category version of Asplund’s result that if a
Banach space and its dual have rotund renorms
one can find a rotund renorm whose dual norm
is rotund simultaneously.

e [ heir technique allows us to show that if
Y is a subspace of X such that both X
and X* admit ‘Y-rotund’ renorms (appro-
priately defined), then X can be renormed
to be simultaneously Y-smooth and Y-
rotund.



The Simpsonsl
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BUMPS I: VARIATIONAL PRINCIPLESI

e All variational principles devolve from Eke-
land’s powerful (1974) reworking of the
Bishop-Phelps theorem* (1961).

e More powerful recent ones exploit smooth-
ness of the underlying space—Dby partially
capturing the smoothness of an osculat-
INg norm or bump function

Legend

function
,,,,,,,,,,,,,,,,,, oscullant
,,,,,,,,,,,,,,,,,,,,,, tangent

*All Banach spaces are ‘sub-reflexive”



Viscosity is Fundamentall

Definition [BZ, 1996] f is g-viscosity sub-
differentiable with subderivative z* at =z if
there is a locally Lipschitz g, B-smooth at x,
with

Vﬁg(x) = z*

and f—g taking a local minimum at x. De-
note all B-viscosity subderivatives by 8% f(x).

All variational principles rely implicitly or ex-
plicitly on viscosity subdifferentials.

All Fréchet subdifferentials
are viscosity subdifferentials



v We know many facts such as ...

e Bornology H = F in Euclidean space

WH in reflexive space

e Bornology F

e For locally Lipschitz f

Ocf=0gf Oc f=0nf

e When ¢! ¢ X

Owpf=0pf

for locally Lipschitz concave f

e When X has a Fréchet renorm

Opf=0rf
(e.qg., reflexive or WCG Asplund spaces)



Example 1 Let f : R" = R (n > 1) be con-
tinuous and Gateaux but not Fréechet differ-
entiable at 0.

Explicitly in R2, take

3

.y
f(a:,y) T x2+y4

when (x,y) 7= (0,0) and f(0,0) = 0.

L et

g(h) := —|f(h) — f(0) = V¢ f(O)h]

Then g is locally uniformly continuous and

1. Uniquely, 85 9(0) = {0}.

2. But 94 g(0) is empty.

v. The proof is easy but instructive ...
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Proof. We check that V& g¢g(0) =0, so
0cg(0) = {0}. As always

9¢; 9(0) C 959(0).

Thus, if (2) fails, 94 g(0) = {0}, and yet there
is a locally Lipschitz Gateaux (hence Fréchet)
differentiable function k such that

k(0) =g(0) =0, Vgk(0)=Vgg(0)=0

and £ < g in a neighbourhood of zero.

Thus, for small h,

£(0+h) = £(0) = VG (O] _ k(h) — K(O)
7] - ]

_ [k(h) — Kk(0))
=l

This implies that f is Fréchet-differentiable at
O, a contradiction. ©






T he Smooth Variational PrincipIeI

Theorem 3 (Borwein-Preiss, 1987) Let X be
Banach and let f : X — (—o0,0] be Isc, let

A>0andletp>1. Suppose e >0 and z € X
satisfy

f(z) <inff+e.

Then there exist y and a sequence {z;} C X
with x1 = z and a continuous convex function
wp - X — R of the form

@)
ep(x) 1= > pillz — =P,
i—1

where p; > 0 and 72 u; = 1 such that
() |z, —yl| < An=1,2,...,
(i) fQy) + (e/A)ep(y) < f(2), and

(i) f(x) + pep(x) > f(y) + 5 wp(y) forx £y



Corollary 1 All extended real-valued Isc (resp.
convex) functions on a smoothable (Gateaux,
Fréchet, ...) space are densely subdifferen-
tiable (resp. differentiable) in the same sense.

e f:X — (0c0,00] attains a strong minimum
at x € X if f(x) = infxy f and whenever
x; € X and f(x;) — f(x), we have ||x; — x|
(The problem is well posed.)

e also we set ||g||loo := sup{|g(x)|: z € X}.

Theorem 4 (Deville-Godefroy-Zizler, 1992)
Let X be Banach and letY be a Banach space
of continuous bounded functions on X such
that

(1) llglloc < llglly for all g €Y.

(ii) ForgeY and ze€ X, v +— g-(x) = g(x 4+ 2)
isin Y and |lg:lly = glly-

(iii) ForgeY and a € R, z +— g(ax) isinY.

(iv) There exists a bump function in'Y.
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Then, whenever f : X — (oco0,00] is Isc and
bounded below, the set G of g € Y such that
f 4+ g attains a strong minimum on X is resid-
ual (in fact a dense G5 set).

e Picking Y appropriately leads to:

Theorem 5 Let X be Banach with a Fréchet
smooth bump and let f be Isc. Thereisa > 0
(a = a(X)) such that fore € (0,1) and y € X
satisfying

f(y) <inf f + ae?,

there is a Lipschitz Fréchet differentiable g
and x € X such that

(i) f 4+ g has a strong minimum at x,
(i) llglloo <€ and ||g'llcc <,
(iii) Jlz — || <.

Corollary 2 For any Cl bump function b on
a finite dimensional space

0 € int R(Vb)
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The Stegall Variational PrincipleI

As we add more geometry we may often refine
the variational principle:

e Again, x € § is a strong minimum of f on
Sif f(z) = infg f and f(z;) — f(z) implies

|z — ;|| — O.

e A slice for f bounded above on S is:

S(f,S,a) ={xeS: f(x) >Sl§p f—al.

e A necessary and sufficient condition for a
f to attain a strong minimum on a closed
set S is diam S(—f,5,a«) — 0 as a — 0+.

Theorem 6 (Stegall, (1978)) Let X be Ba-
nach and let C C X be a closed bounded
convex set with the Radon-Nikodym property,
Let f be Isc on C' and bounded from below.

For any € > 0 there exists x* € X* such that
|z*|| < e and f+ x* attains a strong minimum

On C . GENERICALLY, TILT PERTURBATIONS ARE ATTAINED.
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GENERICALLY, TILT PERTURBATIONS ARE ATTAINED.


e The following variant due to Fabian (1983)
is often convenient in applications

Corollary 3 Let X be Banach with the Radon-
Nikodym property (e.g., reflexive) and let f be
Isc. Suppose there exists a > 0 and b € R such
that

f(x) >allz]|+0b, zeX.

Then for any € > 0 there exists z* € X™* such

that ||x*|| < e and f+x* attains a strong min-
imum on X.

v' In separable space we may set the pertur-
bation in advance:
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A One-perturbation Variational PrincipIeI

Theorem 7 Let X be a Hausdorff space which
admits a proper Isc function
p: X = RU{+o0}

with compact level sets. For any proper Isc
bounded below function f : X — R U {400}
the function f + ¢ attains its minimum.

In particular, if domy is relatively compact,
the conclusion is true for any proper Isc f.

Key application. In separable Banach space,
a nice convex choice is:

T

tan (S~ 1z)|%), if IS 2l < =,

o(x) = ( H) | 2
00, otherwise.

for an appropriate compact, linear and injec-
tive mapping S: H — X (H = ¥5).

e ¢ is almost Hadamard smooth: x € dom g

e P o th) —2p() _
t \vO hedom ¢ t

0
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e We recover a recent result (CF, 2001)
open for 25 years:

Corollary 4 GDS x Sep C GDS.

Proof Sketch. Suppose Y is the Gateaux
differentiability space factor. Let f:Y x X —
R be convex continuous, and 2 C Y x X non
empty open. Without loss, 2By x 2By C 2
and f is bounded on (2.

Let ¢ : X — [0, 4] be as in Theorem 7 with
domain in By, and define

)inf{—=f(y,z) + p(x); x € X}, ifye2By
g(y) =
00, else.

Then g is concave and continuous on 2By-.
As Y is a GDS, the function g is Gateaux
differentiable at some y in By-.

Moreover

9(y) = —f(y,@) + »(z
and (y,z) is a point of joint differentiability
©
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e [ his is particularly interesting because we
cannot show the corresponding generic re-
sult:

?
WASP x Sep C WASP,

while recently Moors and Somasundaram
(2003) showed—unconditionally—that

Example 2

WASP 7C£ GDS

answering another long open question with
delicate set-theoretic topological tools.

e Lassonde and Revalski (2004) have ex-
tended the single perturbation principle to
ensure generic strong minimality.
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Two Open Questionsl

1. Viscosity. In Hilbert space is

oG f(x) & 0 f(x)
possible for Lipschitz 7
v’ For continuous f we saw it was:

A non-viscosity subdifferential

?
2. Genericity. WASP x Sep C WASP.
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Star Trekl

Kirk asks:

“ Aren’'t there some mathematical
problems that simply can’t be solved?”’

And Spock ‘fries the brains’ of a rogue com-
puter by telling it:

*“ Compute to the last digit the value
of Pi.”
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BUMPS II: SUBDIFFERENTIALS'
Maximality and Genericityl

e T hese powerful positive results are com-
plemented by the following negative ones:

Below By is the dual ball, (Xp,,,p) is the
space of real-valued non-expansive mappings

[f(z) = f)] < flz =y

in the uniform metric, while 99 and 9, denote
the Clarke and approximate subdifferentials

Oaf(z) == {z*: =* & x), € O f(xn),Tn — x}
and

0o f(z) = 0 Ouf ().

e In reasonable (reflexive or separable) spaces,
Jof(x) is the limit of nearby gradients.
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Theorem 8 (Maximal Subdifferentials) Let A
be open in a Banach space X.
(i) Then

{9 € XB,. : Oog(x) = Bx~ for all x € A}

is residual in (XBX*,p).

(ii) If X is smooth

{9 € XB,. : Oug(z) = Bx+ for all z € A}

is residual in (XBX*,p).

o Thus usually (generically) even the lim-
iting subdifferential is everywhere maxi-
mal (and convex, agreeing with the Clarke
subdifferential).

e T'(x) :=Vf(x)+Bx~ is also a subgradient.
Much more is true (BMW).
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e Despite this, the limiting subdifferential of
a Lipschitz function can be non-convex
a.e. (BBW)—save on R where it differs
from the Clarke subdifferential at most
countably.

Moreover,

Theorem 9 Let O € A be an open connected
and bounded subset of RN and let € > 0.

There is a locally Lipschitz function f . RN
R such that

R(8af) C A
and
pl{zx : Ouf(x) = A} < e.

The proof relies on two facts:
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Fact 1 By Theorem 1, such connected A can
be realized as the range of the gradient of
a continuously differentiable bump (bounded
support) function b 4.

Step 1. The support function of a strictly
convex body

oc(z) ;= sup(y, z)
yel

leads to a bump

3V3
- |

bo(z) 1= max {1 — oo (~x)2,0})’

with range exactly C.

(0,0) (2,0

e T his is clearest for the case of an ellipse
E :={x: (Ax,z) < 1} where

op(y) = (Az, z)1/2
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Step 2. A disjoint sum then leads to

2.5

15

0.5

05

A Non-convex Gradient Range Vbq



Step 3. Build a flat patch on a bump range

(55
e ,
i A
S8
55
""I

Step 4. Superposing a bump on a flat patch
of another leads to

A Non-simply Connected
Gradient Range Vbc,uc,



e Step 5. Careful analysis leads, in the limit,
to the general result.

o Indeed, thereisa Cl bump b : R?2 — R such
that Vb(R?) is exactly the k-th approxima-
tion to the Sierpinski carpet (BFKL).

GRADIENT IN WHITE

A Multiply Connected Gradient Range



Fact 2 One can ‘seed’ an open dense set of
small measure with dilated bumps of constant
gradient range, A, forcing all limits to be A.

Reason. As observed by Ioffe, dilation and
translation do not effect the range. Consider

falz) = ioj 27" 1 pa(an + 2" 12)

n=0

sketched below.

Scaled bumps in one and two dimensions
Limiting blue subdifferential at right

v Now, Facts 1 and 2 prove Theorem 9.
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Two Open Questionsl

e Can one build an explicit example of a
function on R? with 8,f(x) = By?

e Is it always true in RY that the range of a
Cl bump’s gradient is semi-closed:

R(Vb) = cl — int R (Vb)?

— with enough smoothness this is true
(cN+1 Rifford, 2003).

e T he situation is quite different in infinite
dimensions (BFL, Deville-Hajek and oth-
ers). the interior may be empty and one
can achieve many strange sets.
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The First Million Digits of 7r|

e Pi as a random walk.



DERIVATIVES I: PROXIMALITY I

e A norm is Kadec-Klee (sequentially) if the
weak and norm topologies coincide (se-
quentially) on the boundary of the unit
ball, as in Hilbert space.

Theorem 10 Let C be a closed subset of a
reflexive Banach space X with a Kadec-Klee
norm.

(a) (Density) The set of points in X at which
every minimizing sequence clusters to a best
approximation is dense in X.

(b) (Projection) If in addition, the original
norm is Fréchet then
Ordc(z) C Opdc(Po(x))

where Po(x) is the (set of) best approxima-
tions of x on C'.

(c) In particular, in any Fréchet LUR norm
on a reflexive space, this holds for all sets in
the Fréchet sense with a single-valued metric
projection.
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Proof. (a) We may assume x, —q p and at
any of the dense set of points with

¢ € Opdc(z) #= 0
all minimizing sequences actually converge in
norm to p since

¢(zn —x) — do(x) = |lon — || — |lp — =,
and by Kadec-Klee xy, — p, and p = Po(x).

The Fréchet slice forces
the approximating sequence to line up

The corresponding subgradient is a proximal
normal to C' at p.



