'REMARK ‘ON THE CONTINUED FRACTIONS OF CONJUGATE

IC NUMBERS

door K, Mahler (.Mancheste_r}

S In 'h theory of continued fractions, two real numbéis: Egand 51_'
d"eq'w' Ent Ey o &y, il their regular continued fractions

L]

L ey +.b,'gb,+

‘-:-are 1dentlcal except for at most a finite number of terms, i.e. if
bk = Brrr for some v and for all sufficiently large k.

‘The: followmg theorem has been proved: 1)
- The two numbers Eo and £, are equivalent if and only if theve are
' four mtegers 0 By, 6 of determinant ad— ﬁ'y = 1 such that

s (50); where s (%) = ax + & ,:é x.

) = ag 4 at .+ an= O (@ #0).

' mtegral coefficients. and of degree % = 2, with the property

g two different real equivalent roots 50 and £,. Thls _

I, _jproceeds as follows

(%) = s (s (%), s* () = $* (s (2)), * (%) = s* (s (W), . .-
= g (%) = (yx -+ 8 f (s (%)), '
) =y - 8) {x— x)}—yx“r(ﬁ—a)x—ﬁ
By ( 1) the o equations f( ) = 0 and g {¥} = O have the root

£, in commeon, and se, since f{x) is irreducible, both equatlons
. have the same roots
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bty

- belong to the finite set {3).

~(6): se(x) FEx (e=12.. . ,m—1).

~ where

e S - -

@ b osE) @ (r=0,12,.

to the hypothesis that &, -7_&50

Then, since the numbers (4) form a finite set and none. of them, -
is a fixpoint of s (x), the substitution y = s () is; elh '
of finite period, m say!); thus
(5): sm(x) =«

identical in x, but

Therefore the substitution y == s (x) can be writtem as "

vV — 6, Hxx’“en
3"'*@1 o x_gll

G0  a— ¥ V(e FOE—4{ad — fy)

are the fixpoints of s (x), while

/

a—yBy_at ot Vet 9t —d(ad—fyj
o—y0 g4 6——- \/(a + 8% -—4 (ad — fy)
is its mmltiplicator. By (5) and (6), |

wh =1, but w# =1 if p=—1,2,. wm-— L.

Therefore either m = 2 and
r=-—1,a+6=0 ad-— fy = —Tl

or s > 2 and x is non-real, hence 7

(@ O — 4 (ad —= ) <:3_;0-,

whence m = 3 and

1T 443 -
%::_%L\,E,a_{_ézq:

Hence, if the notatmn 15 chosen sultably, theu only the followmg
two cases arise: Either
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wf—1)

“of m roats each such-that o
in case. (1), : Eomd1 = S (fm) (v==0,1,...,9—1),
k : II} f'p.erl == § (lfvm), Eum-+~2=32 Evm) ('”=0;11 EECIEY ?“_l)

Evm + é‘,:vm#f ' i.f Y -‘,15 0,
fv-mfvm—l-]. if Yy = O,
Som + Evmrr + Evmye,

=P (§Ju+1)m—1) (1’—-0,1, 1),

?; s ﬁlfy-?éO - fy=FI1,

n-case (1) {b(x)-—“ 'x—}s()
o xs(x) = —x{x + ) ify =00 I,
0 =% 4's () F #(x) = ‘

3@ —at ) x—(a—1)
' (rx —a -+ 1) (yx ~a)

se. I_)_;.y_cannot vanish since the equation a (¢ — 1) = — 1

‘ifa(a——gl) !—B'y————l

(_8‘)':,: the sums
= 0
(51)"

.., are rataonal symmatmcal functions with
the roots (3) of f (x) ) = 0. Hence, by classical

i ' '
Z @ (Eom)r = m }_.;(, (@.(5"’*")-”"." R @('f(v--H')m—l)P) _
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?( ) (x = nu)

Moreover; th:s polynomlal is, wmiucgble For othe

of p (%) =0 would be of degree léss than 7, and

degree less thaw: fin &= n;" contrary fo: hypothEm
. Assume; conversely, that @ (#).is

that p (x) is any 1rreduclbie polynon'ual of degree i

the Toots of f(x)
o ‘of m oot gach 8

$ (%) = 0 by the formmlas {

. possxble the.t f( ) 1s reduci“BIe a 51mple dlscussmn :

_ibl *(5) = ‘,, s (x)_:z,_:

T

We. then obtain the irreducible equat1on

f(x)w(x2+x){q5(x)+l} x3+xﬂ~2x

‘ 1t:= TOOts

& = 20052 & = 2(:0567, &y =. 2cos%_.
are - eqmvalent since ' '

=3 ('Eo) 52 = 52 (Eo}
and in fact. have the contmued fractmns, 1

=14, ’+120'+,2 U—
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