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On the coefficients of transformation

polynomials for the modular function

Kurt Mahler

In a previous paper (Acta Arith. 21 (1972), 89-97), I had proved
that the sum of the absolute values of the coefficients of the

mth transformation polynomial F%(u, v) of the Weber modular

function j(w) of level 1 1is not greater than

o (36m+57)2"
when m = 2" is a power of 2 . The aim of the present paper
is to give an analogous bound for the case of general m . This

upper bound is much less good and of the form

/2

€ b

where ¢ > 0 1s an absolute constant which can be determined
effectively. It seems probable that also in the general case an

upper bound of the form

eO(mlogm)

should hold, but I have not so far succeeded in proving such a

result.

1.
Let w be a complex variable in the upper half-plane

U: I(w) >0
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Thus the two exponential functions

2TLW
=e

=217
and x' = e emi/w

satisfy the inequalities
0< Jel <1 ana 0 < |z'| <1 .

The Weber modular function J(w) of level 1 satisfies

j["“”'f‘) = j(w)

Yw+§
for every set of four integers o, B, Y, § of determinant
o - By =1,
so that in particular
J(-1/w) = j(w) .

It can be expressed as a Laurent series

fe o]

where the coefficients ah are positive integers and where in particular
a, = 1, a = ThY

Hence, on putting

J(w) has the two representations

J(w) =

8 |-

+ Thh + g(z) = §T+ Y+ glz') .

2.
In the last formula, assume that w 1is purely imaginary, say
w =87 , where s >0 ,
so that

-27T8

-om
x =e and ' = e ° /s
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Since its coefficients a, are positive, g(x) is positive, and it is
increasing function of x . Now
0<z=e if s=1;
0<z' <= ir 0<s=1 3
c=az' =e " if s=1.
Therefore
Loy g™ ir sz1,
0 < g(si) =
ﬁ#‘+ o+ g(e™) ir 0<s<1.
Further
o 2m =2m 21
J(i) = 1728 = & + Thh + g(e ), e >535,
so that
™l + g(e™™) < 1199 .
It follows then that
™+ 1199 if s =1,
(1) 0 < Jg(st) <
™8 41199 ir 0<s =1
3.
Let k be any non-negative integer. Then j(w)k can again be
written as a Laurent series
(o]
.ok h-k
(2) Jw) = 7§ ah(k)x

with integral coefficien

a (k)

0 =1 3 ah(k) =

ts ah(k) . Here evidently

0o if h=21, k

0 3 ah(k) >0 if k= 1.

199

an
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By means of the inequalities (1) we can easily obtain an upper estimate

for these coefficients.

Assume for the moment that both % and k are positive, and put

in (1). The series (2) implies then that

k
((eEW(k/h) +1199}k

_-em(hk) (k/n)*

0 = ah(k) <
%
("R 109K ir 1=k =n,
or equivalently,
o (hk)? o (k/h) % K ,
0= a (k) <e (1+1199¢ I e 1 <R sk,
and
} wr(ni) o (k/n)* _on(n/k)E Nk
0= a(k) <e (e {1+1199¢ NS ir 1=k <h
In these estimates, firstly
%
e—zﬂ(k/h) <

Secondly, the derivative with respect to k of

%
(1+11999“2”(k/h) )k

is negative. This function of k is therefore decreasing, and it follows

that

—2n(k/h)%)k -gnh‘%)l

(1+1199¢ < (1+1199¢ < 1200

Thirdly, if 1 <k <h ,

QW(h/k)%)k Qﬂ(h/k)%Jh

(1+1199¢ < (1+1199¢”

)

whence, by the preceding inequality applied with %4 and k interchanged,

2ﬂ(h/k)%)k

(1+1199¢” < 1200

We find therefore in both cases 1 = h =k and 1 = k = h that



)
O

lranstormation polynomials 22Ut

SN 1
. o hm(ak)”
(3) 0 < a, (k) = 1200.e (nk)
It is easily verified that this estimate remains still valid when one or

both of %~ and k are equal to zero.