(b-c) Finally, when the norm is F-smooth,
simple derivative estimates show that any mem-
ber of dpd~(x) must lie in

Opdc(Po(x)).

v. This used to be hard.

e (Lau-Konjagin (1976-86)) X is reflexive
and Kadec-Klee iff best approximations al-
ways exist densely (or generically).

e [ heorem 10 easily shows the normal cone
defined in terms of distance functions is
always contained in the normal cone de-
fined in terms of indicator functions.

e In Hilbert space we may conclude

Orpdc(z) C Ordo(Po(x)),
where 0, denotes the set of proximal sub-
gradients.
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Random Subgradientsl

e Jodc is a minimal cusco for all closed C' iff
the norm is uniformly Gateaux.

e While dg is often too well behaved, /do(x)
IS not Lipschitz and choosing C wisely pro-
vides many counter-examples:

Vds(@) = /|1 — |lz]l]

Burke
Lewis
Overton

How random dgradients fail
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Two Open Questionsl

e Every closed set in every reflexive space
(every renorm of Hilbert space) admits at
least one best approximation.

(Stronger variant.) For every closed set
of every reflexive space the proximal nor-
mal points are norm dense in the norm
boundary.

v. Any counter-example is necessarily un-
bounded (and fractal-like)

e Every norm closed set in a reflexive Ba-
nach space with unique best approxima-
tions for every point in A (a Chebyshev
set) is convex.

[True in weak topology, and so in RN.]



L T N1 W sl VI W e NV LN IU\I] Al ITVIVAGE T W T TWALELNV W

Viete's formula
or Vieta's formula, ». the formula for n, derived from the infinite product for 2/z, namely
published in 1593, and generally regarded as the first use of an infinite product. (Named after the French
algebraist and geometer, Francois Viete or Franciscus Vieta (1540 - 1603), who introduced the use of
literals to algebra, but rejected the existence of negative numbers. He made original contributions to
trigonometry and the theory of equations, and decoded a complex code used by Philip II of Spain in his
war against the French, being accused of witchcraft for his pains.)
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Franciscus Vieta |

(1540-1603)

Arithmetic is absolutely as much science as
geometry [is]. Rational magnitudes are con-
veniently designated by rational numbers, and
irrational magnitudes by irrational [numbers].
If someone measures magnitudes with num-
bers and by his calculation get them different
from what they really are, it is not the reck-
oning’s fault but the reckoner’s.

Rather, says Proclus, ARITHMETIC IS
MORE EXACT THAN GEOMETRY. To
an accurate calculator, if the diameter is set
to one unit, the circumference of the inscribed
dodecagon will be the side of the binomial
[i.e. square root of the difference] 72—+/3888.
Whosoever declares any other result, will be
mistaken, either the geometer in his measure-
ments or the calculator in his numbers.



DERIVATIVES II and CONVEXITY I|
Duality Inequalitiesl

e T he following hybrid inequality is based on
the two-set Mean Value theorem of Clarke
and Ledyaev (94) and its Fenchel rework-
ing by Lewis & Ralph (96).

Theorem 11 (Three Functions) Let C C R"
be nonempty compact convex and let f and h
be Isc functions with dom (f) udom (h) C C.

For any Lipschitz ¢ : C — R there is z* €
dog(C) (the Clarke subdifferential) such that

(min(f —g) + min(h+g))
< —f*(z") —h"(=2") < min(f+ h).
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A Three Function Sandwich

e The smooth case (BF) applies the classi-
cal Mean value theorem to ¢t — ¢g(z(t)) for
an arc, T, on [0, 1] obtained via Schauder's
fixed point theorem.

e [ he nonsmooth case follows by ‘mollification’—
the limits lie in the Clarke subdifferential.

e Fenchel Duality is ‘recovered’ from g .= f.
Recall, f*(t) = sup,y(z) — f(x).



Finding the arc. We may smoothify since
(f + €| - ||2)* is differentiable.

Let M := 2sup{||c|]| : c € C} and
W :={z:[0,1] — C : Lip(z) < M}.

By Arzela-Ascoli, W is compact in the uniform
norm topology.

For x € W define a continuous self map T :
W — W by

¢ k 1 %
Tx(t) ::/va ngoa:—l—/t Vh*o (—=Vg)ox.

Since W is compact and convex, the Schauder
fixed point theorem shows there is x € W such
that z = T'z. That is,

t . 1 .
f(t)Z/OVf ngoT—l—/t Vh*o (—=Vyg) o.
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e A striking partner is:

Theorem 12 (Two Functions) Let C C R"
be nonempty compact convex and f proper
convex lower semicontinuous with dom (f) C
C. Ifa#1 and g : [C,aC] — R is Lipschitz
then there are z* € Opg([C,aC]) and a € C
such that

[9(aa) — g(a)]/(a = 1) — f(a) > f*(z7).

¢ Two pleasant specializations follow.

Corollary b Let C C R"™ be compact con-
vex and f proper convex lower semicontinuous
with dom (f) Cc C. Ifg: [C,—C] — R is Lip-
schitz then there are z* € 9gg([C,—C]) and
a € C such that

[9(a) — g(=a)]/2 = f(a) = f*(z7).

Hence
ff(z") <0
if f dominates the odd part of g on C.
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e [ he comparison of f to the odd part of g
reinforces the suggestion that fixed point
theory is central to these results.

Corollary 6 Let C C R"™ be nonempty, com-
pact and convex and f proper convex lower
semicontinuous withdom (f) C C. Ifg : [C,0] —
R is Lipschitz then there are z* € 9pg([C,0])
and a € C such that

fla) + f7(z%) < g(a) — g(0).

Hence
ff(z") <0

whenever f dominates g — g(0) on C.

e By contrast, this corollary can be obtained
and strengthened by variational methods.
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Theorem 13 Let A be nonempty open bounded
in @ Banach space and let g: A — R be Lips-
chitz. If x € int A and

t = inf{||2¥]| : 2* € 9pg(2),z € A} >0
then

sup (g(u) — tlju —z||) > g(z).
ucdA

v. Specialized to the unit ball with £ := 0 we
obtain, a la Corvallec:

Corollary 7 (Rolle Theorem) Let B be the
closed unit ball in R"™ and g : B — R a Lipschitz
function. Then there is x* € dgg(B) such that

¥« < max |g(a)l.
2" [l < max lg(a)

¢ Contrastingly:
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Corollary 8 (Odd Rolle Theorem) Let B be
the closed unit ball in R™ and g : B — R a
Lipschitz function. Then there is x* € 9gg(B)
such that

||CB*||>|< S maxg(a’) T g(—CL)
acB 2

e [ hat this last result is ‘topological’ is height-
ened by the following example (BKW):

Remark 2 Corollary 8 fails if B is replaced
by the unit sphere S. Indeed, there is a C1
mapping f : B C R2 — R such that

(i) f|S is even; but

(ii) f has no critical point in B.
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Two Open Questionsl

e [ he picture suggests that in the sandwich
theorem the slope is actually achieved by
a tangent. Is this true?

e Can one avoid using Brouwer’s fixed point
theorem in the proof—a variational proof?
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CONVEXITY II: BANACH SEQUENCESI

Convex function properties are tightly coupled
to the sequential properties of the spaces they

may inhabit. We finish by illustrating this in
three cases.

1. Finite dimensional spaces
2. Spaces containing ¢4

3. Grothendiek spaces.

Fact 3 (Josephson-Nissensweig) A Banach space
is infinite dimensional iff it contains a JN se-

quence: that is, a norm-one but weak-star
null sequence.

e [ his is easy in separable space—e.qg., the

unit vectors in ¢2—but appears hard in
general.
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Theorem 14 (a) Every continuous convex func-
tion finite throughout X is bounded on bounded
sets Iff (b) X is a JN space: weak-star and
norm convergence of sequences coincides iff
(c) X is finite dimensional.

Theorem 15 Every continuous convex func-
tion finite on X has f** finite on X** iff X s
a Grothendiek space: weak-star and weak
convergence of sequences coincides (e.g., in
reflexive space or £°°).

Theorem 16 Gateaux and Fréchet differen-
tiability agree for convex functions on X iff X
is a JN-space.

Theorem 17 Weak Hadamard and Fréchet
differentiability agree for convex functions on
X Iff X is a sequentially reflexive space:
¢l ¢ X iff norm and Mackey convergence of
sequences coincides.
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e many other similar

Proof of Theorem 14|
results for reflexivity,

[(a) implies (b)] Suppose {yn} is JN. Define  Schur spaces, etc
flx) =2 2" ¢(yn(a))

where ¢ > 0 is convex, continuous with ¥ (1) =
1 and ¥([0,1/2]) = 0.

Then f is continuous since the sum is locally
finite, and unbounded on By since f(zy,) > 271
for some x,, € By

[(b) implies (a)] if f > 0 is unbounded on
Bx, so by the MVT, is df. Thus, there is
Tn € By, zn € 9f(xn) and ||zn|| — oco. Then
yn = zn/||zn|| is JN. Indeed

f(x) — f(zn)
| 20|
Since the RHS < 1+ for all x in X. @

(yn, ) < (Yn,xn) + . 0.
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Two Open Questionsl

e Any two real valued Lipschitz functions on
Hilbert space are simultaneously densely
Fréechet differentiable. (L&P)

& True in the separable Gateaux case.

e A convex continuous function on separa-
ble Hilbert space admits a second-order
Gateaux expansion densely.

& True in finite dimensions.

¢ False for Fréchet or nonseparable ¢2.
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SECOND ORDER DIFFERENTIABILITY OF CONVEX FUNCTIONS
IN BANACH SPACES

JONATHAN M. BORWEIN AND DOMINIKUS NOLL

ABSTRACT. We present a second order differentiability theory for convex func-
tions on Banach spaces.

1. INTRODUCTION

The classical theorem of Alexandrov states that a convex function on R” is
almost everywhere second order differentiable. This was first proved by Buse-
mann and Feller [12] for functions on R? and later was extended by Alexandrov
[2] to R”. More recent proofs were obtained by Mignot [26], Bangert [6], and
Rockafellar [36].



Motivated by these infinite dimensional versions of Rademacher’s theorem,
the present work is to attack Alexandrov’s theorem in infinite dimensions. As
it turns out, the situation here is less promising than it is for Rademacher’s
theorem. For instance, Alexandrov’s theorem fails in the spaces /,, L,, 1 <
p < 2, and much to our surprise, even in nonseparable Hilbert spaces. This
leads us to focus on the case of separable Hilbert spaces. Here in fact, a positive
solution seems possible. As one of our central results here, we in fact obtain a
partial positive answer by proving a version of Alexandrov’s theorem for convex
integral functionals.

Seemingly, the third of the classical results of measure theoretic geometry, the
theorem of Sard, allows extensions to infinite dimensions only under compara-
tively strong hypotheses (see [1, 10]). In the light of our present investigation,
this is explained to some extent by the fact that there is a strong link between
Alexandrov’s theorem and a version of Sard’s theorem for monotone operators



We now f)rovide examples showing that strong second order diﬁ‘érentiability
and second order differentiability are nonequivalent in infinite dimensions.

Example 1. Let C be a closed convex set in Hilbert space H, and let P¢ :
H — C be the metric projection onto C, i.e., the nearest point mapping. Then
Pc is known to be the Fréchet derivative of a continuous convex function f
on H,ie., Pc=VFf, where

(3.10) fGx) = 3lIxI? = 3llx = Pex|?

(see [18] for details). As Pc is a Lipschitz operator, it is almost everywhere
Gateaux differentiable in the sense of Aronszajn [3] (see §4) when H is assumed
separable. Due to Theorem 3.1(1), this means that, on a separable H, f is
almost everywhere second order differentiable. However, even in a separable
Hilbert space, the set C may be chosen so that P is nowhere (norm) Fréchet
differentiable. By Theorem 3.1(2), f is then nowhere strongly second order
differentiable. We take H = L2[0, 1], andlet C = {f € H : |f| < | ael}.
Then, according to [18, §5], Pc is nowhere Fréchet differentiable. This shows
that Alexandrov’s theorem fails even in separable Hilbert space when based on
strong second order differentiability. A similar example would be obtained by
taking H =1,, C the positive cone in H (see [18, §5]).

Example 2 (Example 1 continued). The situation is even worse in nonseparable
Hilbert space. Here the set C may be chosen so that P- is nowhere Gateaux
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differentiable. So here, by Theorem 3.1(1), f is nowhere second order differ-
entiable, i.e., D} = @. Take H = L(I') with [T > Xo, and let C be the
positive cone in H. Then P, is nowhere Gateaux differentiable. This shows
that there is no chance for a version of Alexandrov’s theorem in nonseparable
Hilbert space.

Example 3. A different type of counterexample is obtained by considering con-
vex functions f on /; of the form

S =3 flxn),  x=(x),
n=1

with appropriate convex functions f, defined on the real line. Here f is
Gateaux differentiable at x = (x,) if and only if f/(x,) exists for every n.
A necessary condition for x € D} is the following: f/(x,) exists for every
n and the sequence is bounded. However, this is not sufficient to guarantee
X € D}, as shown in Example 2 in §6 by specifying the function f. Now one
may find f such that VFf = T : [, — I, is even a Lipschitz operator having
no Fréchet differentiability point at all, while, by Aronszajn’s result [3], T is
almost everywhere Gateaux differentiable. An explicit example of such T is [3,
§3, Example I], with the corresponding convex f being easily supplemented.
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In Memoriam|

In his ‘23" “Mathematische Problemée’ lecture to
the Paris ICM in 1900*, David Hilbert wrote

“Besides it is an error to believe that rigor
in the proof is the enemy of simplicity.”

- r

Simon Fitzpatrick! (1953—2004).

*See Ben Yandell's fine account of the Hilbert Problems and
their solvers in The Honors Class, AK Peters, 2002.
(He also died young in 2004.)

