ON THE NUMBER OF INTEGERS WHICH CAN BE
REPRESENTED BY A BINARY FORM

P. Erpos and K. MAHLER™.

[Haztracted from the Jowrnal of the London Mathematical Society, Vol. 13, 193%.]

Let F (x, y) be a binary form of degree n > 3 with integer coefficients
and non-vanishing discriminant, and let 4 () be the number of different
positive integers k <“u, for which | F(x, y)| = k has at least one solution
in integers x, y. We prove that
(a) lim inf A (w)w=*" > 0.

U—>w
The proof is simple, but not elementary, since it depends on the p-adic
generalization of the Thue-Siegel theorem. The result remains true when
x and y are restricted by conditions
x>0, ar<y<Pxr (a,B constants).

* Received 156 December, 1937; read 16 December, 1937.
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Thus, for instance, when F(x, %) is not negative definite. and A4 () is now
the number of positive integers & <Zw. for which F(x, ) =k has at least

one solution, then again (a) is true. In the special case F(x, y) = a"+y",
n > 3 and odd, one of us (Erdos) had already found an elementary proof
for (a) some weeks ago, but this proof could not be generalized.

1. The following notation will be used :

Fx. y)= X a,a""y" (aya, #0)is a binary form of degree n = 3 with
h=0
integer coefficients and discriminant d = 0.

x, y are two integers, for which F(x, y) # 0.

2, y| = max (2, [y]).

N is a sufficiently large positive integer.

A is an integer not zero with sufficiently large modulus |4 |.

9 is a number satisfying 0 <& <Z 1. to be assigned later.

Cg» €y ... arve positive numbers. which depend only on the form F.

y = max (|a,|, |d], n).

p is a prime number satisfying y <p < N”.

P is a prime number satisfying either P <y or P > N°.

p® /|4 denotes that 4 is divisible by p®, but not by p*'.

g(4) is the arithmetical function defined by g(A)—= 1l Sp”‘
y<PSN

2|14
])“QN“*

2. Lemma 1. For sufficiently large N

G = T g(F y))<yomevar
|2, yISN
Flz,y)+#0

Proof. By definition, p > n and p is prime to ¢, and d. Hence, for
given a and y, there are at most » incongruent values of z (mod p©), for
which F(x, y)=0 (mod p®). Therefore, for given p and a with

y<p<p<V,
the conditions
@, y| <N, Fx,y)#0, Fx,y)=0 (modp")
have at most
2n (2N - 1)2

n(2N-+1) {[%i—l}rlj <=5
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solutions x. . It follows that the exponent b, with p®|| G(N), satisfies the

inequality
2 2n(2N+1)? 202N | 1)2 _dn(2N4-1)?

b X = <
a1 p" p—1 P
Hence, for, sufficiently large N,
oy L dAn (2N -1)? ,e v
G(N) <exp S 2N+ log p)- < N2 AN+
‘\ y<p< NI p /
. - logp
since y 282 log
pPEU P

for sufficiently large .

Lemma 2. If jois the number of pairvs x, y with

VF(r,y) <= Nt weoy <N,

then p < N2 for sufficiently large N.

Proof. Fora given m with 'm| < N and a given y with [y <N, the
equation F(x, %) = m has at most 7 integer solutions x, and therefore

2 I?(Q \/’,\T - } 1 )(21\' ; 1) :/ }; Nz,

Lemya 3. Forsufficiently large N there ave at least JN? pairs of inlegers
voywith woyl < Noand (vogy) 1

Proof.  Obviously, the number of these pairs is at least 4, where M
denotes the number of pairs with 12 < N, 1=y <N, (v, y) — 1, 2o that

¢

o \CHR SR B N
Mo=N2ox 2 \(- o) ‘\'2<zm > > 2
- > - Py /L“> 6/ 3

b D

I

LeMMA 4. For sufficiently large N, there are al least YN* pawrs of
mtegers x, Y with

Lo ol < N o) O (. ) [ i o ) = | B (e a) 1603

oy <N, Fey)#£0, (v y) =1, g P, g/)) L F (w, y) 800,

Proof. By Lemmas 2 and 3, there are at least {N?—J N2 = N? pairs

&,y with
oy <N, (P y) =N ()= L

Hence, il Lemma # were false, there would be more than N*— [N? = JV*
pairs @, % with

gl T y)) = [F e, ) B0 N,
and therefore G(N) 2 NB03-ni8% o N8on 2N+ n*

in contradiction to Lemma 1.
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Lemya 5. For all & and vy,
[ F(a, ) ey, g™
Proof.  Obvious with ¢, == ay|+...-Fla,]|.