From now on let m > 2 be a fixed integer. Put

Mo=ym) =m ] {1 + -1_1
-’ P,
plm
where in the product p runs over all the distinct prime factors of m
Denote by 7 the set of all triplets {4, B, D} of integers 4, B, D
satisfying

1<4<m, 0=B<D-1, 1s<D<=m, AD=m, (A, B, D) =1

Let further T(4, D) %te the subset of those triplets in T for which A4
and D are fixed. The set T has exactly /M elements, and there are
d(m) different sets T(4, D) where d(m) denotes the number of divisors

of m

With each triplet {4, B, D} in T , we associate the modular

function

JAwtB . -

J[—75—ﬁ, = jlw | 4, B, D) say,

which is of level m ; there are M such functions. Each of these
functions can be derived from every other one by a suitable modular

transformation

aw+p
Yw+s§

where o, B, Y, & are again integers of determinant 1

By the theory of the modular function J(w) , there exists a unique

primitive irreducible symmetric polynomial Fm(u, v) $ 0 in two variables
u and v with integral coefficients such that
Fm(j(w | 4, B, p), d(w)) =0

didentically in w for all triplets {4, B, D} in T
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This polynomial is of degree M in both u and v , and its terms of

highest degree in these two variables are exactly uM and UM N

respectively. In explicit form,

F(u, §) =TT (w-dlw | 4, B, D)) ,
T

where the product extends over all the triplets in T .

We can write Fm(u, v) as

M M
F (u, v) = D) kauM—kvM—Z
k=0 1=0

bl

where all the coefficients sz are integers. Put

M M

L = £l
§ kzo zzo il

It is known that with increasing m this number Lm quickly becomes very

large. Our aim will be to find an upper estimate for Lm .

For this purpose we shall construct a second polynomial G(u, v) $ 0

with integral coefficients which is divisible by Fﬁ(u, v) . This new

polynomial will be of higher degree than ¥ in u and v , but it has the
advantage that it is easier to find an upper estimate for the sum of the
absolute values of its coefficients. As a first step to the construction
of G(u, v) we shall construct the Laurent series in fractional powers of

x of the function
. k., 1
(4) Ty [ 4, B, D) =gw |4, B, D)F W, (k, T=0,1,2,...)

5.
We begin with the series for J(w | A, B, D)k where {4, B, D} is
any triplet in T , while as before k = 0 . Put

_ eQﬂz/D

2

so that by (2),
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ol 4, B, 0K = T a () (EAD)E
o

Here % can be written as

h=rD+p , wvhere »=0,1,2, ... ,and p =0, 1, ..., D=1 .

Since
ED =1, (eBxA/D)D _ xA - m/D ,
it follows that
k75t Bo-k) {mp+4(0-k) }/D
jlw |4, B, D)= ] ¢ ) (k) .
p=0 o TPe
Since also
jw = ] a0zt
8=0

the functions (L) have then the Laurent series

D-1 o ©
B(p-k {mr+4(p-k)}/D -1

sz(w | 4, B, D)= ) ¢ (p-k) Z arD+p(k)x mr+4(p-k)}/ Z as(Z)xS ,

0 r=0 =0
or say,

DXL Blp-k) © {h-Ak-D1}/D
(5) Jpg(w | 4,B, D)= 1] ¢ ] a, (k, 1|4, D :
kl 0=0 h=0 h,p

Here the new coefficients ah 0 are non-negative integers which
3

depend on 4 and D , but not on B . They have the explicit form

(k, 2| 4, D) =}
N ,

b

a, . aypaplKlag(l)

where the summation extends over all pairs of non-negative integers r, s
for which
{mr+4(p-k)} + D(s-1) = h - Ak - DL ,
that is,
mr + Dg = h - Ap .

Since AD = m , this condition is equivalent to
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Ar + g = 5
Since r and & are non-negative, it can then only be satisfied if
simultaneously

h = 4dp (mod D) and h = Ap .

Put therefore

g =

- ]
hzfp ond H = ﬂ§| Eon

4

Then ¢ and H are non-negative integers such that

h=Ap+Do ana 0<pg=lAR l
m m
In this new notation, the formula for ah 0 can be written as

i
| 4, 0) = ]
r=0

(6) a

h,o(k aDr+p<k)ao—Ar

Here the sum on the right-hand side contains

H+ 1= E—+ 1
m

terms.

