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Fourier transforms and bandlimited signals

Fourier transform: f ∈ L1(R)

F f (ξ) = f̂ (ξ) =

∫ ∞
−∞

f (t)e−2πitξ dt.

Bandlimited signals: Given Ω > 0, let

PWΩ = {f ∈ L2(R); f̂ (ξ) = 0 for |ξ| > Ω/2}.



Spectral concentration problem

Let T ,Ω > 0.

λ = sup{
∫ T

−T
|f (t)|2 dt; f ∈ PWΩ, ‖f ‖2 = 1}.

Time- and bandlimiting projections

QT f (t) = 1[−T ,T ](t)f (t), PΩf (t) = (1[−Ω/2,Ω/2]f̂ )̌ (t).

PΩQT : PWΩ → PWΩ is self-adjoint, compact.

Eigenvalues λ0 > λ1 > · · · > λn · · · > 0

Eigenfunctions φ0, φ1, . . . , φn, . . . (Slepian functions)
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Slepian properties

{φj}∞j=0 an o.n.b. for for PWΩ

Double orthogonality: {φj = λ
−1/2
j QTφj}∞j=0 o.n.b. for L2[−T ,T ].

Fourier self-similarity: φ̂j

(
cξ

T

)
= ±i j

√
T

cλj
QTφj(ξ)

Theorem (Landau and Widom 1980)

If c = 2ΩT , there are :

I approximately c eigenvalues ≈ 1

I approximately log c eigenvalues in the “plunge region”

I after that the eigenvalues decay quickly:
λn ∼ 2π(c/4)2n+1/(n!)2

Numerical difficulties in solving PΩQTφj = γjφj .
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The “lucky accident”

Let
Pcy = (1− t2)y ′′ − 2ty ′ + c2t2y .

Solutions of
Pcψ = χψ (1)

are known as PSWFs of order zero {ψ(c)
n } (or prolates).

Eigenvalues χn of P(m)
c are well-separated → efficient Galerkin

methods for computation of prolates:

ψj =
∞∑
k=0

BjkPk



The “lucky accident”

Theorem (Slepian and Pollak, BSTJ (1) 1961)

P(0)
c commutes with PcQ1

Corollary

ψ
(c)
0,n = φ

(1,c/2)
n , i.e., Slepians are prolates!





Bandpass prolates

Let 0 < c ′ < c <∞, Pc,c ′ = P2c − P ′2c and

PWc,c ′ = {f ∈ PWc ; f̂ (ξ) = 0 for |ξ| < c ′} = PWc 	 PWc ′ .

A bandpass prolate is an eigenfunction of Pc,c ′Q1:

Pc,c ′Q1f (t) =

∫ 1

−1

sin(a(t − s)) cos(b(t − s))

b(t − s)
f (s) ds

with a =
(c + c ′)

2
, b =

(c − c ′)

2

Out of luck

Theorem (Morrison: QAM (21) 1963)

There is no second or fourth order self-adjoint linear differential
operator with polynomial coefficients which commutes with L



Bandpass prolates

Let 0 < c ′ < c <∞, Pc,c ′ = P2c − P ′2c and

PWc,c ′ = {f ∈ PWc ; f̂ (ξ) = 0 for |ξ| < c ′} = PWc 	 PWc ′ .

A bandpass prolate is an eigenfunction of Pc,c ′Q1:

Pc,c ′Q1f (t) =

∫ 1

−1

sin(a(t − s)) cos(b(t − s))

b(t − s)
f (s) ds

with a =
(c + c ′)

2
, b =

(c − c ′)

2

Out of luck

Theorem (Morrison: QAM (21) 1963)

There is no second or fourth order self-adjoint linear differential
operator with polynomial coefficients which commutes with L



Bandpass prolates

Let 0 < c ′ < c <∞, Pc,c ′ = P2c − P ′2c and

PWc,c ′ = {f ∈ PWc ; f̂ (ξ) = 0 for |ξ| < c ′} = PWc 	 PWc ′ .

A bandpass prolate is an eigenfunction of Pc,c ′Q1:

Pc,c ′Q1f (t) =

∫ 1

−1

sin(a(t − s)) cos(b(t − s))

b(t − s)
f (s) ds

with a =
(c + c ′)

2
, b =

(c − c ′)

2

Out of luck

Theorem (Morrison: QAM (21) 1963)

There is no second or fourth order self-adjoint linear differential
operator with polynomial coefficients which commutes with L



Method 1: Prolate series

We seek eigenfunctions ψ of Pc,c ′Q1.