TAt his blackboard with Regina Burachik



MOTIVATION and GOALSI

To reduce as much of monotone operator theory
as possible to (elementary) convex analysis

To thereby illustrate (some of) Simon Fitzpatrick's
many fine contributions

To shed new light on the remaining open questions
(in non-reflexive space)

% Even convex objects are hard ..." %

An essentially strictly convex function with non-
convex subgradient domain and not strictly convex:

M5 Books in Mathematics

Optimization
| Theory and Examples

max{(z — 2)? +y? — 1, —(zy)/*}
4 JMB & J Zhu (Springer, 2005) JMB & A Lewis »




Most details will appear in: J.M. Borwein
Maximal Monotonicity via Convex Analysis
Fitzpatrick Memorial, JCA, 13—14, 2006.

» http://users.cs.dal.ca/~jborwein/mon-jca2.pdf

Coxeter’s favourite 4-D polytope
(with 120 dodecahedronal faces)






1. Preliminariesl

Throughout X is a real Banach space. The domain
of an extended valued convex function, dom (f), is
the set of values less than +o0o0. A point s is in the
coreof aset S (s € core S) when X = [Jy>g A(S—s).

Now z* € X* is a subgradient of f : X — (—o0, o]
at x € dom f provided that
fly) — f(x) > (=™, y — x)

for all y in Y. The set of all subgradients of f at
x is the subdifferential of f at x, denoted of(x).

We need the indicator function vo(x) which is zero
for x in C and +oo otherwise, the Fenchel conju-
gate f*(x*) ;= sup,{{(xz,z*) — f(x)} and the infimal
convolution

1 _ 1
PO I3 = inf { ") + S22 2t = y* + 27
When f is convex and closed

r* € 0f(x) exactly when f(x) + f*(z*) = (z,z").

Finally, the distance function associated with a
closed set C, given by dgo(z) :=inf.col|lx — ¢, is
convex if and only if C'is. Moreover, do = (0| - ||.
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Wesay T : X — 2X" is monotone provided that for
any z,y € X, and z* € T'(x),y* € T(y),

(y —xz,y" —x™) >0,

and that T' is maximal monotone if its graph is not
properly included in any other monotone graph.

e The convex subdifferential in Banach space*
and a skew linear matrix are the canonical ex-
amples of maximal monotone multifunctions

We save the notation J = Jx for the duality map

1
Jx(a) =20l = {z* € X* 1 |lz|? = [|2")|? = (z,2") }

e It is not an exaggeration to say the geometry
of Banach space devolves to a deep study of J

e [ he other foundational example is that of a
second order nonlinear elliptic PDE

*There are several nice variational proofs. One based on the
Mean value theorem follows.
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Outlinel

Our goal is to derive all key results about maximal
monotone operators entirely from the existence of
subgradients and Sandwich theorem shown below

Section 2 considers general Banach spaces
Section 3 looks at (a-)cyclic operators

Section 4 presents our central result on maximal-
ity of the sum in reflexive space

Section 5 |looks at more applications of the tech-
nigue of Section 4

Section 6 provides limiting counter-examples.



1 & Lol 2L

én any COHVéXS The Exist — ——
The followin € eXistence orf subgradients

on Three Slides e fundamental signifi-

cance of subgra

Proposition 3.1.5 (Subgradients at optimality) For any proper func-
tion f : E — (00, 400], the point T is a (global) minimizer of f if and only
if the condition 0 € Of(Z) holds.

Alternatively put, minimizers of f correspond exactly to “zeroes” of df.

The derivative is a local property whereas the subgradient definition
(3.1.4) describes a global property. The main result of this section shows
that the set of subgradients of a convex function is usually nonempty, and
that we can describe it locally in terms of the directional derivative. We
begin with another simple exercise.

Proposition 3.1.6 (Subgradients and directional derivatives) If the
function f : E — (00, 400] is convex and the point T lies in dom f, then
an element ¢ of E is a subgradient of f at T if and only if it satisfies

(9,-) < f'(x;).

The idea behind the construction of a subgradient for a function f that
we present here is rather simple. We recursively construct a decreasing
sequence of sublinear functions which, after translation, minorize f. At
each step we guarantee one extra direction of linearity. The basic step is
summarized in the following exercise.

Lemma 3.1.7 Suppose that the function p : E — (0o, +00] is sublinear
and that the point T lies in core (domp). Then the function ¢(-) = p'(Z;")
satisfies the conditions
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1) q(AZ) = Ap(&) for all real X,
0 o b Recall that
(ii) ¢ < p, and p is sublinear

and q(h)=p'(x;h)

(#4) ling D linp + span {ZT}.

With this tool we are now ready for the main result, which gives condi-
tions guaranteeing the existence of a subgradient. Proposition 3.1.6 showed
how to identify subgradients from directional derivatives; this next result
shows how to move in the reverse direction.

Theorem 3.1.8 (Max formula) If the function f : E — (c0,+00] is
convex then any point T in core (dom f) and any direction d in E satisfy

f'(@d) = max{(¢,d) | ¢ € Of(2)}. (3.1.9)

In particular, the subdifferential Of(Z) is nonempty.

Proof. In view of Proposition 3.1.6, we simply have to show that for any
fixed d in E there is a subgradient ¢ satisfying (¢,d) = f/'(Z;d). Choose
a basis {e1,e2,...,e,} for E with ey = d if d is nonzero. Now define
a sequence of functions pg,p1,...,p, recursively by po(-) = f/(Z;-), and
Pr(-) = pj_(ex;-) for k =1,2,...,n. We essentially show that p,(-) is the
required subgradient.
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“First note that, by Proposition 3.1.2, each pj is everywhere finite and
sublinear. By part (iii) of Lemma 3.1.7 we know

linpg D linpg_1 +span{e;} for k=1,2,...,n,

SO Py, is linear. Thus there is an element ¢ of E satisfying (¢, ) = p,(+).
Part (ii) of Lemma 3.1.7 implies p,, < pp—1 < ... < po, so certainly, by
Proposition 3.1.6, any point x in E satisfies

pu(r —T) <po(z — ) = f'(7;0 — ) < f(z) — f(T).

Thus ¢ is a subgradient. If d is zero then we have p,(0) = 0 = f'(z;0).
Finally, if d is nonzero then by part (i) of Lemma 3.1.7 we see

pn(d) < po(d) = poler) = —poler; —e1) =
—p1(—e1) = —p1(—=d) < —pn(—d) = pp(d),

whence py,(d) = po(d) = f'(2;d). m

Corollary 3.1.10 (Differentiability of convex functions) Suppose the
function f: E — (00, 4+00] is convex and the point T lies in core (dom f).
Then f is Gateaux differentiable at T exactly when f has a unique subgra-
dient at T (in which case this subgradient is the derivative).
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2. Maximality in General Banach SpaceI

For a monotone mapping 1', we associate the Fitz-
patrick function introduced in 1988 by Fitzpatrick.
It is

Fr(z,z*) ;= sup{(z,y") + (=™, y) — (v, v") 1 y" € T(y)}

which is clearly lower semicontinuous and convex
as an affine supremum. Moreover,

Proposition 1 (Fitzpatrick) For every maximal
monotone operator T one has

Fr(xz,z*) > (x,2)

with equality if and only if z* € T'(x).

e The equality Fp(z,xz*) = (z,z*) for =* € T(x)
requires only monotonicity not maximality.



Jon Borwein
Rectangle

Jon Borwein
Rectangle


e [ he idea of associating a convex function to a
monotone operator and exploiting the relation-
ship was neglected for many years after its in-
troduction until revisited by Penot, Simons, Si-
mons and Zalinescu, Burachik and Svaiter etc.

Proposition 2 A proper Isc convex function on a
Banach space (i) is continuous throughout the core
of its domain; and (ii) has a non-empty subgradient
throughout the core of its domain.

These two basic facts lead to:

Theorem 1 (Hahn-Banach sandwich) Suppose
f,—g are Isc convex on a Banach space X and
f(x) > g(x), for all x in X. Assume (CQ) holds:

0 € core (dom (f) —dom(—g)). (1)

Then there is an affine continuous function a such
that

f(z) 2 a(z) > g(z)

for all x in X.
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Proof. The perturbation or value function
h(uw) ;= inf f(z) — gz —u)
reX

is convex and (CQ) implies continuity at 0.* Hence
there is A € 0h(0), which is the linear part of the
affine separator. As needed, we have

f(z) —g(u—=x) > h(u) — h(0) > A(u). u

e WWe refer to constraint
qualifications like (1) as
transversality conditions

< CQ failure
e It is easy to deduce
complete Fenchel duality
—V/—x >z theorem from Thm 1

Proposition 3 For a closed convex function f and
f7:=[f+3|-°> we have that

o2 = pgdy 2
(F+3501-12) = 0301 11

iIs everywhere continuous. Also

v* € 0f(v) + J(v) & f7(v*) + fi(v) = (v,v") <O.

"Be C{f <M} —{g9 < M} = h|B. <2M.
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2a. Representative Functionsl

A convex function Hp is a representative function
for a monotone T on X x X™* if (i) Hp(x,z*) > (x, x*)
for all x,z*; (ii) Hp(x,z*) = (x,x2*) If * € T(x).

For T" maximal, Prop. 1 shows Fr is a representa-
tive function as is the (closed) convexification

Pr(x,z™)

N
inf Z )\i<w7;, ZU;k>
1=1

st.) N(z,xl,1) = (z,2%,1),2] € T(x;),\; > 0.
)

Proposition 4 (Penot) For any monotone map-
ping T, Pt is a representative convex function.

Proof. By monotonicity we have

Pr(z,z*) > (z,y) + (¥ z) — (¥, v),
for y* € T'(y). Thus, for all points

Pr(z,z") + Pr(y,y*) > (=", y) + (¥, 2).
By definition Pp(x,z*) < (x*,x) for o™ € T'(x).
Setting x = y and x* = y* shows Pr(z,z*) = (z*, x)
for x* € T'(x) while Pp(z,2*) > (z*,z) for (z*,z) in
convgraphT: (also for Pr). H
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2b. Monotone Extension Theoremsl

A direct calculation shows (Pp)* = Fp for any
monotone 1. This convexification originates with
Simons but was much refined by Penot.

We illustrate its flexibility by proving a central case
of the Debrunner-Flor theorem without Brouwer’s
theorem.

Theorem 2 Suppose T is monotone on X with
range contained in a Bxx, for some o > 0. Then

(a) For every zq in X there is z§ € CONV*R(T') C
a Bx+« such that (xzg,z3) is monotonically related
to graph (T).

(b) Hence, T' has a bounded monotone extension
T with dom (T)=X and R(T) C conv*R(T).

(c) Thence, a maximal monotone T with bounded
range has dom (T)=X.
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Proof. (a) It is enough, after translation, to show
xg = 0 € dom(T). Fix a > 0 with R(T) C C =
conv* R(T) C a Bx+.
Consider

mr(x) = inf{Pp(z,z*) : 2" € C}.
Then 7w is convex since Pr is. Observe that

PT(:B7 m*) > <£E, 33*>

and so wp(x) > infuco(x,z*) > —al|z|| for all z in
X. As x — infco(x,2™) is concave and continuous
the Sandwich Theorem 1 applies.

Thus, there exist w* in X* and ~ in R with
Pr(z,z™) > np(x) > (z,w")+y > infC<x,w*> > —allz|
r*e

for all x in X and x* in C C a Bx=.

Setting x = 0 shows ~ > 0. Now, for any (y,y™) In
the graph of T we have Pr(y,y*) = (y,y*). Thus,

(y—0,y" —w™) >~ >0,

which shows that (0,w™) is monotonically related
to the graph of T.

Finally, (z,w*) 4+ v > infyco(x,2*) > —a||z|| for all
r € X involves three sublinear functions, and so
implies that w* € C C a Bx=.
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(b) Consider the set £ of all monotone extensions
of T' with range in C C a Bx+, ordered by inclusion.
By Zorn's lemma £ admits a maximal member T
and by (a) T has domain the whole space.

(c) follows immediately. H

> R(T) - MBX* = T .= IﬂfX* PT(°,CE*) Z —MHH

x* € Onp(x) < np(x) + Fp(0,x*) = (x, x™)

e (a) holds on any w®*-closed convex set C in
Hilbert space (Brezis). Our proof applies if

xg € core (dom wp 4+ dom sup).
C

The full Debrunner-Flor extension theorem is next:

Theorem 3 (Debrunner-Flor) Suppose T is a
monotone operator on X with rangel C C for
some weak-star compact and convex C. Suppose
also 0. C — X s weak-star to norm continuous.
Then there is some c¢* € C with

(x — ("), 2" —=c*) >0
for all x* € T (x).



T heorem 4 T he full Debrunner-Flor extension the-
orem is equivalent to Brouwer’s theorem.

Proof. Phelps derives Debrunner-Flor from Brouwer
Conversely, let g be a continuous self-map of a
compact convex set K C int By in finite dimen-
sions.

Apply Debrunner-Flor to
the identity I on Byx and
to p: By — X given by
o(x) ;= g(Prx), where Py
IS the metric projection. We
have xé € Bx, xg =
p(zh) = 9(Pg xj) € K,

(x —xg,x —xp) >0

for all x € By.

Since zg € int By, for h € X and small ¢ > 0 we
have zg + eh € Bx and so (h,zg — zj) > O for all
h € X. Thus, zg = z§j and so Pxxy = Pgzg =
ro = g(Px xj)), is a fixed point of the arbitrary self-
map g. |




Apply Debrunner-Flor to
the identity I on Byx and
to ¢: By — X given by
o(x) ;= g(Prx), where Py
IS the metric projection. We
have 33‘8 € Bx, xg =
p(zg) = g(Pk zg) € K,

(x — xg,z —xg) > 0

for all x € By.

