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1 Introduction
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1 Introduction

Assumption 1.1:
S #£ (), C convex cone in a real linear space Y,F:S=Y
set-valued map with F(x) # (0 Vx € S.

————— % E E FRIEDRICH-ALEXANDER 4
= 4D = UNIVERSITAT _ Department
= = ="—= ERLANGEN-NURNBERG

Johannes Jahn MATHEMATIK

NATURWISSENSCHAFTLICHE
FAKULTAT



1 Introduction

Assumption 1.1:

S #£ (), C convex cone in a real linear space Y,F:S=Y

set-valued map with F(x) # (0 Vx € S.

Set optimization problem:

in F(x).
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1 Introduction

Assumption 1.1:
S #£ (), C convex cone in a real linear space Y,F:S=Y
set-valued map with F(x) # (0 Vx € S.

Set optimization problem:

in F(x).
e P

Early contributions:
J. Borwein (1977), W. Oettli (1980)
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1 Introduction

Example 1.2 (perturbed optimization problem):

E(nelg o(x) N TG'Q F(x) with F(x) := [f(x),g(x)] Vx €S
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1 Introduction

Example 1.3 (socio-economic problem):
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1 Introduction
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1 Introduction

Definition 1.4:
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1 Introduction

Definition 1.4:
(X,y¥) withx € S and y € F(x) Is called a minimizer of

min F(x) |iff for F(S) := | ] F(x)

xES

XES

¥ = O NFES) iy + G

l.e. ¥y € minF(S).
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1 Introduction

Definition 1.4:
(X,y¥) withx € S and y € F(x) Is called a minimizer of

min F(x) |iff for F(S) := | ] F(x)

xES

XES

(¥ =C)NFES) Cyr + G
l.e. ¥y € minF(S).

Serious disadvantage of this definition:

In general, only one element does not imply that the whole
set F(x) Is In a certain sense minimal with respect to all sets
F(x) with x € S.
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1 Introduction

In general, the concept of a minimizer is not helpful
In practice:
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1 Introduction

In general, the concept of a minimizer is not helpful

In practice:

# The best player in a national league does not
necessarily belong to the best team!
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1 Introduction

In general, the concept of a minimizer is not helpful
In practice:

# The best player in a national league does not
necessarily belong to the best team!

#® The best student of an age group does not necessarily
belong to the best class!

But more than 90% of the papers on set optimization work
with minimizers or variants of this notion.
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2 Order relations of sets 2.1 Known order relations
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2 Order relations of sets 2.1 Known order relations

Two pioneering approaches:

# by D. Kuroiwa (1998) in set optimization
(see also Z.G. Nishnianidze in fixed point theory (1984)
and R.C. Young in algebra (1931))

#® Dby A. Chiriaev/G.W. Walster (1998) in interval arithmetic
(implemented in the FORTRAN compiler f95 of SUN
Microsystems)
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2.1 Known order relations of sets

Definition 2.1:
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2.1 Known order relations of sets

Definition 2.1:

Let A,B C Y be nonempty sets. Then the set less or KNY
order relation <, Is defined by

A<sB <= (VaeA3JbeB:a<b)and
(VbeB3JaecA:a<b).
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2.1 Known order relations of sets

A much stronger order relation is the “certainly less”
relation.
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2.1 Known order relations of sets

A much stronger order relation is the “certainly less”
relation.

Definition 2.2:
Let A,B C Y be nonempty sets. Then the certainly less
order relation <. Is defined by

A<.B <= (A=B)or(A#B,VacAVbeB:a<b).
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2.1 Known order relations of sets

A weaker concept is the “possibly less” relation.
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2.1 Known order relations of sets

A weaker concept is the “possibly less” relation.

Definition 2.3:

Let A,B C Y be nonempty sets. Then the possibly less order
relation <, Is defined by

A<pB <= dacAdbeB:a<hbh.
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2.1 Known order relations of sets

Example 2.4:
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2.1 Known order relations of sets

Example 2.4:
For order intervals A = |a1,a»| and B = |by, by] we have

(@A) A<;B <— a;<bjandas; <b
(b) A<cB <= ax<b
(c) AxpB <= a; <ho.
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2.1 Known order relations of sets

Example 2.4:
For order intervals A = |a1,a»| and B = |by, by] we have

(@A) A<;B <— a;<bjandas; <b
(b) A<cB <= ax<b
(c) AxpB <= a; <ho.

