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CHAPTER 1

Locally Compact Groups

In this chapter the existence and uniqueness of a left invariant integral is presented. In the
first section we develop an averaging procedure that’s a functional version of Haar’s original set
theoretic procedure; we follow this with Andre Weil’s proof of existence using Tychonoff’s theorem.
The second section builds on the averaging procedures broached in the first section. We present
an amazing approximation theorem due to Henri Cartan. We follow this with Cartan’s Axiom-of-
Choice-free proof of the existence of a left invariant integral. Our fourth section presents Cartan’s
proof of uniqueness, again without use of any transfinite axioms. As usual, we close with a section
containing comments about related material and interesting tidbits that complement the earlier
presentations.

1. Weil’s Proof of Existence

In this short section we present Andre Weil’s proof of the existence of a left Haar measure for
any topological group. The initial stages of the proof are combinatorial averaging properties com-
paring continuous functions having compact support. Those these properties are uncomplicated
and, once formatted, easily established, they are nonetheless basic to establishing the existence of
a Haar measure in a general locally compact group.

Throughout G is a locally compact topological group. Let K(G) denote the linear space of continu-
ous functions f : G—R with compact support, and let X (G) denote those non-zero f € K(G) with
non-negative values. Fix, once and for the rest of this discussion, w € KT (G).

Note that if f,¢ € K*(G) then there are numbers ci,...,¢, > 0 as well as g1,...,g, € G so
that

(11) f S Zcigi(ba
=1

where ;. ¢(g) = #(g; 'g), denotes a left translation of ¢. To see why (1.1) holds, let K be a
compact subset of G such that f(g) = 0if g € K, and let M > max{f(g) : g € K}. Since ¢ # 0

there exists a go € G for which ¢(gg) > 0; by ¢’s continuity there is an open set Uy so go € Up and

o(u) > @ for all u € Uy. For each h € G, hUj is an open set and

K ¢ |J nts;
heG
K’s compactness leads us to hy,...,h, € G so
K =nmnUyU---Uh,U.
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Letting ,¢(g) = ¢(h~1g), we see that if g € K then g € h,,, Uy for some 1 < m < n and h;,'g € Uy

SO

1 8(9) = 9l1g) > 29,
hence

;(—j;f)hm,as(g) > M > f(g),

for all g € G and (1.1) follows.
With this in mind we define

(f:q’)):inf{Zci:fS Zci9i¢, for some c¢y,...,¢Cp ZO,gl,...gnEG},

=1 =1

and (f : ¢) is the functional covering number of f via translates of ¢.

LEMMA 1.1. For any f,g,6,% € KT(G) we have
(i) 0<(f:9¢) <oo;
(i) if h € G then (f: 9) = (1] : 0);
(i) (f : @) is subadditive and positively homogeneous in f; (i.e., (f+g:¢) < (f: o)+ (g: )
and (Af : ¢) = A(f : &) for any A >0.)
(iv) if f < g then (f:9¢) <(g:9);
V) (f:0) < (f:9)(¥:0).
PROOF. All of the statements follow easily using the definition of (f : ¢). We comment on (v):

to show (f : @) < (f : )Y : @), fix e > 0, and let ¢1,...,¢, > 0 and ¢1,...,9, € G be chosen so
that

n
f < Z Cigiwa
=1

with (f : ) §Z?=101- <(f:v)+eand dy,...,dy, >0 and hy,...h, € G be chosen so that

V<Y din, ¢,

j=1

with (1 ¢) < Y, d; < (4:9) +c.

It follows that

IN
NE
o
—/
\'MS
5‘
-
~

which, since
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says
n

m
(fro) <D ey di<((Fw)+e((W:0)+o).
i=1  j=1
Let € (0. Then
(f:0)<(f:)(W:9). O
For any f,¢ € KT (G) we define
(f : 9)
no(f) = 220,

¢ (w: @)
We'll see that pg(f) is an approximation to our ultimate [ f du ; as we squeeze the support of ¢
to ever smaller sets, we'll get better and better approximations. At least, that is the game plan.