Since zg € intBy, for h € X and small ¢ > 0 we
have zg + eh € Bx and so (h,xg — z3) > O for all
h € X. Thus, zg = z§j and so Pxxy = Pgxg =
ro = g(Px xj), is a fixed point of the arbitrary self-
map g. |



2c. Local Boundedness Resultsl

Recall that an operator T'is locally bounded around
a point z if T'(B:(x)) is bounded for some ¢ > 0.

Theorem 5 (Simons, Veronas) Let S,T: X —
2X" be monotone operators. Suppose

0 € core[convdom (T) — convdom (S)].
There exist r,c > 0 so that, for all x with t* € T'(x)
and s* € S(x),

max([[£*[], [[s*[1) < e (r 4+ llzlD(r =+ [[t7 4 7).

Proof. Consider the convex Isc function*

(x — z,2%)

or(x) := sup :
s 2*eT(z) 1+ ||Z||

First, convdom (T") C domop, and 0 € core

U [z :os(@) <dllzll < i} —{z: op(@) <4, |lz| <d},
i=1

and apply conventional Baire category techniques—
with some care. |
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Corollary 1 Let X be any Banach space. Suppose
T is monotone and

xg € coreconvdom (7).
Then T is locally bounded around xg.

Proof. Let S =0 in Theorem 5 or directly apply
Proposition 2 to o7p. |

We can also improve Theorem 2.

Corollary 2 A monotone mapping T' with bounded
range admits an everywhere defined maximal
monotone extension with bounded range contained
in Conv*R(T).

Proof. Let T denote the extension of Theorem 2 (b)
Clearly it is everywhere locally bounded. The de-
sired extension T'(z) is the operator whose graph
is the norm-weak-star closure of the graph of

z — convT(x), since this is both monotone and is
a horm-w™* cusco.

Explicitly,

T(z) := Nesoconv*T'(B:(z))
(see ToVA). |
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A mapping is locally maximal monotone, or type
(FP), if (graphT~1)N(V x X) is maximal monotone
in V x X, for every convex open set V in X™* with
V NrangeT # 0.

e Simons showed subgradients are (FP). So are
maximal monotones on reflexive space (SF-P).

We may usefully apply Corollary 2 to
Th(x) :=T(x) Nn Bxx.

Often the extension, T; IS unique:

Proposition 5 (Fitzpatrick-Phelps) Suppose T

is maximal and n is such that R(T)Nnint By« # 0.

(a) There is a unique maximal monotone T, with
Th(z) C Tn(z) C nBx+

whenever My (x) =

{x*enB* (" — 2%, 2 —2) >0,V € T(z) Nnint By}
is monotone; in which case M,, = T,.

(b) This holds if T is type (FP) and Bxx is strictly
convex; so for any maximal monotone on a rotund
dual reflexive norm, e.q. Hilbert space.
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Proof. Since Tf,\»,, exists by Corollary 2 and since
Tn(z) C Mp(z), (a) follows. We refer to Fitzpatrick
and Phelps for the fairly easy proof of (b). H

* {ﬁl}nEN is @ non-reflexive generalization of the
resolvent -based Yosida approximate or the
Hausdorff-Moreau Lipschitz regularization of a
convex function.

In the (FP) case one also easily shows (F-P) that:
(D) Th(z) = T(z) NnBx+ if T(z)Nintn Bxs £ 0
(I) Tp(z) \ T(z) C nSx+.

e CIR(T) is convex if
cl R(Ty) is for T type (II)

« |function regularization

e For local properties (e.g.
differentiability) one may
replace T by Ty,




2d. Maximality of Subgradientsl

Theorem 6 Every closed convex function has a
(locally) maximal monotone subgradient.*

Proof. (Sketch) Without loss we may suppose
(0—2*,0—1x) >0 for all z* € of(x)
but 0 € 9f(0); so f(z) — f(0) < O for some T.

The Approximate mean value theorem (see [TOVA,

Thm. 3.4.6]) lets us find xn, J, c e (0,7] and
xy € 0f (xn) with

limsup (z,zn —c) < O,limsup (z}, %) < f(Z)— f(0) < 0.
n n
Now ¢ = 0z for some 6 > 0. Hence,
limsup (x}, xn) <O,
mn

a contradiction. T he locally maximal case follows

‘similarly’ on exploiting that f(xn) — f(c¢), and that
Of is dense type. |

*This fails in all incomplete normed spaces and in some
Fréchet spaces



2e. Convexity of Range and Domainl

Corollary 3 Let X be any Banach space. Suppose
that T is maximal monotone with coreconv D(T)
nonempty. Then

coreconv D(T) =intconvD(T) C D(T). (2)

In consequence dom (T') has both a convex closure
and a convex interior.

Proof. We first prove the inclusion in (2). Fix
x+ e By Cintconvdom (T) and, via Cor. 1, select
M = M(x,e) >0 so that T(x +cBy) C M Bxx.
For N > M define w*-closed nested sets

Tyn(x) :={z" : (x —y, 2" —y*) > 0,Vy" € T(y) N NBx+}.

By Theorem 2 (b), the sets are non-empty, and by
the next lemma, bounded, hence w*-compact. By
maximality of T', T'(xz) = NyTn(x) # 0, as a nested
intersection, and z is in dom (7T") as asserted.

Then intconvdom (T)) = intdom (T) and so the
final conclusion follows. |



Lemma 1 For z € intconvdom (T) and N suffi-
ciently large, T (x) is bounded.

Proof. A Baire category argument shows for N
large and v € 1/N Bx that =z + u € clconv Dy for

Dy = {Z: 2€ D(T)NNBx,T(z) NN By= #@}

Now for each z* € Tn(xz), since =z + u lies in the
closed convex hull of Dy, we have

(u, z*) <sup{{z—=xz,2*): 2" € T(z)NNBx,,2 € NBx}
< 2N? and so ||z*|| < 2N3. H

Another nice application is:

Corollary 4 (Verona) Let X be Banach and let
S T : X — 2X° be maximal monotone. Suppose

0 € core[convdom (T) — convdom (S)].

Then for any x € dom (T) ndom (S), T(xz) + S(x)
is a w*-closed subset of X*.

Proof. Theorem 5 shows bounded w*-convergent
nets in T'(x) + S(x) have limits in T'(x) + S(x). We
apply the Krein-Smulian theorem. H



e [ hus, we preserve some structure. It is still
open if T'4+ S must actually be maximal.

We may neatly recover convexity of int D(T) :

Theorem 7 (Simons, 2005) Suppose T is maxi-
mal monotone and int dom (T') is nonempty. Then
intdom (T') = int{z: (x,z*) € dom Fr}.

e Suppose T is domain regularizable: for £ > 0O,
there is a maximal Tz with H (D(T),D(1:)) <e¢
and core D(1;) # 0. In reflexive space we can
use

Te:= (T + N;BlX)_l .

Then dom (T') is convex.



3. Cyclic and Acyclic Monotone Operatorsl

For N =2,3,..., an operatorn 1" is N-monotone if

N

> Az, xp —xp_1) >0
k=1

whenever zj € T'(z) and g = x .

T is cyclically monotone if T is N-monotone for all
N € N, as holds for convex subgradients.

e Monotonicity = 2-monotonicity:
(1,1 — ®2) + (25,22 —21) > 0

e (N + 1)-monotone C N-monotone (Asplund):
(1,71 — x3) + (v5, 20 — z1) + (23,23 — x2) > 0.

e It is a classical result of Rockafellar that every
maximal cyclically monotone operator is the
subgradient of a proper closed convex function
(and conversely).

We recast this result to make the parallel with the
Debrunner-Flor Theorem 2 explicit.



Theorem 8 (Rockafellar) Suppose C is cyclically
monotone on a Banach space X.

Then C has a maximal cyclically monotone exten-
sion C, which is of the form |C = dfo| for some
proper closed convex function fc.

Moreover R(C) C conv*R(C).

Proof. We fix xg € domC,zj € C(xp) and define

n—1
fo(x) = sup {(zn,z—an)+ D (xf_1, 2k —Tp_1)}
2 €C(zy) k=1

where the ‘sup’ is over all n € N and all such chains.
The proof in Phelps’ monograph shows that

CcC:= ofc-
The range assertion follows because f- is the supre-

mum of affine functions whose linear parts all lie
in rangeC. This is most easily seen by writing

fo = gé with
go(z™) = iﬂf{z Lo Ztﬂ?j = $*7Zt’i =1,t; > 0}

for appropriate «; € R. |



The relationship of F5 and Jf is complicated:
(w,2%) < Fpp(z,2*) < f(a) + f*(z*) < Fps(z,z*)

< <£U, :B*> + L@f(ﬂi‘, iB*),

(see Bauschke et al.) Two central questions are:

Q1.

When is a maximal monotone operator T’
the sum of a subgradient 0f and a skew lin-
ear S?7 This is closely related to the behaviour
of

1

FL(x) :=/ sup  (z,2*(t)) dt
O zx(t)eT(tx)

when 0 € coredomT, then FLp = }“Laf = f
and we call T' (fully) decomposable.

Fitzpatrick’s Last Function *T

*The use of FLy originates in discussions I had with Fitz-
patrick shortly before his death.

T ‘inherits the differentiability’ of FLr.



Example 6. Consider the mapping
T(z,y) := (sinh(z) — ay?/2,sinh(y) — 041‘2/2)) .
Then

. <cosh(a:) —ay )

—ax  cosh(y)

which is monotone iff

o? < cosh(x) cosh(y)
T Y
for all x,y > 0. The right hand side is a separable conver function, and is
minimized at © = y = xo = coth(zg) = 1.199678.... So T is monotone iff
a? < sinh?(z¢) = 2.276717.. . ..
As before, the off-diagonal entries of DT are nonconstant and unequal,
so T is indecomposable.



Q1. When is a maximal monotone operator T
the sum of a subgradient 0f and a skew lin-
ear S?7 This is closely related to the behaviour
of

1

FLr(x) ::/ sup  (x, z*(t)) dt
O zx(t)eT(tx)

when O € coredomT, then FLp = FLyr = f
and we call T' (fully) decomposable.

Fitzpatrick’s Last Function *T

*The use of FLp originates in discussions I had with Fitz-
patrick shortly before his death.

T ‘inherits the differentiability’ of FLr.



A MONOTONE CONVERGENCE THEOREM FOR
SEQUENCES OF NONLINEAR MAPPINGS

Edgar Asplund

In this paper we prove a theorem generalizing the elementary theorem on
convergence of bounded, monotone sequences of real numbers, and also the
theorem of Vigier and Nagy, cf. [2, Appendice II] on the convergence of certain
sequences of symmetric linear operators on Hilbert space.

The paper consists of two sections. In the first we prove the main monotone
convergence theorem (Theorem 1) and apply it to prove a decomposition for
monotone operators which generalizes the decomposition of a linear operator into
symmetric and antisymmetric parts. In the second section we annlv Thearem 1

Q2. How does one dgeneralize the decomposi-
tion of a linear monotone operator L into a
symmetric (cyclic) and a skew (acyclic) part?
Viz

1
L= (L+L71x) + (L - Ll).



3a. Asplund’s approach to Q2I

Every 3-monotone operator such that 0 € T'(0) has
the local property that

(z,2") + (y,y") > (z,y") (3)
whenever z* € T(x) and y* € T(y). We call a
monotone operator satisfying (3), 3~ -monotone,
and write T'">5 S If T =S+ R with R being N-
monotone (T >, S if R is cyclically monotone.)

Proposition 6 (Dini Property) Let N be 37,3, 4,

.., or wg. Consider an increasing (infinite) net
of monotone operators on a space X, satisfying
O<NTa<NTIg<oT
ifa < B € A. Suppose that 0 € T,(0),0 € T(0) and
that O € coredomT'. Then

a) There is a N-monotone T, with To <y Ty <o
T, for all o € A.

b) If R(T) C MBx~» for some M > 0 then one may
suppose R(T4) C MBxx.



Proof. a) The single-valued case. Since 0 <5
To <o Ty <o T, while T(0) = 0 = Tn(0), we have

for all x in domT'. This shows (x,T,(x)) converges
as a goes to co. Fix e > 0,M > 0 with T(e By) C
M Bx«. We write Tg, = Tg —Tn for § > «, so that
(Tgor, ) — 0 for x € domT as «a, 3 — oo.

We appeal to (3) to obtain

(@, Tga(x)) + (¥, T3a(y)) = (Tpa(z),y), (4)
for z,y € domT. Also, 0 < (z,Tg,(x)) < e for
B>a>~(x) for all x € domT.

Now, 0 < (y, T3, (y)) < (y, T(y)) <eM for |y|| < e
Thus, for |ly|| <e and 8> a > vy(x) we have

e(M +¢) <5U7Tﬁa($)> + (v, T (y)) (5)
(2, Tga(x)) + (¥, T3a(¥))
<yaTﬁa($)>

from which we obtain [[Tg,(x)|] < M + ¢ for all
r € domT, while (y,T3,(x)) — 0 for all y € X.

AVARAVARLY,

We conclude that {Th(x)},c4 IS @ norm-bounded
weak-star Cauchy net and so weak-star convergent
to the desired N-monotone limit T 4(x).


Jon Borwein
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The set-valued case uses (3) to deduce that Tz =
To + T3, Where (i) Tg, C (M + €)Bx+ and (ii) for
each t;a € Tz, One has t;a —* 0 as «a,B — oo.
The conclusion is as before but somewhat more
technical.

b) Fix z € X, and apply (3 to T, to write

(Tz,z) + (Ty,y) = (Tax,z) + (Tay,y) = (Tax,y)
for all y € D(T) = X, by Theorem 2 (c). Hence
(Tz,x) + Myl = | Taz|| |yl V| lyll

Let ||y|]| — oo to show Ty (z) lies in the M-ball, and
since the ball is weak-star closed, so does T 4(x).