B
— =t A=<B
A R
B
N A=<.B
A R
B
S—— . A<,B
== A R .
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2.2 New order relations of sets
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2.2 New order relations of sets
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2.2 New order relations of sets

A+ C

We have A <, Bbuta £ bandb < aforae maxA and
b € maxB.
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2.2 New order relations of sets

Definition 2.5:
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2.2 New order relations of sets

Definition 2.5:

Let A,B C Y be nonempty sets with at least one minimal
and one maximal element. Then the minmax less order
relation <, Is defined by

A=<,B <= minA < minB and maxA <. maxB.
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2.2 New order relations of sets

Definition 2.5:

Let A,B C Y be nonempty sets with at least one minimal
and one maximal element. Then the minmax less order
relation <, Is defined by

A=<,B <= minA < minB and maxA <. maxB.
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2.2 New order relations of sets

Definition 2.6:
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2.2 New order relations of sets

Definition 2.6:

Let A,B C Y be nonempty sets with at least one minimal
and one maximal element. Then the minmax certainly less
order relation < is defined by

A=<mnB <= (A=B)or
(A # B, min A <. minB and maxA <. maxB).
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2.2 New order relations of sets

Definition 2.6:

Let A,B C Y be nonempty sets with at least one minimal
and one maximal element. Then the minmax certainly less
order relation < is defined by

A=<mnB <= (A=B)or
(A # B, min A <. minB and maxA <. maxB).

0y
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2.2 New order relations of sets

Definition 2.7:
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2.2 New order relations of sets

Definition 2.7:

Let A,B C Y be nonempty sets with at least one minimal
and one maximal element. Then the minmax certainly
nondominated order relation <, is defined by

A <mn B <= (A =B)or (A# B, maxA <s minB).
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2.2 New order relations of sets

Proposition 2.8 (Properties of <, and <nc¢):
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2.2 New order relations of sets

Proposition 2.8 (Properties of <, and <c):

(a) <m and < are pre-orders (i.e. reflexive and transitive)
and compatible with the multiplication with nonnegative real
numbers.
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2.2 New order relations of sets

Proposition 2.8 (Properties of <, and <c):
(a) <m and < are pre-orders (i.e. reflexive and transitive)
and compatible with the multiplication with nonnegative real
numbers.
(b) (A<mBandB x, A)
< (MinA+C=minB+C, minA—C=minB - C,
max A + C = maxB + C, maxA — C = maxB — C).

<
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2.2 New order relations of sets

Proposition 2.8 (Properties of <, and <c):

(a) <m and < are pre-orders (i.e. reflexive and transitive)
and compatible with the multiplication with nonnegative real
numbers.

(b) (A<mBandB x, A)
< (MnA4+C=minB+C, minA—C=minB—C,
max A + C = maxB + C, maxA — C = maxB — C).
(c) If Cis pointed, then:

(A <mc Band B < A)
<= (min A = min B and max A = maxB).
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2.2 New order relations of sets

Proposition 2.9 (Properties of <n):
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2.2 New order relations of sets

Proposition 2.9 (Properties of <nn):

If C Is pointed, then <, IS reflexive, transitive,
antisymmetric and compatible with the multiplication with
nonnegative real numbers.
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2.2 New order relations of sets

Definition 2.10:
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2.2 New order relations of sets

Definition 2.10:
A nonempty set A C Y Is said to have the quasi domination
property iff AC minA+ Cand A C maxA — C.
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2.2 New order relations of sets

Definition 2.10:
A nonempty set A C Y Is said to have the quasi domination
property iff AC minA+ Cand A C maxA — C.