LEMMA 1.2. For any f,g,¢ € KT(G)

(1) wo(f) >0
(i) polef) = ne(f) for all g € G;
(ili) pg is subadditive and positively homogeneous; (i.e., ps(f + g) < pe(f) + pe(g) and

Ho(Af) = Mg (f) for all X >0.)

(iv) pe is monotone non-decreasing;

) gy S melh) < (7 )

PROOF. We comment on (v): w, f and ¢ are all non-zero so quantities involved in the inequalities
from (v) of Lemma 1.1 are positive. Therefore

(f:0) <(f:w)(w:9),
and
(w:9) < (w: [f)(f:0);

and (v) of Lemma 1.2 is immediate from these. O

Recall that any f € K*(G) is both left- and right- uniformly continuous.

LEMMA 1.3. Let f1,fo € KT(GQ) and fix € > 0. Then there exists a neighborhood V of the
identity so that if ¢ € K1(G) with the support of ¢ contained in V then

Lo (f1) + po(f2) < po(fi + f2) + e

In effect (by Lemma 1.2), as we squeeze the support of ¢ towards {e} the function p4 tends to
being additive.

PRrOOF. Let K be a compact subset of G so that K contains the support of f; and the support
of fa. Choose f € KT(G) so that

xx < f <L
Fix § > 0 and consider
fs=hHh+fa+df
Define hq, hy by
filg) f2(9)
{ o T9FK { T T9ek

ha(g) =
0 ifgek, 9)=1 ¢ if g K.
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Then hy, hy € K*(G) and each has its support inside that of f5. So
Ji=hifs, fa=hafs, h1+ha <1

Because any member of KT (G) is (left) uniformly continuous on G given € > 0 there is an open set
V containing the identity so that if 7'y € V' then

[hi(x) = ha(y)] < €, and |ho(x) — ha(y)| < €.
Suppose ¢ € KT (G) with the support of ¢ contained in V, and suppose
n
f5 <D cigds
i=1

for some cy,...,¢, > 0 and g1,...9, € V. Then for any g with gi_lg eV

F1(9) = F5(9)hn(9) < 3 cidlg " 9)hu(g) < Zczcﬁ )(ha(gi) +€)
and
f2(9) = f5(g)halg) < cidlg; Z )(ha(gi) + € ).

i=1
Since V' contains the support of ¢, it follows that

n

(fr:0) <D cilhag) +¢), and ( <> cilha(gi) +¢€)
=1

i=1

Adding these together (and remembering that hy + he < 1) gives
(frid)+(fa:0) <Y e(l+26),
i=1

and so by the arbitrariness of ci,...,¢cn, 91, .., gn, With respect to f5 we see (by the definition of

(f5: #)) that
(fr:0)+(f2:0) < (1426)(f5: 9):
We divide everything in the inequality by (w : ¢), a positive number for sure, and get
no(f1) + po(fo) < (1426 ) puo(fs) = (1+2€ g (f1 + fo + 6f)
< (14 26)(ug(fr + f2) + 0ps(£))
pp(fi + f2) +2€ pg(fi + f2) + (1 +2¢ )opq(f).

An elementary application of epsilonics will finish the proof of Lemma 1.3. O

All the ingredients are present to proceed to a proof of the existence of Haar Measure on G if
we follow A. Weil and call on transfinite methods.

In fact we can use KT (G) as an indexing set and keep in mind that for any ¢, f € KT (G),
1
(w:f)

(1.2) < slf) < (f ).
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With this in mind, we let I(f) be the closed bounded interval
1
in R and call on Tychonoff’s Theorem (in its original form) to conclude that

II

K+H(G)

10 =gy 750

is a compact Hausdorff space. For a fixed ¢ € KT (G),

(g (f)) fex+@) €1,
thanks to (1.2). For any open set V' in G that contains the identity, let Fy denote the set of all
points (11 (f)) rexc+(q), where ¢’s support is contained in V.

Each Fy is non-empty.

If V1,V5 and V are open sets each of which contains the identity with V' C V4 N V5 then Fy C
]:V1 N .sz.

