August 26, 2010

CHAPTER 1

Von Neumann’s Proof of the Existence and Uniqueness of an
Invariant Measure on a Compact Metric group

In this chapter, we’ll show how to ascribe to each f € C(G), a mean M (f), which is at one and
the same time, linear in f, non-negative when f is, and is a true average with the values at f and
any right translate of f, identical.

Let G be a compact metrizable topological group. Denote by F(G) the collection of non-empty
finite subsets of G and by C'(G) the Banach space of all continuous real-valued functions defined on
G, equipped as usual with the supremum norm.

Throughout this section, if Fy, Fy € F(G) then by Fj - Fy, we mean all words a - b, where a € Fy
and b € Fy; in particular, if a; - by = ag - b but a1 # as then we distinguish a; - b; and as - bs.

LEMMA 1.1. (i) If f € C(G) then min f, max f, and Oscf = max f — min f all exist.
(ii) If f € C(G) and F € F(Q) then

OscRAver f < Oscf.

In fact,
min f < min RAvep f < max RAver f < max f.
(ii) If f € C(G) and Fy, Fy € F(G) then
RAver, RAver, f = RAver,.r, f.

PrROOF. To see (ii), let F € F(G) and f € C(G). Define

1
RAverf(x) := P Z f(xa), xe€G.
acF

Naturally RAver f € C(G).
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To see (iii), if x € G then

RAver, RAvep, f(z) =

1
RAveFI@ Z f(xb)

beFy
=3
|F1| acFy

1
A B 2 S0

ac€Fy

1
7|F1-F2| Z Z f(zab)

acFi acFs

1
o > flzo)

ceFy-Fy

RAVQFI.sz(Z‘). O

S(za) <letting S(x) = Z f(xb))

| £ bEF,

LEMMA 1.2. If f € C(G) is not constant then there is an F' € F(QG) such that

OscRAvep f < Oscf.

PrOOF. After all, f’s not being constant ensures that there is an « such that min f < a <

max f. Set

U=[f<al={zeqG: f(zx) <al.
Since min f < a, U is a non-empty open set in G and G = (J ¢ Ua=!. (If x € G then for any
yeU,z=yly ') €Uy ') CU,eqUa™")

Now U is open (since f € C(G)), and U # ) so Ua~! is also a non-empty open set for each
a € G. Therefore the Ua~'’s cover the compact G. There is F' € F(G) such that

G= U Ua™'.

acF

Therefore for any o € G there exists a, € F such that € Ua, . i.e., for any 2 € G there exists

a; € F such that f(za;) < . Thus

RAver f(z)

1
= ﬁZf(l‘a)

acF

= 1Y S+ fea)
|F| a€F,a#a,
1

< (JIF|—1)max f + «

- |F|
(IF| = 1) max f 4+ max f

) 7]

= max f.
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Therefore
OscRAvep f < Oscf.

O

LEMMA 1.3. Let f € C(G) and define K = {RAverf : F € F(G)}. Then K is uniformly
bounded, equicontinuous family in C(QG).

PROOF. The key to this precious fact is that f is of course uniformly continuous. So given an
€ > 0 there is an open set V in G containing G’s identity such that if xy~! € V then |f(z)—f(y)| < e.
Notice that if a € G and zy~! € V then (za)(ya)™! = zaa='y~! =2y~ € V. So once 2y~ ! € V,
|f(za) — f(ya)| < e

for all @ € G. But now if F € F(G) then whenever zy~! € V we have

Raver ()~ RAver () = 7|3 fle) = 3 f(va)
acF a€F
< o 31 f(a) — F(ya)
|F| a€F
1
S mlFlG = €.
Note that I is uniformly bounded since
Raver /()] = |3 f(aa)
|F| acF
1
< F %; |f (za)|
1
—|F| - = -
< |F|| LA =111

We see that Lemma 1.3 takes on added significance if we but recall the classical theory of Arzela
and Ascoli to the effect that K C C(G) is relatively norm compact if and only if K is uniformly
bounded and equicontinuous.

With Lemmas 1.2 and 1.3 in hand, the plan of attack is clear. We want an averaging technique
which will give a true average, assigning values in a uniformly distributed manner, If the function
f is constant then we will plainly want to assign that value of constancy to f. With the aforemen-
tioned lemmas in hand, we handle non-constant functions thusly; if f is not constant, then we can
find Fy € F(G) so that

OscRAver, < Oscf;

If RAvep, (f) is constant then it’s value of constancy is the natural value to ascribe to f. If
RAvep, (f) is not constant, then we appeal to Lemma 1.3 again to find F» € F(G) so that

RAvep,RAver, C OscRAvep (f).