Proposition 2.11 (Comparing known and new order
relations):

Let A,B CY, A # B, be nonempty sets with at least one
minimal and one maximal element. If A, B have the gquasi
domination property, then:
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2.2 New order relations of sets

Definition 2.10:
A nonempty set A C Y Is said to have the quasi domination
property iff AC minA+ Cand A C maxA — C.

Proposition 2.11 (Comparing known and new order
relations):

Let A,B CY, A # B, be nonempty sets with at least one
minimal and one maximal element. If A, B have the gquasi
domination property, then:

A <mc B

N\

A=<.B A<mnB = A<sB.
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3 Existence result
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3 Existence result

In the following let < be any pre-order (reflexive and
transitive).
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3 Existence result

In the following let < be any pre-order (reflexive and
transitive).

Definition 3.1:
x € S Is called a minimal solution of the set optimization

problem mig F(x) w.r.t. the pre-order < Iff
S

F(x) < F(X) forsome x e S = F(x) < F(x).
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3 Existence result

Definition 3.2:

Let S be a subset of a topological space X. F is said to be
semicontinuous w.r.t. the pre-order < at x € Siff F(x) € V,
where V ={T CY | T £V} forsomeV CY, thenthereis a
neighborhood U of x in X so that

F(x) € V forall x € U.
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3 Existence result

Definition 3.2:

Let S be a subset of a topological space X. F is said to be
semicontinuous w.r.t. the pre-order < at x € Siff F(x) € V,
where V ={T CY | T £V} forsomeV CY, thenthereis a
neighborhood U of x in X so that

F(x) € V forall x € U.

F is said to be semicontinuous w.r.t. the pre-order < on S, iff
F Is semicontinuous w.r.t. the pre-order < at every x € S.
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3 EXxistence results

Theorem 3.3 (existence result):
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3 EXxistence results

Theorem 3.3 (existence result):
Let S be a subset of a topological space X. If S is compact
and F is semicontinuous w.r.t. the pre-order < on S, then the

set optimization problem mig F(x) has a minimal solution
XE

w.r.t. the pre-order <.
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4 Vectorization

—— == ==
_——= =

—ay— W

= === =

=———— = = = FRIEDRICH-ALEXANDER
= I=—— = = UNIVERSITAT

= &= “="—— ERLANGEN-NURNBERG

NATURWISSENSCHAFTLICHE
FAKULTAT

Johannes Jahn

4

Department

MATHEMATIK



4 Vectorization

Vectorization means the replacement of a set optimization
problem by a suitable vector optimization problem.
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4 Vectorization

Lemma 4.1 (key lemma):
Y locally convex, ) # A,B C Y, C C Y convex cone, A + C
closed and convex. Then:

BCA+C| < V/e C\{0y+}:inf ¢(a) < inf {(b)
acA beB
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4 Vectorization

Lemma 4.1 (key lemma):
Y locally convex, ) # A,B C Y, C C Y convex cone, A + C
closed and convex. Then:

BCA+C| < V/e C\{0y+}:inf ¢(a) < inf {(b)
acA beB

<— inf /(a) — inf /(b)) <O.
gecfij{poY*} <a:2A (a) blgB ( )) o

NN

::SO(AvB)

J/

RRRRRRRRR -ALEXANDER N
UNIVERSITAT Department

Johannes Jahn MATHEMATIK

NATURWISSENSCHAFTLICHE



4 Vectorization

Lemma 4.1 (key lemma):
Y locally convex, ) # A,B C Y, C C Y convex cone, A + C
closed and convex. Then:

BCA+C| < V/e(C\{Oy:}: ingé(a) < inf /(b)
ac

2
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4 Vectorization

Lemma 4.1 (key lemma):
Y locally convex, ) # A,B C Y, C C Y convex cone, A + C
closed and convex. Then:

BCA+C| < Ve C\{Oy-}: inf l(a) < inf £(b)
acA beB
P
A
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4 Vectorization

Remark 4.2:
Under the assumptions of Lemma 4.1 we have

BCA-C| < V/Ze&C\{Oy+}:supl(a) > sup{(b).
acA beB
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4 Vectorization