6.
An upper bound for the coefficients ah’p can be obtained as follows.
Denote by ¢ a real variable, and put
0(¢) = {(Dt+p)k} + {(0-48)1}F |
Then, by (3), the products on the right-hand side of (6) satisfy the

inequality

0=a,  (Ka_ , (1) = 1200%xp (410(x))

Dr+p o-Ar

Therefore

0=a, p(k, 1] A, D)= 12002[% + 1}em(lm®(17’)] ,

where 7 has been chosen so as to make O(r) a maximum.
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The integer » 1lies in the interval 0 < ro= because the suffix

=]

O - Ar  cannot be negative. Let + be a real variable in the same

interval 0 = ¢t < = , and put
A

E . :
x = {(Dt+p)k}* and y = {(0-4%)1

Then, identically,in ¢ , the expressions

Y(x, y) = +y and T(a, y) = 4la" + Dk
satisfy the equations
0(t) = v(x, y) and T(z, y) =0

I'he maximum of O(¢) can then be obtained by applying Lagrange's method to

the function
Yz, y) + M(x, y) ,

there N is Lagrange's parameter. This maximum is easily found to be

N7 4T E
[(hlzﬁk)hJ where AD =m

nd naturally O(r) cannot be larger. Hence we find that

; o(n [ ((Az+0i)R) D)
< ¢ ] A, D) < 12007 |2 oxp | L i
No0sa (k1 | 4, D) = 1200 {m + lJtXP{W[ . )l
if. A = 4p (mod D) , h = 4p ,
ut that
8) a, (k, 1| 4,D0) =0 otherwise.

t 1s interesting to note that the upper bound in (7) does not depend on

7.

Next denote by N a positive integer and by

Ci«,Z (k, 2=0,1, ..., 1)

[}
set of (N+1)" indeterminates; both &N and the indeterminates will be

lxed later.
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In the polynomial

Ny N
Glu, v) = )} 1} CkZuN-ka-Z
k:o Z:O
replace #% and VYV by
u=g(w|A4, B,D) and v = j(w)

Then G(u, v) becomes a modular function G(w | 4, B, D) of level m ,

¢w | 4, B, D) =G(f(w | 4, B, D), j(w)) =
N N

=37 Y ¢, J
oo 100 KT N-K,N-1

(w | 4, B, D)

This function can again be written as a Laurent series

(oo} .
{7-(4+D)N}/D
9) Gw | 4, B, D) = § C.4, B, D)aI"(A*D) % ,
s J
J=0
where, by (5), the new coefficients Gj(A, B, D) have the form

(10) Gj(A, B,D)=y7J)Jc  B(p-N+k)

a, (N-k, N-1 | A, D)
kioh kl h,p

Here the summation extends over all sets of integers k, L, p, h

satisfying
0<k=N, 0<1=N, 0=<p=D-1, h+4k+Dl =g .

To these conditions we may add the congruence %4 = Ap (mod D) and hence
also

(11) J = A(p+k) (mod D)

For if either of these congruences does not hold, then .ah,p =0 by (8),
so that the corresponding term in (10) makes no contribution to the

multiple sum.

8.
In order to learn more about the coefficients Gj , we apply the

previous assumptions

(4, B, D) =1 and 4D =m .
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It follows that, on putting
(4, D) =A, A=ah, D=dA,

we have

Alm , (ayd) =1, (A,B)=1.
The congruence (11) now takes the form
(12) J = ab(p+k) (mod dA)
and implies that
Alg .
There is then an integer J = O such that
j=Jb .
Since (a, d) = 1 , there further exists an integer a satisfying
aa =1 (mod d)
The congruence (12) is now equivalent to
J = a(p+k) (mod d) ,
hence implies that
p+ k= al (mod d)
Therefore, if ah,p does not vanish, then p + k necessarily lies in one
of the A residue classes

(13) p+k=al +vd (mod D) , where vV =0, 1, ..., A-1 .

By D=dA,

_ 2mi/D _ emi/(dh)

It follows that

AN
, where n = egﬂi/ and v=0,1, ..., A-1 .

— N+, ad-
8B(p N+k) - eB(aJ N)nBv
Here n is a primitive Ath, root of unity, B is relatively prime to
A, and so nBv assume exactly the distinct values

2 A-1
l,n,n, ..., N .



£VU0 AaurT Vanler

9.

The relations (9) and (10) can now be simplified. The formula (9)

immediately becomes

00
(1) Gw |4, B8,0) = ] G,4,B, p)gtd-(axdi}/d

J=0
with coefficients GQA which can be written in the form

- A-1
BlaJ-N B
(15) 6, (4, B, D) = 2N Y BV )
V=0 ’
Here L is independent of B and is defined by the multiple sum
J Vv

(16) LJ,v(A, D) = g % % ckzah,p(m-k, N-1 ] 4, D) ,

where the summations are extended over all sets of integers k, L, &

satisfying
0<k=N, 0=1=N, h+Ak + DL =JA ,
and where © denotes the unique integer which satisfies the two conditions
p+kz=aJ +vd (mod D) , 0 <p <D-1.