Continuing in this vain, we see that in the worst case we can find a sequence (F),) C F(G) so that
for each n
OscRAveg

n+1

RAver, (f) C OscRAver, (f).
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Appealing to Messrs. Arzela and Ascoli, we can pass to a sequence (F,,) C F(G) so (RAveu (f)) is
uniformly convergent.

The point is that because our averages were taken with respect to right translates, in the long
run, judicious choices of the F;,’s ought to produce an average that is right invariant. Remarkably
enough the wisdom needed has already been provided by Von Neumann.

LEMMA 1.4. Let f € C(G) and K = {RAvepf : F € F(G)}. Then
inf Oscg = 0.
inf Oy
PROOF. Let
s = inlfC Oscg = inf{OscRAverf : F € F(G)}.
g€
Therefore there exists (F,) in F(G) such that (RAver,) N\ s. Thanks to Arzela and Ascoli we can,
by passing to subsequences if necessary, assume that
RAver, f — g € C(G),
uniformly. It’s plain that on assuming the uniform convergence of (RAver, ) that
minRAvep, f — ming and maxRAvep f — maxg,

and so
OscRAver, f — Oscg.

Thus Oscg = s. Here’s the point: g is constant! Indeed if g were not constant there would be an
Fy € F(G) such that
so = OscRAvep,g < Oscg = s,

thanks to lemma 1.2. Since (RAvep, f) is uniformly convergent, there exists N such that

s—s8
[|[RAver, f — glloo < 3 0
i.e., for any = € G,
[RAver, f(2) - gx) < =5
But this is quickly seen to mean
s—s8
[IRAver,RAvep, f(z) — RAver,g(z)| < TO,

for all z € G as well. It follows that for all z € G

|OscRAver, RAver, f — OscRAver,g| < 2 <s _380> .

i.e., for all x € G,

|OscRAver, RAver, f(z) — so| < 2 (S _380) .

But this in turn means that

— 2 1
OscRAver, RAvep, f(z) < so + 2 (8 350) = §8 + gso < s.

But
OscRAver,RAver, f = OscRAver, r, f,
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and

s= _inf OscRAverf.
FeF(G)

This should elicit an ‘OOPS’ because

R,AVEFO RAVGFNf = R,AVEFO.FNf e K.

Therefore g is constant and s = 0. i.e.,
inf Oscg = 0.
geEK

O

We say the real number p is a right mean of f if for each € > 0 there is an F € F(G) such
that

[RAvepf(z) —p| < e
for all x € G. i.e.,
[IRAvVer f — plloo < €.

THEOREM 1.5. Every f € C(G) has a right mean.

PROOF. By the techniques used in Lemma 1.4, there is a constant function h (say h(x) = p)
and a sequence (F,,) C F(G) such that

lim [|[RAver, f — h||ec = 0.
ie.,
||RAV€an _p”OO — 0;

as n — oco. Plainly p is a right mean of f. 0

It’s plain that each f € C(G) has a left mean as well, that is, there is a ¢ € R so that if
€ > 0 is given there exists an F € F(G) so that

ﬁZf(ax)—q

a€F

<€

for all z € G. For obvious reasons, we define

LAvepf(z) = ﬁ Z f(ax).

acF

THEOREM 1.6. Let f € C(G). Let p be a right mean of f and q be a left mean of f. Then p = q.

PRrOOF. Let € > 0. Find A, B € F(G) so that

€ €
[IRAvesf — plloe < 3 |[ILAves f — ql[o0 < 3
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Now

RAve RAvep f(x) RAveA|B| Z f(bx)

beB

1
= |A||B‘ZSCECL ) (where S(z Zfbx

beB
= |A| |B\ 2> f(bza)

acAbeB

= s X S

bEB a€A

= |B|Z Zfbxa

beB

= Z RAve4 f(bzx)
1Bl %
= LAvegRAveuf.
Further,
RAvey(LAvegf — q) = RAvesLAvepf —¢q
and
LAveg(RAvesf — p) = LAvegRAvesf — p.
So for any x € G,

|p — RAvesLAvep f(z) + RAvesLAvep f(x) — ¢

Ip —q|

< |p—RAvesLAvepf(z)| + |RAvesLAvep f(z) — ¢

= |p—LAvegRAve,f(x)| + |[RAvesLAvep f(z) — ¢|

= |LAvep(p — RAveaf(z))| + |[RAves(LAvep f(z) — q)|

< |p—RAvesf(z)| + |LAvepf(x) —q| (since |LAvepf| < |f| and RAvepf| < |f])
€ €

< 5 =+ 5 = €,

and p = q. Go figure.