Remark 4.2:
Under the assumptions of Lemma 4.1 we have

BCA-C| < V/Ze&C\{Oy+}:supl(a) > sup{(b).
acA beB
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4 Vectorization

Remark 4.2:
Under the assumptions of Lemma 4.1 we have

BCA-C| < V/Ze&C\{Oy+}:supl(a) > sup{(b).
acA beB

Remark 4.3:

C* in Lemma 4.1 can be reduced to its base (if it exists) or
to other appropriate subsets.
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4 Vectorization

Theorem 4.4
Let the assumptions of Lemma 4.1 be satisfied and let
A + C and B — C be closed and convex. Then

A<sB| «<— Ve C\{Oy:}: inié(a) < inf /(b)
ac

~ beB
and sup/(a) < sup {(b)
acA beB
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4 Vectorization

Theorem 4.4
Let the assumptions of Lemma 4.1 be satisfied and let
A + C and B — C be closed and convex. Then

A<sB| «<— Ve C\{Oy:}: inié(a) < inf /(b)
ac

~ beB
and sup/(a) < sup {(b)
acA beB

inf ¢(a) — inf £(b
o max (fécfl\J{[)C)y*} (a:gA (a) blgB ( ))7

sup (supé(a) — supé(b)) < 0.
eC*\{0y=} “acA beB
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4 Vectorization

Corollary 4.5:

Let the assumptions of Lemma 4.1 be satisfied, let the sets
min A, min B, max A and max B be nonempty and let the sets
A+C A-—C, B+ CandB — C are closed and convex. If
C+HmnA=A+C, - C+maxA=A-C,C+mnB=B+C
and —C + maxB =B — C, then
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4 Vectorization

Corollary 4.5:

Let the assumptions of Lemma 4.1 be satisfied, let the sets
min A, min B, max A and max B be nonempty and let the sets
A+C A-—C, B+ CandB — C are closed and convex. If
C+HmnA=A+C, - C+maxA=A-C,C+mnB=B+C
and —C + maxB =B — C, then

AmB| < V/ZeC\{0y:}: iniﬁ(a) < inf 4(b),
ac

~ beB
sup £(a) < sup {(b),
acEmin A bemin B
inf /¢(a) < inf #(b
aEngA (a)._'bem;xB ( )
and sup /(a) < sup {(b).
acA beB
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4 Vectorization

Definition 4.6
A system of nonempty subsets of Y,
R"(C*\{0y~}) space of functions on C*\{0y-} with values in

—N

R .
The map v : A — R?(C*\{0y-}) is pointwise defined by

inf ¢
inf, £(2)

V(A)(() := ap g3 forall A € Aand all £ € C*\{0y-}
acA
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4 Vectorization

and the map w : A — R*(C*\{0y-}) is pointwise defined by

(e
sup {(a)

w(A)(0) = aei:if”A o(a) forall A e Aandall ¢ € C*\{0y-}

aEmaxA

\ sup /(a) /

acA

(min A and max A are assumed to be nonempty for all A € A).
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4 Vectorization

Theorem 4.7 (first vectorization theorem):

Let the sets F(x) + C and F(x) — C be closed and convex for
every x € S. Then

X minimal solution of mig F(x) [with respectto <
S

<= x minimal solution of mig v(F(x)) |with respect to <
(S

(< denotes the componentwise and pointwise ordering of
vector functions).
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4 Vectorization

Theorem 4.8 (second vectorization theorem):

Let the sets F(x) + C and F(x) — C be closed and convex and
min F(x) and max F(x) be nonempty for every x € S. If

C+ minF(x) = F(x) + Cand —C + max F(x) = F(x) — C for
every x € S, then

x minimal solution of mig F(x) | with respectto <,
X<

<= X minimal solution of mig w(F(x)) | with respect to <.
XE
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4 Vectorization

Example 4.9:
Consider S :=[-1,1], Y :=R? C:=RZ and F : S = Y with
F(x) == {(y1,y2) € R? | (y1 — 2*)% + (y2 — 2x°)* < (x* +1)*}
VxeS
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4 Vectorization

lllustration of the sets F(x) for some x € S.
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4 Vectorization