T he set-valued case is analogous but . N

e 0 <5 (—ny,nx) <o (—y,z) for n € N, shows the
need for (3) in the deduction that Ty, (z) are
equi-norm bounded.



% (Daniel property) If X is an Asplund space,
the proof of Prop 6 can be adjusted to show

T4(x) = norm— lima—oo T (x)

Definition 1 We say a maximal monotone oper-
ator A is acyclic if whenever A =0g+ S with S
maximal monotone and g closed and convex then
g IS necessarily linear.

We provide a broad extension of Asplund’s original
idea:

Theorem 9 (Asplund Decomposition) Suppose
T is maximal monotone with coredomT # ().

a) Then T may be decomposed as T = Of + A,
where f is closed and convex while A is acyclic.

b) If the range of T lies in M Bxx then f may be
assumed M-Lipschitz.

& There is a like N—cyclic decomposition.



A Hilbert curve in 3D
IS more constructive

Proof. a) We normalize so 0 € T(0). Zorn's
lemma applies to the cyclically monotone operators

C={C:0<,C<T,0eC(0)}

in the cyclic order. By Prop. 6 every chain in C
has a cyclically monotone upper-bound.

Fix a maximal C with 0 <,, C <5 T. Hence
T = C + A where by construction A is acyclic. Now,
T=C+ ACof+ A, by Rockafellar's result. Since
T is maximal the decomposition is as asserted.

b) We use the facts that (i) 0 <3- U <o T im-
plies ||U(x)|| < ||[T(x)|| for all £ and (ii) an M-
bounded cyclically monotone operator extends to
an M-Lipschitz subgradient—as Theorem 8 con-
firms. H



By way of application we offer:

Corollary 5 Let T be an arbitrary maximal
monotone operator I'. For u > 0 one may decom-
pose

TN pBxs C Ty = 0fu+ Ap,

where f,, is p-Lipschitz and A, is acyclic
(with bounded range).

Proof. Combining Theorem 9 with Proposition 5
we deduce that the composition is as claimed. R

e In Corollary 5, range A, is bounded. Thus, it
iIs only skew and linear when T’ is cyclic—so a
non-cyclic range bounded monotone operator
is never fully decomposable in the sense of Q1.

e [heorem 9 et al are entirely existential: can
one prove Theorem 9 constructively in finite
dimensions?

e How does one effectively diagnose acyclicity?



An Acyclic Monotone Operatorl

A concrete example in R2? is implicit in these
servations (JMB-Wiersma).

* By: rotation by 6 < /2 SN 47
e Ry: the range restriction | =SSty 171777
————NANAN
to By extended to be max- s AR A
e AN\ S
imal with range in Bj. B AN I
- . N et
e CONJECTURE Ry is | 7777 NS
: TR NN ———
acyclic. I NN,
00T T T T VATV NN NN
Theorem. Let
a(zx) .= /1 —-1A 5 B(x) (= 1AN—.
|| ||
Then
o) = @) R 137) + 06 1
IS acyclic.

» The proof is delicate and needs T2 = —1.



3b. Fitzpatrick Functions of Order Nl

e T he Fitzpatrick function of order N is:

k=1

N—-1
ff_zjy(ib,a?*) = a:?vusz {(xl,x*> —|— Z <xk_|_1 — xk,x}:,)}
where zj € T'(z) for 1 <k < N — 1.

e | he Rockafellar function of order N is:

R (x,x1,23) 1 =
N-2
SUD<x_$N—17$}k\/‘_1> + Z Li41 — L4 X *>
i=1
for #% € T(x1), = € X and N > 3, over all
r; € T(xg) (for 2< k<N -—1).

Then F¥ = (77%0)* = supFy, P = infPY,
and Ry :=sup RY. Moreover, for a maximal N-
monotone 7" we have

]:jjy(x,x*) > (x,x™)
with equality if and only if 2* € T'(x).



We recast Rockafellar’'s Theorem 8:

Theorem 10 Suppose A is cyclically monotone.
For a] € A(a1), © — Ra(x,a1,a]) is closed and
convex and R (ay,a1,a7) = 0 . Also for every
r € X, A(x) C ORa(x,a1,a}). When A is maximal
cyclically monotone one has A = OR 4. Moreover,
for every closed f satisfying 0f = A, one has

f(z) — fla1) = Ra(x,a1,a]) forx € X.

We now connect the infinite Fitzpatrick function
to the Rockafellar function.

Theorem 11 (Bartz-Bauschke-Borwein-Reich -
Wang) Let A be cyclically monotone. For each
closed convex function f on X such that A C Of
one has

FX(z,z*) = f(z) + sup (z%,a1)— f(a1),
ajc€A(ay)

for (z,z*) € X x X*. If actually dom A = domaf
then

Fi(z,z*) = (f@ f)(z,z") = f(z) + [ (@),
for all (z,z*) € X x X*.



The Fitzpatrick Functions of a Rotationl

Theorem 12 (BaBW) Let 0 € [0,7/2] and
A, — cosf —sind
= \sing cos6 |

1.0 = 0. then Ay = I = V& -|]? is cyclically
monotone, F® = 12 @ 2 and n>2

22 + [ul?) + (@, u). (6)

3ll- 2|| |

Fi': (z,u) — n—1<

2. 0€10,7/2]. Forn > 2, ifn € [2,7/0[, then Ay
is n-cyclically monotone and

n . o Sin(n— 1)6 2 2
Fliyt (2,u) = = (|l + [lul?)
sin 6

ALy (7

Sinn9<x’ 0 u) (7)
For 7/0 € N, Ay is (w/0)-monotone and

0
Fir’ = tGraph 4, + (+°): (8)

If n € |n/0,+inf[, then Ay is not n-cyclically
monotone since F”0 = +o0.
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4. Maximality in Reflexive Banach SpaceI

We begin with:

Proposition 7 A monotone operator 1T' on a re-
flexive Banach space is maximal iff the mapping
T(-+ x) 4+ J is surjective for all x in X.

Moreover, when J and J—1 are both single valued,
a monotone mapping T is maximal if and only if
T + J is surjective.

Proof. We prove the ‘if’'. The ‘only if' is com-
pleted in Corollary 8. Assume (w,w*) is monoton-
ically related to the graph of T'. By hypothesis, we
may solve w* € T'(x + w) + J(x). Thus w* = t*+ j*
where t* € T(x + w), 7* € J(x). Hence,

0 < (w—(w+uz),w" —t%
= —(z,w" —t*) = —(z,5%) = —||lz|* < 0.

Thus, j7* = 0,z = 0. So w* € T'(w), and we are
done. B



We now prove our central result whose proof—
originally hard and due to Rockafellar—has been
revisited over many years culminating in recent re-
sults of Simons, Penot, Zalinescu among others:

Theorem 13 (Sum) Let X be reflexive, let T be
maximal monotone and f closed and convex. Sup-
pose 0 € core {convdom (T) — convdom (0f)}. Then

(a) Of +T + J is surjective.
(b) Of + T is maximal monotone.
(c) Of is maximal monotone.

Proof. (a) We consider the Fitzpatrick function

Fr(z,z*) and f;(z) = f(z) + 1/2[]z|°.

Let G(z,2%) := —f;(z) — f(—2"). Observe that
Fr(xz,*) > (z,2*) > G(z,z")

pointwise thanks to the Fenchel-Young inequality
fr(z) + f7(=2%) > (z, —a"),

for all x € X,x* € X™*, along with Proposition 1.

The (CQ) assures the Sandwich theorem applies
to Fr > G since f} is everywhere finite by Prop. 3.



Then there are w € X and w* € X* such that

Fr(z,z*) — G(z,2%) > w(z™ - 2%) +w*(z —2) (9)

for all xz,x™ and all z,z*. In particular, for * € T'(x)
and for all z*, z we have

(x —w,z" —w") + [fj(z)+ f7(=27) + (2, 27)]

> (w—z,w" —2¥).

Now use the fact that —w* € dom (9f7}), by Prop.
3, to deduce that —w* € 9f;(v) for some v and so

(v—w,z" —w*) + [fy()+ fr(=w") + {v,w")]

> (w—v,w* —w*) =0.

The second term on the left is zero and so by
maximality w* € T'(w). Substitution of x = w and
* = w* in (9), and rearranging yields

(w,w) + {{(=2"w) — f;(=27)}
+ {(z,—w") = f;(2)} <0,

for all z,z*. Taking the supremum over z and z*
produces (w,w*) + f;(w) + f5(—w*) < 0.



This shows —w* € 9f;(w) = 9f(w) + J(w) via the
sum formula for subgradients, implicit in Prop. 3.

Thus, 0 € (T + df;)(w). As all translations of
T 4+ 0f may be used, while (CQ) is undisturbed,
we see that (0f +T) (x+-) + J is surjective which
completes (a).

(b) 0f + T is maximal by Proposition 7.

(c) Setting T'= 0 we recover the reflexive case of
the maximality for a Isc convex function. |

Recall that the normal cone Ngo(x) to a closed con-
vex set C' at a point x in C is No(x) = 9o (x).

Corollary 6 The sum of a maximal monotone op-
erator T and a (necessarily maximal) normal cone
N on a reflexive space is maximal monotone when-
ever the transversality condition

0 € core[C — convdom (T)]
holds.



e In particular, if T' is monotone and

C := clconvdom (T)

has nonempty interior, then for any maximal
extension T the sum T + Ng is a ‘domain pre-
serving’ maximal monotone extension of 7.
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Einstein, 1924

e “Quantentheorie des einatomigen idealen Gases”

e On Bose-Einstein condensates, in Paul Ehren-
fest’ papers in Leiden. Confirmed in 1995.



Corollary 7 (Rockafellar) The sum of maximal
monotone operators Ty andT», on a reflexive space,
iIs maximal when the transversality condition

0 € core[convdom (1T7) — convdom (15)] holds.

Proof. Theorem 13 applies to the product
T(x,y) := (T1(x),T>(y)) and the indicator function
flx,y) = L{z=y} Of the diagonal in X ® X.

We check that the given transversality condition

implies the needed (CQ), asin Theorem 13. Hence,

T+ JIJxgx + én{x:y} is surjective. Thus, so is
Th+ 1T+ 2J

and we are done. |

e One may easily replace the core condition by a
relativized version—wrt the closed affine hull.

We re-record that Fys(z,z*) < f(x) + f*(=*), and
that we have exploited the beautiful inequality
Fr(z, ") + f(x) + f*(—2") > 0, (10)

for all x € X, z* € X™*, valid for any maximal
monotone T' and any convex function f.



Ludolph’s Rebuilt Tombstone in LeidenI

Ludolph van Ceulen (1540-1610)

e Tombstone reconsecrated July 5, 2000.



4a. The Fitzpatrick Inequalityl

We have a stronger Fitzpatrick inequality

le(ZC,$*> _I_ fTQ(xa —LU*) Z 0 (11)

for all x € X, z* € X*, valid for any maximal
monotone 77,75. By Proposition 1

Fr(z*,z) > sup (z,y*)+ (z*,y) — Fr(y,y*)
y*eT (y)

= Fr(z,z") (12)
and we clearly have an extension of (11) in that
H(z, 2*) + HZ(z, —2*) > 0,
for any representative functions Hi and HZ. Let-

ting Fg(z,z*) 1= Fg(z, —z*), we may establlsh

Theorem 14 (Sums) Let S and T be maximal
monotone on a reflexive space. Suppose that*

0 € core{dom (Fr) — dom (./FE)} as happens if
0 € core{convgraph (T) — convgraph (—S)}.

T hen
O € range(T + S).

*This works for any representative functions.



Proof. We use Fenchel duality or follow the steps
of Theorem 13. We have p € X, A € X*, 8 € R with

Fr(z,z*) — (z,A) —(,z") + (1, A) > B

> —Fs(y, =y") + (¥, A) — (1, y™) — {1, A),
for all variables z,y, 2*,y*. Hence for z* € T'(x) and
—y* € S(y) we obtain

(=™ =) 2 B2(y—pmy +A).
If 3 <0, we derive that —\* € S(u) and so 3 = 0;
consequently, X € T'(x) and since 0 € (T4 S)(w)
we are done. If 8 > 0 we argue first with T'. |

e A graph (CQ) is formally tougher than a do-
main (CQ) as convgraph (J,2) is the diagonal
in /2 ® (2 =dom (Fj5). while

*\y . * (|2
Fiaw,a®) = e + a1
yielding a simple proof in ¢2 of Cor. 8 below.
e Zalinescu has adapted this to extend results

like those of Simons in the reflexive case: the
sum has a semi-convex graph.
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Corollary 8 (Rockafellar-Minty surjectivity the-
orem) For a maximal monotone operator on a re-
flexive Banach space, range (T + J) = X*.

Proof. Let f =0 in Theorem 13. Alternatively,

2 * |2
on noting that F;(z, z*) < =] E”x ” . we may apply
Theorem 14. B

4b. Extensions to Non-reflexive SpaceI

Let T denote the monotone closure of T in
X* x X*. That is, * € T(2**) when

inf (" —y*, 2™ —y) > 0.
y*eT(y)< Y y) >

Recall that T is type (NI) if

inf (2" —y", 2™ —y) <0
y*ET(y)< Y y) <

for all z** € X** z* € X*:
Corollary 9 (Gossez for (D)). For T type (NI)
R(T + 0f* + J*) = X*.

Proof. Mimic the steps of Theorem 13. |



4c. A Non-reflexive Sum Rulel

Theorem 15 Suppose that A and B are maximal
monotone in Banach space. If either

a) int D(A)Nnint D(B) is nonempty;

b) int D(A) N D(B) #= 0 while D(B) is closed and
convex; or

c) (Voisei) Both D(A),D(B) are closed and con-
vex and

0 € coreconv{D(A) — D(B)}. (13)

Then A+ B is maximal monotone.