Actually, the summation over A is trivial since % can only have the

single value
h = A J-ak-dl) .

This formula shows that also A is divisible by A .

The expressions LJ v are linear forms in the (IV+1)2 indeterminates
3
CkZ with non-negative integral coefficients ah 0" If all these
2
coefficients of L are zero, define a quantity A, (4, D) by
J,V J,V

AJ v(A’ D) =1 .

b

Otherwise denote by AJ V(A, D) the sum of the coefficients of L
b

VI
(a7) AJ’v(A, D) = % ; ah’p(N—k, v-71 | 4, D) .

Here p and the summations are just as (16), but the trivial summation
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over % has now not been indicated. We see that for all values of
J, v, A , and D

AJ,\)(A, D) =21

is a positive integer.

An upper estimate for AJ v(A, D) can be obtained as follows.
9

The sum (17) for AJ v consists of (N+l)2 terms
2

a p(IV—k, N-1 | A, D) where by (7) each of these terms satisfies an
inequality
2(n {4(N-1)+D(N-Kk) }n ¥
0=a [(F-k,N-1 | 4, D) = 1200 [—+ 1]exp[lm[ ] ]
5P m m
and where

A=ah , D=dN, h

AJ-ak-dl) = AT .

Since k and 7 are non-negative, it follows that

%
0=a, (Wk,N-1]4,D)s= 12002[2‘”11 + 1]exp[hﬂA[(a+zzle] ] ‘

This estimate is uniform in k and 7 and hence implies that

%
P O MW

for all suffices J and VvV and for all triplets {4, B, D} in T .

10.

The terms in the Laurent series (14) for G(w | 4, D) contain non-

positive powers of & as long as
0=J = (atd)V .
There are thus
(atd)V + 1
such terms, with the coefficients

G4, B, D), (7=0,1, ..., (a+d)D)
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We associate now with the triplet {4, B, D} in T +the system of

(a+d)N + 1 equations
A

G;p(4, B, D) =0, (7 =0, 1, ..., (a+d)N) .

From the representation (15) it is obvious that this system of equations is

satisfied if the following second system of equations

J=0,1, ..., (a+d)N
E(Aa D): LJ,\)(A’ D) =0,

v=0,1, ..., A-1

holds. This system no longer depends on B , but is the same for all
triplets in the set T(4, D) .

Finally denote by E the union of all the several systems E(4, D) ,

Jd=0,1, ..., (a+d)N
E: Ly (4,D) =0, [v=0,1, ..., A1 .
E
A=z1,D=1,AD =m

Each system E(4, D) consists of
A((a+d)N+1) = (A+D)N + A = (A+D)N + (4, D) = (A+D)(N+1)

equations since trivially (4, D) =4 + D . The number of equations of E

is therefore at most
20(m)(N+1), = U say,

where as usual 0o(m) denotes the sum of the positive divisors of m ; for

both 4 and D run exactly over these divisors.
On the other hand, each of the equations of E 1is a homogeneous
linear equation for the
2
(W+1)°, =V say,

indeterminates CkZ , with integral coefficients = 0 the sum of which is

estimated in (18).

11.

So far the indeterminates CkZ were not yet fixed; 1let us now take

for them rational integers not all zero such that the equations of E are

satisfied.
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For this purpose we shall apply the following lemma which goes back at
least to the paper Baker [1].

LEMMA 1. Let

1=1,2, ve.h U

) s ,

Jg=1,2, .., v

(65

where u < v , be a matrix with integral elements and let

v
g. =max|1, J lg-.l|», (Z=1,2, ..., u).
7 .2 1d
J=1
Then there exist integers Lys Ly ey & not all zero such that

v
) g.x.=0 for 4=1,2, ..., u;
J=1 1d J

max(lxll, ceny va|) = [gi oo gu
For the application soon to be made, we note that this estimate for
the &'s remains valid if wu, gl, e gv in the upper estimate are
replaced by larger numbers provided only that u remains less than v .
We found that the total number of linear equations E for the
V= (IV+1)2 indeterminates C

%y as not greater than U = 20(m)(N+1) .

The lemma may therefore be applied with u =U and v =V provided that
U<V, that is,

(19) N = 20(m)
Let this condition for N from now on be satisfied.