The vector function v at F(x) for some x € S Is pointwise
given by

x?(2(01 4+ 0p) — 1) — 1 |
v(F(x)) () = v ¢ € R with ||¢]] = 1.
x2(2(01 + 6) +1) + 1
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4 Vectorization

The vector function v at F(x) for some x € S Is pointwise
given by
x2(2(01 +0p) — 1) — 1

v(F(x — 2 with ||¢|] = 1.
(F(x))(£) 22+ 03) + 1) + 1 v £ e Ry with |[£]] =1

We conclude for all x € S and all ¢ € R with ||¢]| =1

v(F(0))(£) < v(F(x))().
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4 Vectorization

The vector function v at F(x) for some x € S Is pointwise
given by

x?(2(01 4+ 0p) — 1) — 1

V(F(x))(£) = v ¢ € R2 with [|¢]| = 1.
x2(2(01 + 6) +1) + 1

We conclude for all x € S and all ¢ € R with ||¢]| =1

v(F(0))(£) < v(F(x))().

Hence, x := 0 Is a strongly minimal solution of the vector

optimization problem migv(F(x)).
S

RRRRRRRRR -ALEXANDER N
UNIVERSITAT Department

ERLANGEN-NURNBERG
SSSSSSSSSSSSSSSSSSSSSS Johannes Jahn MATHEMATIK
FAKULTAT




4 Vectorization

The vector function v at F(x) for some x € S Is pointwise
given by

x?(2(01 4+ 0p) — 1) — 1 |
v(F(x)) () = v ¢ € R2 with ||¢]| = 1
x2(2(01 + 6) +1) + 1

We conclude for all x € S and all ¢ € R with ||¢]| =1

v(F(0))(£) < v(F(x))().

Hence, x := 0 Is a strongly minimal solution of the vector

optimization problem migv(F(x)).
S

Then x := 0 is a minimal solution of the set optimization

problem mig F(x) with respect to <.
XE
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4 Vectorization

Definition 4.10:
x € S Is called a strongly minimal solution of the set

optimization problem min F(x) with respect to the set less

€S
order relation < Iff

F(X) <s F(x) for all x € S.
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4 Vectorization

Theorem 4.11:

Let the sets F(x) + C and F(x) — C be closed and convex for
every x € S, and let the scalar optimization problems

min /(y) and min max /(y) be solvable.
xe(S) x€S yeF(x)
yeF(x
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4 Vectorization

Theorem 4.11:
Let the sets F(x) + C and F(x) — C be closed and convex for
every x € S, and let the scalar optimization problems

min ¢(y) and min max ¢(y) be solvable.
xe(S) x€S yeF(x)
yeF(x

x € S Is a strongly minimal solution of the set optimization

problem mig F(x) with respect to the set less order relation
XE

<s If and only if for every ¢ € C*\{0y-} the elementx € Sis a
minimal solution of the two scalar optimization problems

in {(y) and mi y).
o () and i e )
yeF(x)

RRRRRRRRR -ALEXANDER N
UNIVERSITAT _ Department

Johannes Jahn MATHEMATIK

NATURWISSENSCHAFTLICHE
F



5 Conclusion
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5 Conclusion

® realistic order relations for sets
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5 Conclusion

# realistic order relations for sets
# vectorization approach for various order relations
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5 Conclusion

realistic order relations for sets

°

vectorization approach for various order relations

°

# charcterizations of inclusions using nonlinear
separation by C. Tammer:

s G. Xiao, G. Yu, H. Xiao (November 2012)

s C. Gutiérrez, B. Jiménez, E. Miglierina, E. Molho
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5 Conclusion

realistic order relations for sets

o o

vectorization approach for various order relations
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5 Conclusion

realistic order relations for sets

o o

vectorization approach for various order relations
# charcterizations of inclusions using nonlinear
separation by C. Tammer:
s G. Xiao, G. Yu, H. Xiao (November 2012)
s C. Gutiérrez, B. Jiménez, E. Miglierina, E. Molho
(December 2012)
#® open guestion: optimality conditions
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