Let
Sapee) = it {Fa(eu) + Pl o))
Wy p(e,a®) = inf {Pa(e,u*) + Pplz,v™)} .

{u*+v*=z*}



Proof. Voisei (2005) shows, as in §5, that (13)
implies the lower-semicontinuity and attainment of
® 4 p as the conjugate of W4 g. Hence

dDA,B(a:,x*) > (x, 2™)
with equality if and only if z* € (A + B)(z).

Moreover,

FarB S PaB < Payp.
Hence A + B is maximal iff

Faqp(x,z™) > (z,z7), (14)
for all z, ™. Now all three conditions imply that

conv D(A) Nnconv D(B) C D(A+ B)™Y,

since D(A) is convex when D(A) has nonempty
interior. This in turn implies (14). |

Corollary 10 Suppose thatT is maximal monotone,
C is closed and convex while C Nint D(T) # 0.

Then T + Ng is maximal monotone.

In particular, when D(T) has nonempty interior,
then T is of type (FPV).



4d. The Case of a Subgradientl

We can significantly improve the result in this case:

Theorem 16 SupposeT is maximal monotone and
f is convex and closed. Suppose dom fNnint D(T)
is nonempty. Then T + 0f is maximal.

Proof. We use Fr ¢(x,x*) 1=
fl@)+ sup {{z,y") + (y,2") — (v, y") — f(¥},
y*€T(y)
with conjugate Pr ¢(z,z*) =

f(x) +convyeer, ) {(wi, vi) — f(wid}-
We define Vr ¢(z,x*) :=f(x) + (Fr ¢(z, )Of*)(z).
Then

fT’f(f,ZC*) < VT’f(m,ZE*) < PT’f(ZC,QZ*),

and (@) Fr f(z,z*) < (z,z*) for (x,z*) monotoni-
cally related to Gr(T' + 9f) while (b) Vr ¢(z,z*) >
(x,x*) for all x,xz* with equality exactly for x* €
T(x) + df(x). (c) The (CQ) ensures Fr ¢ repre-
sents T+ 0f. As before

]:T,f(fﬁax*) = (z,2") = PT,f(aJ,az*) = (z,z").
[Note: fT,O = Fr PT,O = fT] H



5. Further Reflexive Applicationsl

Another very useful result is:

Theorem 16 (Composition) Suppose X and Y
are Banach spaces with X reflexive, that T is max-
imal monotone operatoronY, and that A: X — Y,
iIs a bounded linear mapping. Then

TAZZA*OTOA

iIs maximal monotone on X whenever

O € core(range (A) + convdomT)

Proof. Monotonicity is clear. To obtain maximal-
ity, use the Fitzpatrick inequality (11) to write

f(z,2") + g(z,2™) > 0,

where

f(z,z*) ;= inf{Fpr(Az,y*): A"y" = 2™}
and
1

1
2 * 112
= —||lz||©” + =||z"||*.

g(z,z™) :



Apply Fenchel's duality theorem—or use the Sand-
wich theorem directly—to deduce the existence of
T € X,TF € X* with

@z +g°(@",7) <0. (15)

Carefully using the standard formula for the conju-
gate of a convex composition —we have for some
¥ with A™y* =™

ff(@*,z) = inf{Fr(Az,y"): A"y* =7z"}
min{Fr(y*, Az): A*y* =7"}
Fr(y*, Az) > Fr(AZ,7"),
the last inequality following from (12). Moreover,

1 1
¥ f—k — —112 *—% 12
== ~ 1A% T2,
g" @, 2) = S|zl + S 4"F|
Thus, (15) implies that
{ Fr(az,v) - @', Am)}
1 1
+ {JIEP + 1A 1P + @ An | <.

We see that 3* € T(Axz), —TF = —A*y* € Jx(T),
since both bracketed terms are non-negative. Hence,

0 € Jx(@) + Tx(Z).



In the same way if we start with
flz,2*) ;= inf{Fp(Ax,y™): A%y" = 2™ + z3},

1 1
9(a,a") = Sl + Sla"? ~ (2, 2),

we deduce, z{ € Jx(x) + T4 (x). This applies to all
domain translations of 7T'. As in Theorem 13, this
is sufficient to conclude Ty is maximal. |

e [ his recovers the reflexive case of the formula
that A*0f(Axz) = 0(fA)(x) with the same (CQ).

e A recent paper [Bot et al] relaxes the (CQ) to

{(A%y", Az, r) s Fr(Az,y*) <r} (16)
is relatively closed in X* x R(A) x R.

e Application of Theorem 16 to

T(z,y) := (T1(z), T>(y)),
and A(x) := (x,x) yields Ty(x) = T1(x) +T1>(x)
and recovers Theorem 13. With more effort
one may equally embed Theorem 16 in Theo-
rem 13.



Note only X need be reflexive. A key case of The-
orem 16 is a reflexive injection.

Corollary 11 Let T be maximal monotone on a
Banach space Y. Let . denote the injection of a
reflexive subspace Z CY into Y.

Then Ty .= . oT o is maximal monotone on Z if

O € core(Z + convdomT).

Hence, if O € core (convdomT), then T, is maximal
for each reflexive Z.

e In this case, (16) implies the result holds when

{W*z,2,7): Hp(z,y") <r,z€ Z}
is relatively closed in Z* x Z x R
What happens generally 7*

*Conjecture: ‘most’ subspaces behave well = T is (FPV)
and so D(T) convex.



Conjectural DetaiIsI

1. For a Isc representative Hp and dim F' < oo, if

Hr (v, v*) i= inf{Hp(y,z*): «*|F = y*}
is Isc on F' X F* then Tr is maximal.

2. Equivalently, this holds if

epiH + {0} x F+ x {0} (17)
is closed.

3. Hence, if (17) holds for ‘most’ F meeting dom T,
we have a net of approximating ‘nice’ maximal
monotone (e.g., FPV, FP) operators.

Example 1 Consider T'(xq,x5) := df(x1,x>) and
Hr(zy, zo, 2%, 2%) 1= f(z1,22) + f*(a%, 2%) where
f(z1,22) ;= max{|z1|,1 — \/z2}, zo >0

{(J=%] — 1) v a3}
4xo

a1, 23) = — (Jz1] = 1) v 23,

and |z7| < 1,25 < 0. Then (only) Trxo s not
maximal and, necessarily, HT X0 s not Isc.



A Dense Limiting ExampIeI

Example 2 Let C be closed convex and bounded

in an infinite dimensional Banach space X and fix
xg 7= 0 in X. Define

folx) :=inf{teR: x+txg € C}.
Set ci :=x — fo(x)xg € C. Then fo is closed and

convex and has no global minimum. Moreover,
Ofc(x) = 0fc(cz). This implies that

domafo C supp C + Rxg
Now arrange that O € C', that

Y (\span (CU{zg}) =0
for a dense subspace Y, while span C is also dense.

It follows that (0fc)r fails to be maximal for every
non-trivial finite dimensional subspace F C Y.

Explicitly, take the (norm-compact) Hilbert cube
K = {zx € ly: |zp| < 1/2",¥Vn € N} and zg =
(1/2™) so that
fr(x) :=sup|2" xp — 1|,
neN

and take Y \ {O} to contain only more slowly de-
creasing seqguences.



5a. Variational Inequalitiesl

T is coercive on (' if

inf YT —
y*ET(y)+8LC(y)<y y*) /|yl — oo

as y € C goes to infinity in
norm.?

9This may be weakened signifi-
cantly, especially if 0 € C.

A variational inequality M(T,C) requests a solu-
tion y e C and y* € T'(y) to

(y*,z —y) >0 Vo € C.
Equivalently

0 € T(y)+ Nc(y)
or

0e€T(y)+ 0c(y).

e [ his models the necessary condition

(Vf(z),c—z) >0
for all ¢ € C.



Corollary 12 Suppose T is maximal monotone on
a reflexive space and is coercive on the closed con-
vex set C' while O € core (C — convdom (T')). Then
V(T,C) has a solution.

Proof. Let f := (o, the indicator function. For
n=1,2,3---, let T, ;=T + J/n. We solve

0 € (To+0:0) () = (T + i) + T () (18)

and take limits as n goes to infinity.

More precisely, Theorem 13, yields y, in C', and

yn € (T'+ 0vc) (Yn), 35 € J(yn)/n with vy = —j7.
Then

1 1

mn mn

and so coercivity of T 4 dvc implies that ||ynl|l re-
mains bounded and so j; — 0. We may assume

Yn —7 Y.

Since T4+ Jv is maximal monotone (again by The-
orem 13), it is demi-closed. It follows that
0€ (T+ 9dx)(y), and y is as required. N



Letting C := X in Corollary 12 we deduce

Corollary 13 Every coercive maximal monotone
operator on a Banach space is surjective if (and
only if) the space is reflexive.

Proof. To complete the proof we recall that, by
James’ theorem, surjectivity of J is equivalent to
reflexivity of the corresponding space. |

We may improve Corollary 3 in the reflexive setting:

Theorem 17 Suppose T is maximal monotone on
a reflexive space. Then dom (T) and range (T)
have convex closure (and interior).

Proof. Without loss, we assume 0O is in the clo-
sure of convdom (T'). Fix y € dom (T), y* € T(y).
Corollary 8 applied to 7'/n solves w}/n + jF = 0
with w) € T(wny), j; € J(wn), for integer n > 0. By
monotonicity

1 1 .
(YT Y —wn) 2 —(wp,y — wn) = lwnll® = (s v)
where [|wy||? = [|75]|2 = (5, wn) and wy, € dom (T).



We deduce sup,, ||wn|| < co. Thus, () has a weak
cluster point j*. Thence, denoting D := dom (T")

_ n—oo

= inf (5%, v) <57l dconv p(0) = 0.
yeconv D

We have shown that clconvdom (T") C cldom (T)
and so cldom (T') is convex as required.

As range (T) = dom (T~1) and X* is reflexive we
are done. H

d%(0) < liminf [|ws]|? < inf (5*,y)
yeD

More generally:

Theorem 18 (Fitzpatrick, Phelps) Every locally
maximal monotone operator on a Banach space
has clrange’l’ convex.

Proof. We suppose not and then that there are
+2* in clrangeT of unit-norm but with midpoint
O € clrangeT.



Proof. We build the ball
B := conv {£22", a B}
where 0 < a < 1/2 is chosen with
(rangeT) N2aBy = 0.
We extend TmB' as in Prop. 5, so that
R(T) C clconv {R(T)NB} and R(T)\R(T) C bd B'.
It follows that
rangeT C (R(T)NB) | J(clconv {R(T)mBl}ﬂbd B/).

Hence range T is weak-star disconnected. As T
IS @ weak-star cusco it has a weak-star connected
range which contradicts the construction. H

B (red), a Bx= (yellow) and 2a By= (grey)



Corollary 14 Suppose T is maximal monotone on
a reflexive Banach space X and is locally bounded
at each point of cl dom (T). Then dom (T) = X.

Proof. Observe dom (7)) must be closed and so
convex. By the Bishop-Phelps theorem, there is
some boundary point £ € dom (7") with a non-zero
support functional z*.

Then T(xz) 4+ [0,00)T* is monotonically related to
the graph of T'. By maximality

T(z) + [0,00) T = T (T)

which is non-empty and (linearly) unbounded. W



6. Limiting Examples and Constructionsl

e It is unknown outside reflexive space whether

cl dom (T') must always be convex for a maxi-
mal monotone operator

e Reflexivity in Theorem 17 may be relaxed to
R(T 4+ J) is boundedly w*-dense—as an exam-
ination of the proof will show

We do however have the following result:
Theorem 19 (JB-SF-Vanderwerff) TFAE.
(a) A Banach space X is reflexive

(b) intrange (9f) is convex for each coercive Isc
convex function f on X

(c) intrange (T') is convex for each coercive maxi-
mal monotone mapping T'.



Proof. Suppose X is nonreflexive and p € X with
|p| = 5 and p* € Jp where J is the duality map.
Define

1
f(@) = max{ [lz]%, o F pl| - 12 (")}
for x € X. By the max-formula, for x € By,
Of(£p) = Bx+ £ p*,0f(z) = Jx (19)
using inequalities like ||p — p|| — 12 4+ (p*,p) = 13
25 _ 1.2
> = = 5||pll<

Moreover, f(O) = 0 and f(x) > 2||:L'|| for ||z|| > 1,
thus [|z*]| > 2 if * € 0f(x) and ||z|| > 1. Combining
this with (19) shows

1 1
range (0f) N EBX* = range(J) N §BX*'

Let U .= Ux+ denote the open unit ball in X*. Now
James’ theorem gives z* &€ %UX* \ range (J), thus
Ux+ \ range (9f) # (. However, from (19)

UcCconv{(p*+U)U(—p*+U)} C convint R(f)

so range (0f) has non-convex interior. This shows
that (b) implies (a) while (c) implies (b) is clear.

Finally (a) = (c¢) follows from Theorem 17. |



e Every locally maximal operator 1" has clrangeT
convex (Fitzpatrick-Phelps)

Observe the two roles of convexity in the proof
of (a) & (c). One often uses the same logic to
establish a result of the form

“Property P holds for all maximal monotone
operators if and only if X is a Banach space
with property QQ.”

Two other examples are:

e “Every monotone operator I’ on a space X Is
bounded on bounded subsets of intdom T iff X
is finite dimensional.”

e “Every monotone operator 1’ on a space X Is
single valued and norm-continuous on a generic
subset of intdom T iff X is an Asplund space.”



Example 3 Most explicitly Fitzpatrick and Phelps
used cg, the space of null sequences, and

fz) == llz = e1lloo + llz + e1lloo (20)

where ey is first unit vector. Then intrangedf is
not convex (disconnected):

int range(9f) = {Ugl + el} U {Ugl — el}

cl-int range(9f) = {Bgl -+ el} U {Bgl — 61}

both of which are far from convex. |

The range of f in ¢1

Vv It is instructive to compute cl-range (9f)



Example 4 Gossez gives a coercive maximal
monotone operator I’ with full domain whose range
has a non-convex closure.