By I’s compactness there is a point

(w(f))fex+a) € n?v

What does this mean? Well given fi,...f, € KT(G), € > 0 and an open set V containing G’s
identity, there is a ¢ € KT (G) with the support of ¢ contained in V so

[w(f1) = g (f)ls - (fn) — g (fn)l <€
An appeal to Lemma 1.2 and Lemma 1.3 show that

g f) = (f) p(fr + f2) = u(fr) + ulf2)
pO) =Ml f), w(f) = Gy > 0

whenever fi, fo € KT(G) and A > 0.

If we define p(0) = 0 then we have what’s needed to define an invariant measure on G.

2. A Remarkable Approximation Theorem of Henri Cartan

Throughout G is a locally compact topological group. Let K(G) denote the linear space of
continuous functions f : G—R with compact support, and let X+ (G) denote those non-zero f €
K(G) with non-negative values. For g € G, f € K*(G), the function

of (@) = fg~'2) € KH(G).
If f,¢ € KT(G) then we define

(f:(b):inf{Zci:fSZcigiqﬁ, for some c¢y,...,¢c, > 0, gl,...,gnEG},

i=1 =1
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and (f : ¢) is the functional covering number of f via translates of ¢. Fix w € K1(G).
Define pg(f) by
(f:9)

o (f) = (0 0)

Here’s what we need to know about pi4.

LEMMA 1.4. For any f,g,¢ € KT (G)

(1) wo(f) > 0;
(i) polgf) = ne(f) for all g € G;
(iii) pe is subadditive and positively homogeneous; (i.e., pe(f + g) < pe(f) + p1e(g) and

te(Af) = Apg(f) for all A >0.)

(iv) pe is monotone non-decreasing;
1
() o S i) < (5w

w:f) ="

THEOREM 1.5 (Bochner-Dieudonné, specially tailored to our purposes). Let G be a locally
compact topological group, and let K be a non-empty compact subset of G and suppose Vi,...,V,
are open subsets of G each with compact closure so that K C Vi U---UV,,. Then there are continuous
functions f1,..., fn : G—=[0,1] such that the support of each f; is contained in V; and Y, fi(k) =1
for each k € K.

The f1,..., fn are referred to as continuous partition of unity subordinate to the cover {Vy,...,V, }
of K.

PrROOF. In the “Introduction to Topological Groups” chapter we proved that G is paracompact;
hence normal. By G’s normality we can find another open cover {W7,... W, } of K with W, C
Vi,i = 1,...,n. (Induction: n = 1 follows by the very definition of normality. If we assume that
the statement holds for any compact subset of G and any open cover of the set by m—open sets
for any m < n then let’s see what can do if K is a compact set and K C V3 U---V,,. Look at the
compact set C = KN (Vo ---V,)°N C V;. Normality gives us a Wi so that C C W; C W, C V4.
Our induction hypothesis applies to

KNWfCVoauU---UV,,
providing us with the rest of the W;’s, Wa, ..., W,,.)

Now suppose K C Vi U --- U V,; look for Wy,...,W, so W; C V; as in the above. Appeal to

Mr. Urysohn and he generously provides us with continuous functions g1, ..., g, : G—|0, 1] such
that xpp, < gi < xv;- Set fi = s=—. U
T =1 J?

LEMMA 1.6. Let f € KT(G), K a compact set in G, ¢ > 0 be given. Then there exist
ki,ka,....,kn € K, h1,...,h, € KT(G) so that if g € G,k € K then

PRrROOF. Let V be a neighborhood of the identity chosen so that if gy € Vg then
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remembering that f € KT (G) must be (right) uniformly continuous on G. Now cover K by a finite
collection k1V, ..., k,V of translates of V' where ki,...,k, € K. Next, choose a partition of unity
hi,...,hn, € KT(G) subordinate to the covering {k1V, ..., k,V} of K so that

e cach h; = 0 outside of k;V, and
e > "  hi(k) =1 for each and every k € K.