First consider the set of equations E(4, D) that belong to any

given pair A, D of complementary divisors of m . The maxima 9; in
Lemma 1 can in this case be identified with the integers AJ v(A, D) , and
bl

their product for E(A, D) becomes
Ao (4, D), = P(4, D) say;
J v J,V

here J runs over the values 0, 1, ..., (a+td)N , and Vv over the values
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0,1, ..., A-1 . TFor the union E of all the sets of equations E(4, D)

the product of the corresponding maxima gi becomes therefore

]_l'PA D)-'|_|'T—|']—]'A H4s D)

P say.

Here the new product l extends over all pairs A, D of complementary
A,D

b

divisors of m .

12.
An upper estimate for the product P can be found as follows.
The formula (18) gave an upper bound for AJ v(A, D) which did not
bl

depend on V . Here V has the A possible values 0, 1, 2, ..., A-1 ,
and J assumes the (a+d)V + 1 wvalues 0, 1, 2, ..., (a*d)V . The

formula (18) leads therefore to the estimate

(atd)W A
1 = P(4, D) = (12002 (3e1)2) AL (arDIALY T [A_J + 1] .

J=0

% (a+d)N
. exp hﬂAE(LQ%?Hq z J%

J=0
This formula can be slightly simplified, as follows.

It is obvious that

(a+d)N =z 2 , and that therefore 2A{(a+d)N+1} < 3A(a+d)N

Further, by hypothesis, m = 2 and A2|m , hence

AT

% = , so that m +1=<dJ if J =2 .

|-

Also it is easily proved that

n! = %-nn if n=z2 .

It follows that

(a+d N (a+d N
]—[) [%g+ 1] 5% ]—[) J = %((a+d)1v)! < [(a+d)1v)(a+d)1v ,

J=0 J=1
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hence that
(12002(N+1)2)A{(a+dw+1} (ql::é(flv [% + 1] = (12003(N+1)1*(a+d))A(a+d)N .
g=
Next, trivially,
(zZ)N 7 < (ad + (@)W ¥ = ((ara)n)3/? .

Therefore, by A=aA , D=dA , and A=1,

2
(20) 1=<P4,D) = [12003(N+1)h(a+d))(‘4+D)N . exp[hn @_%L_NE
m

This estimate finally leads also to one for P . We know that A4 =21
and D 21 run over all pairs of complementary divisors of m . Denote
then, as usual, by d(m) the number of positive divisors of m , by o(m)

again the sum of these divisors; and by Gg(m) the sum of their squares.

It is immediately clear that

I () = 20(n) , § (a+0)® = 20,(m) + 2nd(m) .
A,D AD

Further, trivially, 4 + D <m + 1 , whence

Y (44D)log(A+D) = 20(m)log(m+l) ,
AD

and the same upper estimate holds also for

Y (44D)1og(a+d) .
A,D

Therefore by (20) and by the definition of P ,

3(w+1) " (me1)

(m)+md(m)
(21) 1 =P =< (1200 )20(m)1v o, (m)+md(m 2] .

exp |81 ———F— N
13.
Lemma 1 can now be applied to the system E which consists of at most

U = 20(m)(n+1)

homogeneous linear equations for the
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V= (+1)°

indeterminates C We choose for N the odd integer

kL °
N = ho(m) - 1 > 20(m) ,
so that

(W+1)° = 160(m) , U = 86(m)° , V=160(m° , V- U= 83(m? .

By Lemma 1, there exist integers

CkZ (k, Z=0, 1, ..., NV)
not all zero such that
1 < max |Ckll < pt/(V-0)
k.1

and that all the equations of E are satisfied.

Substitute here for P its upper estimate (21). The exponent of the
first factor on the right-hand side of (21) divided by V - U 1is equal to

20(m) _ ho(m)N < Lho(m)

T-U v me1 ot
In the second factor,
) S )
- )
V-U 14 (N+l)2

so that this factor raised to the power 1/(V-U) gives the contribution

oz(m)+md(m)
exp |16 -
2

m

Hence the estimate for maxleZ| takes the explicit form

og(m)+md(m)

%

1 <max [C,,] = 12003(h0(m)]h(m+1)exp 167
k1 Kt i

From this we finally deduce that
N N o, (m)+md(m)

(2) 1= 73] 7§ |ckzl < 12003(ho(m))6(m+1)exp 16m
k=0 1=0 m®
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14.
The expression
Gw) = G(w | my 0, 1) = ¢(F(mw), j(w))

is again a modular function of level m . In the fundamental region
1
IR(w)l EE s |w| z1

of J(w) , G(w) has its only possible pole at the point at infinity, that

is, at x =0 . If any modular substitution
ow+B .
> Yord where o, B, Y, § are integers and ol - By =1 ,

is applied to the variable w , then G(w) 1is changed into one of the

functions

Aw+B

6w | 4, B, D) = G[j[————}, j(w)) , where {4, B, D} is a triplet in T .