Lamma 6. For sufficiently large N, there are at least YN? pairs of
mlegers x, y with
(1) ey N, (e, y) A0, (v, y) =1,
such that | F(x. y)| == kqky. where Iy and k, are positiveinlegers such that &y is
divisible by at most ¢, different primes, and ky < | F (@, y) |+

Proof. We apply Lemma + with &= 1/(1120n) and
by g (B y)), dy= 5

Iy and £y are positive integers, since g/( I (x, y)) is a positive integer which
divides F(r.y). By Lemma 4, for at least JN? pairs x, y satisfying (1),

s | P )0 (R, )
The other factor £, is divigible only by prime numbers of the form P with
either 2 <y ov P~ N7, But there are at most y primes of the first form,

and, since by Lemma 5
W e o) = W
e y) ) e N

there are at most 1200n? different primes of the second form, which
can divide £ (x. ), for sufficiently large V.

3. To conclude the proof we use the following generalization of the

Thue-Siegel theorem™:
Lemma 7. Swupposc lthal @ and y arve inlegers wilh
B, y) 40, (@, y) =1,
that P\, Iy, ..., Piave b different prime vumbers, and that

(’J('Ua .’/) e [)’l"l 1’{}“.‘2 . ])élr

# Mee K. Mablor, Vaik. Annalen, 108 (1933), 51, Satz 6, from which Lemma 7 1s a
trivial consequence, it (e, 77) is irceducible. But Satz 6 vemains true when F(a, y), though
reducible, has a non-vanishing diseriminant, if only the representations of & == 0 are excluded ;
a proof for this generalized theorem and so for the general case of Lemma 7 will be published
in the near future. '
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is the greatest product of powers of these primes which divides F(x, y). Then

the inequality
e, y)]
@, ¥)

has at most it solutions in different pairs x, y.

n—1-—ds

<|v,y

Suppose now that k is a positive integer, for which | F(x, )| = k has at
least one solution. Then, by Lemma 5,
! / k ) 1/n

vyt =k, de wy = (?
17

Cq

so that [, ¥ cannot be too small.  The integer k== ky by, is a product of two
positive integers by and ky, of which &, has no other prime factors than
P,. .... P, while k, is prime to P}, ..., P;; hence, in particular,

F(x, )
kle(x, Z/)’ kz:‘—Q—Ei—Z))"

Suppose that

s0 that

Since n > 3, we have

' e ! - . 3 1 RPN
14 = sn—dn — 2,18 tn- Eis = ln F(E—2—4%) = In '1‘731w
Thus, when
g 1
. : ./. 1/n
koeednit ey e ley| ( ! ) e
‘ o

we geb

oyl 1 and by e gl g e AU

Hence Lemma 7 leads to

LuMMA 8. [f the positive integer k is larger than c,, and if it can be written
in the form k= lyk,. where ky is divisible by only t different prime numbers,
and where ky < k¥, then the equation | F(x, y)| =k has not more than (AR
different solutions x, y in relatively prime integers x and y.

THEOREM 1. For every sufficiently large positive u. there are at least cyu™
different positive inlegers k <_w, for which the equation | F(x, y)| =k has at
least one solution in relatively prime integers x and y.

Proof. Suppose, in Lemma 6, that

AL : G, B
N = <Z> . te. | F(x,y)| <u for |z, y|=<N.
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Then it follows that there are at least
{50;1/” w2/n
different pairs of relatively prime integers x, y with |z, y| << N, for which
|F(x, )| =k +#0

is a product of two positive integers k= I, k,, such that k, is divisible
by at most ¢, different primes, while &, <<k'. Hence, by Lemma 8,
either & <l¢,, or the number of different relatively prime solutions of
| F(x, y)| = k ix not larger than ¢!, Therefore, for sufficiently large u,
there must be at least

é (»;; (Czi-H. 501 1/n ”Z/ n

>

different positive integers & < u, for which | F(x, y)| =k has at least one
solution in integers x, y with (r, y) = 1.

4. By a theorem of Siegel*, the inequality

0<|F(x,y) <u

has only O(u*") solutions in integers x, . Hence the number of integers
k, with 1 <"k < wu, which can be represented by | ¥ (x, y)|, say the number
A(u), must also be O(u*"), and so Theorem 1 gives the exact order of this
function and shows that liminf 4 (u)/u*" > 0, while lim sup A (u)/u?"< co.

University of Manchester.

* As Prof. Siegel’s proof has not been published, see IX. Mahler, Acta Math., 62 (1934),
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