This we can do thanks to the Bochner-Dieudonné partition of unity theorem (Theorem 1.5).

Notice that if Kk € V and k € k;V then
(ki tg)(k™'g) ™ =k 'gg k=K 'k €V,
and so by choice of V,
[f(k7 ) = f(E ) < e
If k€ V but k & k;V then h;(k) = 0. In either case
|hi (), f(9) = hi(k)rf(9)] < ehi(k)

and this is so for i = 1,...,n. Adding these inequalities up and recalling that > ; h;(k) = 1 for
each k € K, we get

<e

" hi(k), £9) = of(9)
i=1
for all k € K and all g € G, as advertised. O

LEMMA 1.7. Let f1, fa,. ..y fn € KT(G),0 < A1, A2, ..., An, and € > 0 be given. Then there is
an open set V' containing the identity of G so that if 1 € KT (G) with the support of 1 contained in

V' then
Z)\iﬂw(fi) < iy <Z )\z‘fz) +e

i=1 i=1
PROOF. Let K be a compact set that contains the support of fi,..., f,. Choose f € KT(G)
so that
xk < f <1
Let 6 > 0. Look at
f(S = >\1f1 JF"'JF)‘nfn +6f € IC+(G)
Define h;,1 < i < n by

0 if g€ K.
Notice \; f; = fsh; and Z?:l h; < 1. Moreover h; € K*(G). The uniform continuity of members of

K*(G) ensures that if ¢ >0 is given then there is an open set V that contains the identity so that
if y € 2V then

Aifi(9) if
o e K
hi(g) = { f5(9) g

|hi(@) = hi (@), - [hn(@) = ha(y)| < €.
Suppose ¢ € KT(G) has its support contained in V and suppose ¢y, ...,¢n > 0and g1,...,9m € V
are chosen so that

M+ Afu+0f = F5 < iy 0.
j=1
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If g€ g;V then foreachi=1,...,n

IA

Zhwgwmmm+&
j=1

It follows that for i =1,....,n
)\z(f W )‘fz : <ch

and so keeping in mind the fact that > . h; <1,

Z)\Z(fl Z)\fl ZC] 1+ne
i=1 i=1 j=1

By the arbitrariness of ¢i1,...,¢, > 0 and g1,...,9m € V vis-a-vis fs5 we see that

D Xilfi 1) < (L4 ne)(f5: ¥).
On dividing everything in plain sight by (w : ©) we get

S hipp(f) < (U4 n€ ) (pa(fs))
=1

= (1+n) (pypifi+- + Aafa + 1))
< (4 ne) (M fi+ -+ A fn) + 1 (0f))
= ,LLw()qfl +-- 4+ )\nfn) + ne,:uw(/\lfl + -+ Anfn) + 5(1 + nG,)lu‘w(f)'

The standard dose of epsilonics finishes the proof. O

A key element in the proof of the existence (and uniqueness) of Haar measure is the following
stunning approximation theorem of H. Cartan. Remarkably, there is no measure theory in the
statement of the theorem.

THEOREM 1.8 (Cartan). Let f € KT(G), and let 0 < € be given. Then there is an open set V
in G that contains the identity, has compact closure such that if ¢ € K+(G) with the support of ¢
contained in V, then there exist g1, ..., gn € SUpp(f),c1,.-.,cn > 0 so that

‘ f-= Zcigﬁ
i=1

Proor. To start, let 0 < ¢ < ¢ and choose an open set V with V compact, e € V so that
[f(9) — f(g0)| < € whenever g~go € V.

<e.
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Let K be a compact set containing the support of f. Let § > 0. Apply Lemma 1.6 to find
91s---,9n € K and hy,...,h, € K*(G) so that if g € G,k € K then

<4.

3 hilk), 0lg) ~ 16(g)

Multiplying by f(k), we see that for all g € G,k € K, we have

(1.3) < 6f(k);

2 5. 0(9hik) (k) = x0(9) f (k)

but the support of f is contained in K so if k& ¢ K the LHS of (1.3) is zero and so we have (1.3)
holding for all k,g € G.