D

A possible pole of any one of these functions either lies again at the
point at infinity, that is, at a =0 ; or it lies at a rational point on
the real axis. In the latter case a suitable modular transformation
changes this point into the point at infinity, and so some function
Gw | A", B', D') , where also {4', B', D'} € T , would have at pole at

x =0 .

However, our construction of G(u, v) was such that the series (9)
of each one of the functions G(w [ A, B, D) contained only positive
(possibly fractional) powers of x . Therefore, when G(w) is considered
in the whole upper half-plane, it has no poles at all, but it has zeros at

x =0 for its different branches. This has the immediate consequence that

0 <Zdentically in w .

i

¢(d(mw), §(w))
On the other hand, also the mth transformation polynomial Fm(u, v)
has the property that

Fm(j(mw), j(w)) = 0 identically in w .

Further the polynomial Fm(u, Jj(w)) is known to be irreducible over the

transcendental extension C(j(m)) of the complex number field C . It

follows then that the polynomial G(u, j(w)) is divisible by the
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polynomial Fh(u, j(w)) » and hence also the polynomial G(u, v) by the

polymonial Fh(u, v)

Both polynomials Fh(u, v) and G(u, v) have integral coefficients,

and the sum of the absolute values of the coefficients of G(u, v) allows

the estimate (22).
The quotient polynomial H(u, v) defined by

Glu, v) = Fh(u, v)H(u, v)

has again integral coefficients because Fh(u, v) is primitive. Hence the

sum of the absolute values of the coefficients of H(u, v) is not less

than 1 .
Further G(u, v) has in both u and v at most the degree N , and

2IV+I|I < 28cs(m) )

The general inequality (I) of my paper [3] leads therefore immediately to
the following result.

THEOREM 1. The sum of the absolute values of the coefficients of the
mth transformation polynomial Fh(u, v) does not exceed

oz(m)+md(m)
* exp(1l6m B
m

12003 (ko (m)) 8 (me1) + 2890

We see that there exists a positive absolute constant e (which can
be found effectively) such that the sum of the absolute values of the

coefficients of Fh(u, v) is at most

32
e

It seems very probable that this upper bound can be improved.

15.

As an application, consider an arbitrary primitive irreducible

quadratic equation with integral coefficients

2 _ 2
(23) aOQ + alQ ta, = 0 , where ay > o, haoa2 -a; >0.
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This equation has just one complex root with positive imaginary part,

say, and this root generates an imaginary quadratic field
K = Quw)
over the rational field Q .

Denote by %4 the class number of K . It is proved in the theory of
complex multiplication (see for example, Fueter [2]) that the singular

value
5 = j(w)

of the modular function is algebraic of the exact degree 2h over Q .

Denote by

a2 e agth oy +4

0 1 on =0

the primitive irreducible algebraic equation with integral coefficients for

S ;3 here in fact Ao may be taken equal to 1 .

Put now

4= [Aol +lagl s+ |A2h| .

By means of Theorem 1 we can establish an upper bound for A which depends
only on the coefficients of the equation (23) for w .
For this purpose write the equation (23) in the equivalent form

Q= ——".
aOQ+al

In the usual terminology of the theory of complex multiplication, this is a

substitution of order m = aoa2 and it implies that S satisfies the
algebraic equation

Fm(u, u) =0 .

Here Fh(u, v) as before is the mth transformation polynomial. If in
this polynomial u# and v are identified, Fh(u, u) becomes a polynomial

not identically zero with integral coefficients, and it is obvious that the

sum of the absolute values of the coefficients of Fh(u, u) is not larger
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than the analogous sum for Fm(u, v) . It is further clear that the
polynomial

AP e a Yy s

0 1 2h

is a divisor of Fm(u, u) . TFurther Fm(u, u) has at most the degree

2V . Hence, on applying once more the theorem of my paper [3], it follows
that

(m)+md(m)

%

m

(¢}
4= 12003(h0(m))6(m+1) . pteolm) exp|16m -2

Thus there exists a positive absolute constant (¢ such that for all
quadratic equations (23) the sum of the absolute values of the primitive
irreducible equation for the singular module S does not exceed the value

eC(aoa2)3/2
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