COROLLARY 1.7. For any f € C(G) there is a unique number M(f) that is both a right and
left mean.

THEOREM 1.8. The functional M on C(G)satisfies the following
(i) M is linear.
(i f=>0 sz > 0.
(iii

)
) M(1) =
(IV; ];) M(f) = M(f,) for each a € G, where ,f(x) = f(ax) and f,(x) = f(xa).

Mf
M

M,

(v) M( >0 if f=0 but f#0.

(vi) M(f) = M(f) where f(z) = f(z=1) for each x € G.

PRrROOF. We start by showing
(0.1) MRAverf) = M(f)
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for each f € C(G) and each F' € F(G). Suppose that M (f) = p. If € > 0 is given to us then we can
find Fy € F(G) such that
[[LAveFyf — plleo < €

ie.,

T 3 ) —p| <

beFy
for all x € G. It follows that for any z € G and a € F,

[IRAvepLAvep, f(z) — p| <e.

Since
RAVG‘FLAVQFO f = LAVGFO RAVGFf,

p is a left mean of RAver f. Hence by our previous result,
M(RAverf) = p,

and
M(RAverf) = M(f).
To see that M is linear, let M(f) = p and M (h) = q. Pick Hy € F(F) so that

[|[RAver, h — q|loo < e

ie., forall x € G,

<e.

1
— g h(zb) —
|H0|b€H S
0
ie,if E € F(G) and z € G then

[RAveg.g, h(z) — q| = |RAvegRAvey h(z) — q| < €.
Now
p=M(f) = M(RAver f)
for any F' € F. Therefore p is the right mean of RAvep, f. Hence there exists F € F(G) so that
[|[RAver, RAven, f —p|| <e.

ie., for all z € G,
[RAver,.m, f(x) — p| = |RAver,RAven, f(z) — p| < e

Since we already know that for all z € G and each F € F(G),

[RAveg. g, h(z) — q| <,
it follows that by taking F = Fj we get for each = € G,

[RAver,.u, (f +h)(x) = (p+q)| < 2e.
Thus
M(f+h) =M(f)+ M(h).

It follows from this and the easily established fact that M (kf) = EM(f) that M is linear, and we
have shown (i).

Parts (ii) and (iii) are clear. To see (iv), since

(0.2) RAver f(za) = RAve,.rf(x),
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M(fa) = M(RAverfq(z)) (by (0.1))
= M(RAverf(za))
— M(RAve,rf(x) (by (0.2))
— M(f) (by (01)
Similarly,
(0.3) LAvepf(ax) = LAver., f(x),
and so
M(.f) = M(LAver(.f(x))) (by (0.1) actually it’s equivalent with left averages)
= M(LAverf(azx))
= M(LAvep..f(z)) (by (0.3))
= M(f) (by (0.1) actually it’s equivalent with left averages),
and thus

M(af) = M(f) = M(fa).
For (v), suppose that f € C(G), f > 0, f # 0. Then there is a > 0 such that U = [f > ] is non-
empty and open; it’s easy to see that {U,-1 : a € G} is an open cover of the compact G. (If z € G
then for any y € G, z = y(y~'z) € U(y'z) € Uyeq Ua™'.) It follows that for some ay, ..., an € G

G=Ua;" UUa;lu...UUa,_nl.

Let’s check to see how this plays out.

If x € G then z € Ua,;1 for some 1 < k < m. Hence, zar € U and thus f(za;) > «. It fol-

lows that
m

1 a
RAve(q, ... a1 f(2) = - Zf(mi) >

i=1
for all x € G. Therefore o
0< E < M(RAve{al,.“am}f) = M(f)

Almost done; we have but to show that M(f) and M(f) agree. To establish this, define

N(f) = M(f oinv),
where inv : G — G is given by inv(z) = 271, N is a linear functional on C(G), N(f) > 0if f >0,
and N(1) = 1. Moreover

N(.f) = M(f,o0inv)
M(,1f) (since fo 0inv(z) = fa(e™") = fla™'2) =41 f(2))
M(f) (by (iv))
= N(f)

But by Corollary 1.7, there is only one invariant mean on C(G) so N(f) = M(f). O