Now ¢’s support lies in V, so if k='g € V we see

f(g) = f(R)| <€,
and so

1k6(9)f(9) = k0(9) S (k)] < € x(9);
On the other hand if k=1g € V then r¢(g) = ¢(k~1g) = 0. Regardless of where k~'g is located, we
have that for every k € G and g € G
(1.4) k(9) f (k) — k6(9) f(9)] < € k(9)-
In tandem, (1.3) and (1.4) tell us that for any k,g € G

> 0@k f(k) — ko) F(9)| < D b(@hi(k)f(k) — 1o(9) f (k)| + [6(9) f (k) — k6(9) f(9)]
=1 =1
(1.5) < Sf(k)+ € rolg).

Notice that if ¢(g) = ¢(g~") then
k0(9) = ¢(k~g) = b9~ 'k) = 4o(k).
If we now replace ,¢(g) by gqvﬁ(k:) in (1.5) we get that for all k, g € G,

o~

(1.6) < Of(k) + € g0 (k).

> 0@ (k)f (k) = 10(k)/ (9)

Now viewing g as fixed and letting k be free, we get the functional inequality

S s 8@hif — ;0f(9)| < 8F + € 4.

1=1

We now call on the averaging machinery developed earlier.

With the inequality

n

S d@)hif — ;05 (9)

i=1

<Of+€ 0
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in hand, note that for ¢ € K*(G), the subadditivity of the functional p,, tells us that

< Spp(f) + € py (39).-

fhap (Z g,»,¢>(g)h¢f> — F(9)p (40)

Now ¢ # 0 and by Lemma 1.2, 114(,¢) = j155(¢) > 0 so division by fu,(,¢) is legal (if not ethical).
Do it! The result:

(1.7)

- ;ﬁffgl ) Hyﬁf} ¢
o (; 1 (g®) hJ) f(g)‘ : 6%((13) "

This is so for any ¥ € K1 (G).

But Lemma 1.6 says that given n > 0 there is an open set W containing the identity of G so
that if 1 € K¥(G) and the support of 9 is inside W then (setting A\; = gid)(?))

Ky (D)
—~ .29, .\ ~=a209) 4
" |”w @ poi@) ! ) 2 @yt )

Note: W acts as a catalyst ensuring near additivity of u, but also providing a term

— 4,0(9),
v (z_; () hJ)

=1

to compare with both

f(g) and a sum of the sort Z Cig, P(9)-

i=1
We’re in business! Let
oy (R f)

Ci = ————

1 (@)
then each ¢; > 0 and for any g € G

- ’f(g) s tlhf) )

‘f(g) Y cig,0(9)
i=1

= (o)
=~ 5, %(9) — 4,0(9) — 4,0(9)
< — gil 2 h; + gil 2 h; - il h;
< fro-ne (B )|+ o (S5 - s
(5”1#({) +¢ 47 (by (1.7) and (1.8)).
fp (@)
Standard epsilonics take over to finish the proof. O

3. Cartan’s Proof of Existence of a Left Haar Integral

Before presenting Cartan’s proof of the existence of a left invariant Haar integral we’ll state
a crucial lemma. We delay the proof of the lemma because it’s also critical to Cartan’s proof of
uniqueness and the pattern of its proof is worthy of close inspection.
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LEMMA 1.9. Let f € KT(G) and € > 0 be given. Then there is an open set U containing G’s
identity for which: given any h € KT (G) with the support of h contained in U there is ¢ > 0 and
an open set V.= Vi containing the identity so that

ko (f) — cup(h)] < €
whenever ¢ € KT (G) with the support of ¢ contained in V.
The existence of a left Haar integral follows from our next result.
THEOREM 1.10. Let f € KT (G),e > 0. Then there is an open set V containing G’s identity for
which

ko (f) = ()] <€
whenever ¢, € K1(G) with the support of ¢ and the support of 1 contained in V.