T is of the form 27" Jp + S for some n > 0 large
with bounded linear S : {1 — £~ given by

(Sz)n == ) xp+ > xz, Vo= () €l1,n€N.
kE<n k>n

In fact, £S5 : 41 — £ IS Skew bounded
and S* is not monotone but —S* is.

e Hence, —S is both of dense type and locally
maximal monotone (also called FP) while S is
in neither class (Bauschke-JMB) |

e Relatedly, let . be the injection of ¢! into ¢°.
For small ¢ > 0O

Sg:ZSL_I_S

IS a coercive maximal monotone operator for
which the closure St fails to be coercive in X**.

One may use a smooth renorming of ¢1. This
means 1’4+ \J is single-valued, demicontinuous.



Example 5 (Some further related results) More
abstractly, one can show that if the underlying
space X is rugged, meaning clspanrange (J—J) =
X*, then the following are equivalent whenever T
iIs bounded linear and maximal monotone:

i) T is of dense type.
ii) cl —range(T 4+ \J) = X*, VA > 0.
iii) cl —range (T 4+ \J) is convex, VA > 0.

iv) T 4+ \J is locally maximal monotone, VA > 0.

e Equivalencesi)—iv) hold for the following rugged
spaces: c¢o, ¢, ¥1, Y=, L1[0,1], L[0, 1], C[O, 1].

In cases like ¢g or C[0,1], which contain no
complemented copy of /1, a maximal monotone
bounded linear T is always of dense type.*

In particular, S in Example 4 is necessarily not
of dense type, etc.

*SF and JMB spent several weeks in 1994 looking for a
counter-example in C[0,1].



7. Conclusion |

Fitzpatrick’s function was built to provide a trans-
parent convex alternative to earlier saddle function
constructions of Krauss. His interests were more
in differentiation theory for Lipschitz functions.

Results relating when a maximal monotone T is
single-valued to differentiability of Fpr were not
forthcoming, and he put the function aside.

D-Drive

e T his is still the one area where to the best of
my knowledge Fr has proved of little help—in
part because generic properties of dom Fr and
of dom (T) seem poorly related.



e By contrast, Fitzpatrick’'s function and its rela-
tives now provide the easiest access to a gamut
of solvability and boundedness results.

The clarity of the constructions also offers hope for
resolving some of the most persistent open ques-
tions about maximal monotone operators such as:

Q3. Must cldom (T) always be convex? Simons
shows this is so for operators of dual type (FPV).

Q4. Can 17 4 15 fail be maximal when
0 € coreconv (dom (717) —dom (15))7

Q5. Given a maximal monotone T, can one asso-
ciate a convex fr with T in such fashion that
T'(x) is singleton as soon as 9fp(x) is?

Q6. Are there some nonreflexive spaces, such as
co, for which such questions can be answered
in the affirmative?*

*Conjecture. On ¢ all maximal operators are type (NI).



Non-convex
functions are
hard too ...
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8.3 now includes Fitzpatrick Function



9.1 Rademacher’s Theorem

We mentioned Rademacher’s fundamental theorem on the differentiability
of Lipschitz functions in the context of the Intrinsic Clarke subdifferential
formula (Theorem 6.2.5):

0o f(z) = conv {liian(xr) |a" =z, 2" € Q}, (9.1.1)

valid whenever the function f : E — R is locally Lipschitz around the
point € E and the set () C E has measure zero. We prove Rademacher’s
theorem in this section, taking a slight diversion into some basic measure
theory.

Theorem 9.1.2 (Rademacher) Any locally Lipschitz map between Fuc-
lidean spaces is Fréchet differentiable almost everywhere.

Proof. Without loss of generality (Exercise 1), we can consider a locally
Lipschitz function f : R™ — R. In fact, we may as well further suppose
that f has Lipschitz constant L throughout R™, by Exercise 2 in Section
7.1.

Fix a direction h in R™. For any ¢ # 0, the function g; defined on R™
by
flz+th) — f(z)

t

is continuous, and takes values in the interval I = L| h||[-1,1], by the
Lipschitz property. Hence, for k = 1,2,..., the function py : R — T

gi(w) =
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defined by
pr(x) = sup  gi(x)
o<Jt|< 1/k
is lower semicontinuous and therefore Borel measurable. Consequently, the
upper Dini derivative D;f f:R™ — I defined by

Dy f(z) = limsup gy(z) = inf p(z)

is measurable, being the infimum of a sequence of measurable functions.
Similarly, the lower Dini derivative D, f : R™ — I defined by

D;, f(x) = liminf g, ()

is also measurable.
The subset of R™ where f is not differentiable along the direction h,
namely
Ap ={z €R" | Dy, f(z) < D; f(2)},

is therefore also measurable. Given any point z € R", the function ¢t —
f(z + th) is absolutely continuous (being Lipschitz), so the fundamental
theorem of calculus implies this function is differentiable (or equivalently,
x +th & Ay) almost everywhere on R.



Consider the nonnegative measurable function ¢ : R™ x R — R defined
by ¢(z,t) = da, (x+th). By our observation above, for any fixed x € R™ we
know fR ¢(x,t)dt = 0. Denoting Lebesgue measure on R™ by pu, Fubini’s
theorem shows

O:/Rn</Rq$(:c,t)dt>du:/R< Rngb(x,t)du)dt:/Ru(Ah)dt

so the set A; has measure zero. Consequently, we can define a measurable
function Dy f : R™ — R having the property D, f = D} f = D, f almost
everywhere.

Denote the standard basis vectors in R™ by ey, es,...,e,. The function
G : R"™ — R™ with components defined almost everywhere by

of
6562‘

for each i = 1,2,...,n is the only possible candidate for the derivative of
f. Indeed, if f (or —f) is regular at z, then it is easy to check that G(z)
is the Fréchet derivative of f at x (Exercise 2). The general case needs a
little more work.

Consider any continuously differentiable function 3 : R™ — R that is
zero except on a bounded set. For our fixed direction h, if ¢ # 0 we have

/n ge(z) Y(x) dp = (x)dj(m — th) —¢(z)

R t

Gi=D., f=

(9.1.3)

dp.
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As t — 0, the bounded convergence theorem applies, since both f and
are Lipschitz, so

Dpf@)¢(z)dp=— [ f(z)(V(z),h)dp

Rn R"

Setting h = e; in the above equation, multiplying by h;, and adding over
i=1,2,...,n, yields

| mG@ v == [ @) (To@). i [ Duf@) vt du
Since ¢ was arbitrary, we deduce Dy f = (h, G) almost everywhere.

Now extend the basis eq, e, ..., e, to a dense sequence of unit vectors
{hi} in the unit sphere S,,_; C R™. Define the set A C R™ to consist of
those points where each function Dy, f is defined and equals (hy, G). Our
argument above shows A€ has measure zero. We aim to show, at each point
x € A, that f has Fréchet derivative G(z).

Fix any € > 0. For any t # 0, define a function r; : R® — R by

flz+th) — f(x)
t

re(h) = —(G(x),h).

It is easy to check that r; has Lipschitz constant 2L. Furthermore, for each
k=1,2,..., there exists d; > 0 such that

|re(hy)| < % whenever 0 < [t]| < Jg.

Since the sphere S,,_; is compact, there is an integer M such that

Sn- 1CU<hk+— ).

If we define § = min{d1,da,...,dp} > 0, we then have
Ire(hi)| < % whenever 0 < [t| < d, k=1,2..., M.

Finally, consider any unit vector h. For some positive integer k < M
we know ||h — hg|| < ¢/4L, so whenever 0 < |t| < § we have

[re(R)] < [re(k) = ro(ha)| + [re(hi)] < 2L+ + 5 =€

l\')lm

4L

Hence G(x) is the Fréchet derivative of f at x, as we claimed. O
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1. Assuming Rademacher’s theorem with range R, prove the general
version.

2. * (Rademacher’s theorem for regular functions) Suppose the
function f : R®™ — R is locally Lipschitz around the point = €
R"™. Suppose the vector G(z) is well-defined by equation (9.1.3). By
observing

0=F"(wei) + (w5 —ei) = [ (w5 ) + [ (5 —es)

and using the sublinearity of f°(z;-), deduce G(zx) is the Fréchet
derivative of f at x.


Jon Borwein
Highlight
Rademacher’s theorem for regular functions)

Jon Borwein
Highlight
Generalized Jacobian)




Jon Borwein
Highlight
Intrinsic Clarke subdifferential formula

Jon Borwein
Highlight
Generalized Jacobian


outside of which h is everywhere Gateaux differentiable. By analogy
with formula (9.1.1) for the Clarke subdifferential, we call

dqh(x) = conv {lim Vh(z") [ 2" — =z, 2" ¢ Q},

the Clarke generalized Jacobian of h at the point = € E.

(a) Prove that the set Ji(x) = dgh(z) is independent of the choice
of Q.

(b) (Mean value theorem) For any points a,b € E, prove
h(a) — h(b) C conv Jy[a,b](a — b).

(¢) (Chain rule) If the function g : Y — R is locally Lipschitz,
prove the formula

do(goh)(x) C Jn(x)"Oog(h(x)).

(d) Propose a definition for the generalized Hessian of a continuously
differentiable function f: E — R.
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9.2 Proximal Normals and Chebyshev Sets

We introduced the Clarke normal cone in Section 6.3 (Tangent Cones), via
the Clarke subdifferential. An appealing alternative approach begins with
a more geometric notion of a normal vector. We call a vector y € E a
proximal normal to a set S C E at a point x € S if, for some ¢ > 0, the
nearest point to 4+ ty in S is x. The set of all such vectors is called the
prozimal normal cone, which we denote N¥ ().

The proximal normal cone, which may not be convex, is contained in
the Clarke normal cone (Exercise 3). The containment may be strict, but
we can reconstruct the Clarke normal cone from proximal normals using
the following result.

Theorem 9.2.1 (Proximal normal formula) For any closed set S C E
and any point x € S, we have

Ng(z) = conv{limyr |yr € NE(2y), 2 €S, 2p — x}
1

One route to this result uses Rademacher’s theorem (Exercise 7). In this
section we take a more direct approach.
The Clarke normal cone to a set S C E at a point x € S is

Ng(x) = cl (R400ds(x)),
by Theorem 6.3.8, where
ds(z) = inf |12 — 2]

is the distance function. Notice the following elementary but important
result that we use repeatedly in this section (Exercise 4(a) in Section 7.3).
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The Clarke normal cone to a set S C E at a point z € S is
Ns() = el (R dods (a),
by Theorem 6.3.8, where
ds(z) = inf ||z — ]|

is the distance function. Notice the following elementary but important
result that we use repeatedly in this section (Exercise 4(a) in Section 7.3).

Proposition 9.2.2 (Projections) If T is a nearest point in the set S C E
to the point x € E, then T is the unique nearest point in S to each point
on the half-open line segment [T, x).

To derive the proximal normal formula from the subdifferential formula
(9.1.1), we can make use of some striking differentiability properties of
distance functions, summarized in the next result.

Theorem 9.2.3 (Differentiability of distance functions) Consider a
nonempty closed set S C E and a point x ¢ S. Then the following proper-
ties are equivalent:

(i) the Dini subdifferential O_dg(x) is nonempty;

(ii) x has a unique nearest point T in S;
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(iii) the distance function dg is Fréchet differentiable at x.

In this case,
r—T

l — x|

The proof is outlined in Exercises 4 and 6.

For our alternate proof of the proximal normal formula without re-
course to Rademacher’s theorem, we return to an idea we introduced in
Section 8.2. A cusco is a USC multifunction with nonempty compact con-
vex images. In particular, the Clarke subdifferential of a locally Lipschitz
function on an open set is a cusco (Exercise 5 in Section 8.2).

Suppose U C E is an open set, Y is a Euclidean space, and ¢ : U — Y
is a cusco. We call ® minimal if its graph is minimal (with respect to
set inclusion) among graphs of cuscos from U to Y. For example, the
subdifferential of a continuous convex function is a minimal cusco (Exercise
8). We next use this fact to prove that Clarke subdifferentials of distance
functions are also minimal cuscos.

Vds(z) = € NL(z) C Ng(z).

Theorem 9.2.4 (Distance subdifferentials are minimal) Outside a
nonempty closed set S C E, the distance function dg can be expressed
locally as the difference between a smooth convex function and a continuous
convex function. Consequently, the Clarke subdifferential Oodg : E — E is
a minimal cusco.
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Proof. Consider any closed ball T" disjoint from S. For any point y in .5,
it is easy to check that the Fréchet derivative of the function z — ||z — y/|
is Lipschitz on T'. Suppose the Lipschitz constant is 2L. It follows that the
function x +— L||z||*> — ||z — y|| is convex on T' (see Exercise 9). Since the
function i : T — R defined by

h(z) = L|jz||* — ds(x) = sup{L|z|* — [l — y|/}
yes

is convex, we obtain the desired expression dg = L|| - ||*> — h.
To prove minimality, consider any cusco ® : E — E satisfying ®(z) C
0odg(z) for all points = in E. Notice that for any point € int T' we have

Oods () = —0o(—dg)(x) = Oh(z) — L.

Since h is convex on int 7', the subdifferential Oh is a minimal cusco on this
set, and hence so is d,dg. Consequently, ® must agree with d,dg on int T,
and hence throughout S€¢, since T was arbitrary.