Theorem (H., Lakey: JFAA (19) 2013)

If ψ is an eigenfunction of Pc,c ′Q with eigenvalue µ then

ψ =
∑∞

n=0 anφ
(c)
n with a = (a0, a1, . . . , an, . . . )

T satisfying

µa = (I − R)Λa

where Λ = diag (λ0, λ1, . . . ) and Rjn = 〈Pc ′φ
(c)
n , φ

(c)
j 〉

Rjn =

∫ c ′

−c ′
φ̂

(c)
n (ξ)φ̂

(c)
j (ξ) dξ =

ik−j√
λjλk

∫ c ′/c

−c ′/c
φ

(c)
n (t)φ

(c)
j (t) dt
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Computing bandpass prolates
Byerly identities:

(j(j + 1)− n(n + 1))

∫ b

a
PnPj = (t2 − 1)(P ′nPj − P ′jPn)

∣∣t=b

t=a

(χn − χj)

∫ b

a
φnφj = (t2 − 1)(φ′nφj − φ′jφn)

∣∣t=b

t=a

φn =
∑
j

CnjPj ⇒
∫ b

a
φ2
n =

∑
j ,k

CnjCnk

∫ b

a
PjPk

∫ b

a
P2
n =

(2n − 1)

(2n + 1)

∫ b

a
P2
n−1 +

∫ b

a
PnPn−2

− (2n − 1)

(2n + 1)

∫ b

a
Pn−1Pn+1 + (2n − 1)Qn−1Qn

∣∣b
a

where Qn =
1

2n + 1
(Pn+1 − Pn−1).
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Method 2: Modulated prolate series

With σ = ±, consider the functions

φ
(c,c ′)
n,σ (t) = e2πiσatφ

(b)
n (t) (b = c − c ′).

The collection {φ(c,c ′)
n,σ ; n ≥ 0, σ = ±} is an o.n.b. for PWc,c ′ .

We seek eigenfunctions of the form f =
∑

n,σ aσnφ
(c,c ′)
n,σ :

λf = Pc,c ′Q1f =
∑
n,σ

aσnPc,c ′Q1φ
(c,c ′)
n,σ

=
∑
n,σ

aσn
∑
m,σ′

〈Pc,c ′Q1φ
(c,c ′)
n,σ , φ

(c,c ′)
m,σ′ 〉φ(c,c ′)

m,σ′

=
∑
n,σ

an,σ
∑
m,σ′

〈Q1φ
(c,c ′)
n,σ , φ

(c,c ′)
m,σ′ 〉φ(c,c ′)

m,σ′

=
∑
n,σ

an,σ
∑
m,σ′

C
(σ,σ′)
n,m φ

(c,c ′)
m,σ′ .
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Computing bandpass prolates

Equivalently
Caσ = λaσ

with

C
(σ,σ′)
n,m =

∫ 1

−1
φ

(c,c ′)
n,σ (t)φ

(c,c ′)
m,σ′ (t) dt.

C
(σ,σ)
n,m =

∫ 1

−1
φ

(b)
n (t)φ

(b)
m (t) dt = λnδn,m

C
(+,−)
n,m =

∫ 1

−1
e4πiatφ

(b)
n (t)φ

(b)
m (t) dt
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Computing bandpass prolates

Cn,m(s) =

∫ 1

−1
e2πistφn(t)φm(t) dt.

Then
d

ds
C (s) = 2πiAC (s) C (0) = I

where

An,` =

∫ 1

−1
uφn(u)φ`(u) du =

π

c

√
λnλ`

(1 + (−1)n+`)

λn + λ`
ψn(1)ψ`(1).

so
C (s) = e2πisA



Method 3

C (s) =
√

ΛBe2πisQBT
√

Λ

where

Qjk =

∫ 1

−1
tP j(t)Pk(t) dt.

Theorem
If n ≤ N, then

TN(Qn) = TN [(T2NQ)n]∥∥∥∥TN

( N∑
n=0

(2πis(T2NQ))n

n!

)
− TN(e2πisQ)

∥∥∥∥
`2→`2

≤ 2
(2πs)N

N!
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Method 4: Bessel series

Pn(z)Pm(z) =
m∑

k=0

am−kakan−k
an+m−k

(
2n + 2m − 4k + 1

2n + 2m − 2k + 1

)
Pn+m−2k(z)

where ak =
(2k − 1)!!

k!
=

(2k)!

2k(k!)2
.

Theorem

With Q as above and Cn,m,k =
am−kakan−k

an+m−k

(
2n + 2m − 4k + 1

2n + 2m − 2k + 1

)

(e isQ)mn =
m∑

k=0

√
(n +

1

2
)(m +

1

2
)Cn,m,k

∫ 1

−1
e istPn+m−2k(t) dt

=

√
2π(n +

1

2
)(m +

1

2
)in+m

m∑
k=0

(−1)kCn,m,ks1/2J1/2+n+m−2k(s)
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Enjoy your sabbatical!
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