PROOF. Suppose 0 < § < 1/7. Then according to the dictates of our previous lemma (Lemma
1.9) that there is an open set U containing G’s identity so that for any h € K (G) with the support
of h contained in U, there is a ¢y > 0 and another open set Vi; containing the identity so that

(1.9) ko (f) = crug ()] <6,
whenever ¢ € K*(G) with the support of ¢ contained in V.

If we apply our lemma again (Lemma 1.9) with our beloved w replacing f and the same ¢ in
place, we find an open set U containing the identity so that if i € KT (G) with the support of h
contained in U then for some ¢, > 0 and some open set Vj; containing the identity, we have

(1.10) 11— copg(M)] = o) — cupg(R)] < 8

whenever ¢ € K+ (G) with the support of ¢ contained in XN/ﬁ.

On replacing U, U by UnN U and Vu, ‘76 by Vu NV, we can and do suppose that the same U,V
work in both (1.9) and (1.10).

Notice that § < 1, so (1.10) ensures us that ¢, > 0 making division by ¢, a legal operation.
Let

Cr
1.11 R=—.
( ) C,

If $ € K*(G) with the support of ¢ is contained in V' then both (1.9) and (1.10) are in effect. So
lne(f) = Rl = |ns(f) = crpe(h) + crug(h) — Rl

1
< no(F) = erpo(B)[ +cf |no(h) — —
< 0+ Lleous(h) — 1|
< §+RS=(1+R)S.

Appealing again to (1.9) we see that
¢
(1.12) erolh) < po(f) +6= L0 g < (r )4

@: 0

~
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because (f : ¢) < (f : w)(w: ¢). By (1.10) we have
(1.13) Cophp(h) > 1 —4.
Since gy (h) > 0 we see (using 6 < 1/2) that

_cr _cnpplh) _ (frw)+6 ,
B T ey = 10 STl

Investing this knowledge wisely we find
lwe(f) — R <(Q+R¥O<(1+2(f:w)+1)d=21+(f:w))d
so long as ¢ € K1 (G) with the support of ¢ contained in V.

Cutting to the chase: given f € KT(G) and ¢ > 0 there is an R > 0 and an open set V con-
taining G’s identity so that

o (f) — R <€

whenever ¢ € KT (G) with the support of ¢ contained in V. Of course if ¢ € KT (G) has its support
inside V' then

Iy (f) — R| < e

too.

Conclusion: given f € K1(G) and € > 0 there is an open set V containing the identity so that
if ¢,1 € K*(G) have their support inside V' then

e (f) — py ()] < 2e

Among friends, this is good enough to finish the proof. O
Our hard work is done. It’s time to reap the rewards.

Existence of a Left Invariant Integral: We now look at all pairs (V,¢) where V is an open set
in G containing G’s identity and ¢ € KT (G) with the support of ¢ contained in V. We order the

pairs (V, ¢) by
(V1,¢1) < (Va, ¢2)

if Vo C V15 so convergence with respect to this direction measures what happens as that V coordi-
nates shrinks to {e}.

Fixing f € KT (G) we see that our last theorem tells us that

p(h) = lim p1o(f)

exists. By Lemma 1.3, the functional y is additive on K+ (G); Lemma 1.2 tells us that y is positively
homogeneous and invariant under left translates. What’s more, for any ¢ € KT(G)

_w:9)
Hel) = (o g)

so u(w) = 1. Therefore p is a left invariant Haar measure on G.

=1
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4. Cartan’s Proof of Uniqueness
We restate Lemma 1.9 and include its proof.

LEMMA 1.11. Let f € KT(GQ) and € > 0 be given. Then there is an open set U containing G’s
identity for which: given any h € KT (G) with the support of h contained in U there is ¢ > 0 and
an open set V.= Vy containing the identity so that

g (f) — cug(h)| <€
whenever ¢ € KT (G) with the support of ¢ contained in V.

PROOF. Let W be an open set containing the identity with W compact, and let K = {x : f(z) # 0}
be the support of f. Fix f ¢ K*(G) so that > xxw.