On the set int S, the function dg is identically zero. Hence for all points
2 in int S we have d.dg = {0} and therefore also ®(x) = {0}. We also
deduce 0 € ®(z) for all z € cl(int .5).
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Now consider a point z € bd S. The Mean value theorem (Exercise 9
in Section 6.1) shows

Oodg(z) = conv{(), lim y"

y" € Oodg(z"), 2" - x, " & S}

= conV{O,limyr y ed(z"), 2" —x, 2" & S},

where 0 can be omitted from the convex hull unless z € cl(int S) (see
Exercise 10). But the final set is contained in ®(x), so the result now
follows. |

The Proximal normal formula (Theorem 9.2.1), follows rather quickly from
this result (and indeed can be strengthened), using the fact that Clarke
subgradients of the distance function are proximal normals (Exercise 11).

We end this section with another elegant illustration of the geometry
of nearest points. We call a set S C E a Chebyshev set if every point in E
has a unique nearest point Pg(z) in S. Any nonempty closed convex set
is a Chebyshev set (Exercise 8 in Section 2.1). Much less obvious is the
converse, stated in the following result.


Jon Borwein
Highlight
The Proximal normal formula (Theorem 9.2.1), follows rather quickly


Theorem 9.2.5 (Convexity of Chebyshev sets) A subset of a Euclid-
ean space is a Chebyshev set if and only if it is nonempty, closed and convex.

Proof. Consider a Chebyshev set S C E. Clearly S is nonempty and
closed, and it is easy to verify that the projection Ps : E — E is continuous.
To prove S is convex, we first introduce another new notion. We call S a
sun if, for each point = € E, every point on the ray Ps(z)+ R (z — Ps(z))
has nearest point Ps(x). We begin by proving that the following properties
are equivalent (see Exercise 13):

(i) S is convex;
(ii) S is a sun;

(iii) Ps is nonexpansive.
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So, we need to show that 5 is a sun.
Suppose & is not a sun, so there is a point z & & with nearest point
FPs(x) = z such that the ray L = z + Ry {z — ¥) strictly contains

{lze L| Ps(z) =z}

Hence by Proposition 9.2.2 (Projections) and the continuity of Pg, the
above set is nontrivial closed line segment [, 2p] containing .

Choose a radius € > 0 so that the ball x5 + ¢B is disjoint from S. The
continuous self map of this ball

zo — Pg(z)
[z0 — Fs(2)||

Zr—=ag+ €



z?

x0



has a fixed point by Brouwer’s theorem (8.1.3). We then quickly derive a
contradiction to the definition of the point xg. O

Exercises and Commentary

Proximal normals provide an alternative comprehensive approach to non-
smooth analysis: a good reference is [56]. Our use of the minimality of
distance subdifferentials here is modelled on [38]. Theorem 9.2.5 (Convex-
ity of Chebyshev sets) is sometimes called the “Motzkin-Bunt theorem”.
Our discussion closely follows [62]. In the exercises, we outline three nons-
mooth proofs. The first (Exercises 14, 15, 16) is a variational proof follow-
ing [82]. The second (Exercises 17, 18, 19) follows [96], and uses Fenchel
conjugacy. The third argument (Exercises 20 and 21) is due to Asplund [2].
It is the most purely geometric, first deriving an interesting dual result on
furthest points, and then proceeding via inversion in the unit sphere. As-
plund extended the argument to Hilbert space, where it remains unknown
whether a norm-closed Chebyshev set must be convex. Asplund showed
that, in seeking a nonconvex Chebyshev set, we can restrict attention to
“Klee caverns”: complements of closed bounded convex sets.
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2. (Projections) Prove Proposition 9.2.2.

3. (Proximal normals are normals) Consider a set S C E. Suppose
the unit vector y € E is a proximal normal to S at the point x € S.

(a) Use Proposition 9.2.2 (Projections) to prove d(z;y) = 1.

(b) Use the Lipschitz property of the distance function to prove
Oodg (iL’) C B.

(¢) Deduce y € 0odg(z).

(d) Deduce that any proximal normal lies in the Clarke normal cone.

4. * (Unique nearest points) Consider a closed set S C E and a point
x outside S with unique nearest point = in S. Complete the following
steps to prove B

r—X
—— € 0_dg(x).

[l — |
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(a) Assuming the result fails, prove there exists a direction h € E
such that
dg(z;h) < (|lz — 2|7} (z — 7), ).

(b) Consider a sequence ¢, | 0 such that

ds(x +t-h) —ds(x)
t

— dg(x;h)

and suppose each point x + t,.h has a nearest point s, in S.
Prove s, — .

(¢) Use the fact that the gradient of the norm at the point x — s, is
a subgradient to deduce a contradiction.

5. (Nearest points and Clarke subgradients) Consider a closed set
S C E and a point = outside S with a nearest point Z in S. Use

Exercise 4 to prove

r—T
7_66061 xX).
gy € Qods(@)



6. * (Differentiability of distance functions) Consider a nonempty
closed set S C E.

(a) For any points z, z € E, observe the identity
d§(z) — dé(x) = 2ds(z)(ds(2) — ds(x)) + (ds(z) — ds(@))*.
(b) Use the Lipschitz property of the distance function to deduce
2dg(x)0_dg(x) C O_d%(x).

Now suppose y € d_dg(z).

(c) If Z is any nearest point to z in S, use part (b) to prove Z =
x — dg(x)y, so T is in fact the unique nearest point.

(d) Prove —2ds(z)y € 0_(—d%)(x).
(e) Deduce d% is Fréchet differentiable at z.

Assume z & S.

(f) Deduce dg is Fréchet differentiable at x.
(g) Use Exercises 3 and 4 to complete the proof of Theorem 9.2.3.

7. * (Proximal normal formula via Rademacher) Prove Theorem
9.2.1 using the subdifferential formula (9.1.1) and Theorem 9.2.3 (Dif-
ferentiability of distance functions).
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8.

10.

(Minimality of convex subdifferentials) If the open set U C E
is convex and the function f : U — R is convex, use the Max formula
(Theorem 3.1.8) to prove that the subdifferential df is a minimal
CUSCO.

(Smoothness and DC functions) Suppose the set C' C E is open
and convex, and the Fréchet derivative of the function g : C' — R has
Lipschitz constant 2L on C. Deduce that the function L|| - ||? — g is
convex on C.

** (Subdifferentials at minimizers) Consider a locally Lipschitz
function f : E — R, and a point z in f~1(0). Prove

Oof(x) = conv{O,limyr y € 0o f(x"), " — x, f(z") > O},

where 0 can be omitted from the convex hull if int f~1(0) = 0.
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11. ** (Proximal normals and the Clarke subdifferential) Consider
a closed set S C E and a point « in S Use Exercises 3 and 5 and the
minimality of the subdifferential d,dg : E — E to prove

Oodg(x) = conv{(),limyr y e NE(2"), Iy =1, 2" -z, 2" € S}.

Deduce the Proximal normal formula (Theorem 9.2.1). Assuming
x € bd S, prove the following stronger version. Consider any dense
subset @ of S¢, and suppose P : Q — S maps each point in @ to a
nearest point in S. Prove

" — P(z")

8st($) = COHV{O, 117an m

" —x, " EQ},

and derive a stronger version of the Proximal normal formula.
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14.

15.

(d) Prove (9.2.6) = (iii).
(e) Fill in the remaining details of the proof.

** (Basic Ekeland variational principle [43]) Prove the following
version of the Ekeland variation principle (Theorem 7.1.2). Suppose
the function f : E — (00, +00] is closed and the point « € E satisfies
f(z) < inf f 4 € for some real € > 0. Then for any real A > 0 there is
a point v € E satisfying the conditions

(a) [lz — vl <A

(b) f(v)+ (e/A)||x — v|| < f(z), and

(¢) v minimizes the function f(-) + (¢/A)| - —v||-
* (Approximately convex sets) Consider a closed set C' C E. We
call C approzimately conver if, for any closed ball D C E disjoint from

C, there exists a closed ball D’ D D disjoint from C' with arbitrarily
large radius.
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(a) If C is convex, prove it is approximately convex.

(b) Suppose C is approximately convex but not convex.

(i)
(i)

(iii)
(iv)

(v)

Prove there exist points a,b € C and a closed ball D cen-
tered at the point ¢ = (a 4 0)/2 and disjoint from C.
Prove there exists a sequence of points x1, z2,... € E such
that the balls B, = z, + rB are disjoint from C' and satisfy
DCB,CByyiforallr=1,2,....

Prove the set H = cl U, B, is closed and convex, and its
interior is disjoint from C but contains c.

Suppose the unit vector u lies in the polar set H°. By
considering the quantity (u, ||z, — z||~!(z, — x)) as r — oo,
prove H°® must be a ray.

Deduce a contradiction.

(¢) Conclude that a closed set is convex if and only if it is approxi-
mately convex.

16. ** (Chebyshev sets and approximate convexity) Consider a
Chebyshev set C' C E, and a ball z 4+ 8B disjoint from C.

(a) Use Theorem 9.2.3 (Differentiability of distance functions) to
prove

lim sup —dc(v) — do(z)

=1
P |
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(b)

()
(d)

Consider any real a > do(x). Fix reals o € (0,1) and p satisfy-
ing
a—do(z
—CU <p<a-— ﬁ
By applying the Basic Ekeland variational principle (Exercise
14) to the function —d¢ + 0,4,B, prove there exists a point

v € E satisfying the conditions —
Approx convex implies

de(z) +ollz—v|| < de(v) CONvex iff norm is rotund

do(z) —o|lz—v| < de(v) forall z€x+ pB.

Use part (a) to deduce ||z —v|| = p, and hence x4+ 3B C v+ aB.

Conclude that C' is approximately convex, and hence convex by
Exercise 15.

Extend this argument to an arbitrary norm on E.
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17. ** (Smoothness and biconjugacy) Consider a function f : E —
(00, +00] that is closed and bounded below and satisfies the condition

LJC)—-&-OO

lell—oe flzfl
Consider also a point x € dom f.

(a) Using Carathéodory’s theorem (Section 2.2, Exercise 5), prove
there exist points x1, o, ..., %, € Eand real A1, Aa,..., A, >0
satisfying

Z/\i =1, Z/\zl“z =z, Z)\zf(xz) = [ (x).

(b) Use the Fenchel-Young inequality (Proposition 3.3.4) to prove

O ) (a) = () Of(a).

Suppose furthermore that the conjugate f* is everywhere differen-
tiable.

(¢) If z € ri(dom(f**)), prove x; = x for each i.
(d) Deduce ri(epi(f**)) C epi(f).
(e) Use the fact that f is closed to deduce f = f**, so f is convex.
18. * (Chebyshev sets and differentiability) Use Theorem 9.2.3 (Dif-
ferentiability of distance functions) to prove that a closed set S C E is

a Chebyshev set if and only if the function d% is Fréchet differentiable
throughout E.
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19.

20.

* (Chebyshev convexity via conjugacy) For any nonempty closed
set S C E, prove

1P+ s\ I 117~ d2
2 2

Deduce, using Exercises 17 and 18, that Chebyshev sets are convex.
** (Unique furthest points) Consider a set S C E, and define a
function rg : E — [—00, +00] by
rs(z) =sup [z — yl|.
yeS
Any point y attaining the above supremum is called a furthest point
in S to the point z € E.

(a) Prove that the function (rZ — || - ||*)/2 is the conjugate of the
function

Chs— |-

==

(b) Prove that the function r% is strictly convex on its domain.

gs

Now suppose each point z € E has a unique nearest point gg(z) in

S.

(c) Prove that the function ¢g is continuous.
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We consider two alternative proofs that a set has the unique furthest
point property if and only if it is a singleton.

(d) (i) Use Section 6.1 , Exercise 10 (Max-functions) to show that
the function 7%/2 has Clarke subdifferential the singleton
{z — gs(x)} at any point z € E, and hence is everywhere
differentiable.
(ii) Use Exercise 17 (Smoothness and biconjugacy) to deduce
that the function gg is convex, and hence that S is a single-
ton.

(e) Alternatively, suppose S is not a singleton. Denote the unique
minimizer of the function rg by y. By investigating the conti-
nuity of the function gs on the line segment [y, gs(y)], derive a
contradiction without using part (d).

21. ** (Chebyshev convexity via inversion) The map ¢ : E\{0} — E
defined by «(x) = ||z|| =22 is called the inversion in the unit sphere.

(a) If D C E is a ball with 0 € bd D, prove +(D \ {0}) is a halfspace
disjoint from 0.
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(b) For any point z € E and radius § > ||z||, prove
1
W(z+0B)\{0}) = 52——||517||2{y €EE:|y+z| >4}

Prove that any Chebyshev set C' C E must be convex as follows.

Without loss of generality, suppose 0 ¢ C but 0 € cl (conv ). Con-
sider any point = € E.

(¢) Prove the quantity
p=1inf{d >0|:C Cz+ B}
satisfies p > ||z]|.
(d) Let z denote the unique nearest point in C' to the point
—x
p? = llzl*”

Use part (b) to prove that ¢z is the unique furthest point in (C
to x.

(e) Use Exercise 20 to derive a contradiction.



The Chebyshev Problem in Infinite

Dimensions IS

In any Banach space (JMB & JV, CUP in press):

Corollary 3.14.2. Suppose f : X — (—o00, 00| is such that f* is proper.
(a) If f* is Fréchet differentiable at oll x* € dom(0f*) and f is lower

semicontinuous, then f ts convex.

(a) If f* is Gateaux differentiable at all ¥ € dom(Of*) and f is sequentially
weakly lower semicontinuous, then f is convez.

Theorem 3.14.7. Let X be a Hilbert space and suppose C' 15 a nonempty
weakly closed subset of X. Then the following are eguivalent.

(i) C is convez.

(it) C' is a Chebyshev set.

(ii2) d(-, C)? is Fréchet differentiable.
(iv) d(-, C)? is Gateauzs differentiable.




"...and, as you go out into the world, I predict
that you will, gradually and imperceptibly,
forget all you ever learned at this university."
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