For any 1 > 0, we know (by Cartan’s approximation theorem) that there is an open set U containing
the identity (we can suppose that U C W) so that if h € KT (G) with the support of h contained in
U then there are k1,...,k, € K and ¢1,...,c¢, > 0 so that

’f — Zci klh
i=1

Notice that h vanishes outside of U and so outside of WW. It soon follows that each of the functions
;b vanish outside k;W and so outside K - W. But f itself vanishes outside K which lies inside
K -W. So f and , h both vanish outside K - W. Using this and the behaviour of f/ we see that we
can upgrade the above inequality to

<.

<nf,

fF=Y cirh

i=1

a functional inequality involving members of KT (G). Now if ¢ € KT (G) we see that

po(f) — o (Z ¢ kh>

(the last inequality follows by Lemma 1.2(v)).

(1.14) <nug(f) <n(f :w)

An appeal to our new additive lemma (Lemma 1.7) tells us that there is an open set V = Vy
containing the identity so that if we further stipulate that ¢ have its support contained in V' then
we can assure that

(1.15) <n.

e (Z Ci k,;h> - Zciﬂqﬁ(kih)
=1 =1

But p4(k;h) = pie(h) so combining (1.14) and (1.15) and letting ¢ = > | ¢;

1o (f) = 1o (Z Ci kJL) + Ko (Z Ci kh> — > cing(h)
i=1 i=1 i=1

1o (f) = 1o (Z Ci kh> He (Z Ci kh> — > cing(h)
i=1 i=1 i=1

n(f w)+ 1.

e (f) = cns(h)] - =

IN

+

IN
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epsilonics now rule! O

Uniqueness of p: To prove the uniqueness of left invariant integrals on K+ (G), we consider a
functional v on K+ (G) which satisfies v(f) > 0 for each f € KT(G), v is additive and positively
homogeneous and v is left invariant so v(f) = v(,f) for any g € G. We further assume that
v(w) = 1, where w is our chosen one in K1 (G). What do we want? We want to show that v is in

fact, limg pg (f).

The path blazed by Cartan leads through the proof of Lemma 1.11. Let us repeat the lemma’s
proof but with v in mind instead of pg. Let f € K1(G).

We start with an open set W containing the identity and having compact closure, W. Let K =
{z: f(x) # 0} be the support of f. Pick f € KT(G) so that f > xx.w.

Ezactly as before we know that given n > 0 there is an open set U containing the identity (contained,
if we wish - and we do - inside W) so that if h € K1 (G) with the support of h contained in U then
there are k1,...,k, € K and ¢q,...,¢, > 0 so that

Hf_zcikih

i=1

<.

As before, analysis of the supports of f and h soon tell us that

i=1

<nf.

Now the inequality (1.14)

<npg(f) <n(f :w)

po(f) — po (Z ¢ kih>
=1

is replaced by

< nu(f).

v(f) —v <i ci le)

1=1

Since v is additive and positively homogeneous, the inequality (1.15)

1o <Z ¢ kh> =Y citglih)
=1 =1

=17

is replaced by the identity

174 <i C; k:lh) = i Cil/(kih).
=1 =1
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The left invariance of v tells us that v(y,h) = v(h) so letting ¢ = Y"1 | ¢;,

v(f) —ev(h)| = |v(f) - Z civ(h)
< w(f)—v (Z cikih>‘
i=1
< n(f).

Note: The “c” is the same here as it was in the case of pg or at least, it can be chosen to be so.

If we now turn to the proof of the existence of a left invariant integral u (Theorem 1.10), we
can easily see that the constant ¢, found therein also works with v replacing (4, this time without
any codicils about ¢’s support. As a result if R = ;= as in that proof (see (1.11)) we can conclude
the same truism: there is an open set U containing the identity so that for any h € KT (G) there is
a ¢, > 0 so that
|1 —cov(h)| = [v(w) —cor(h)] <6

so long as h’s support is contained in U. The point, once again, is that ¢, can be chosen within
the realm of esilonics to be the same for v as for p4; again the roots are in Cartan’s approximation
theorem. The resulting R for v is the same as for p14 and so ultimately, |v(f) — pe(f)| < 2¢ just as
in the proof of existence.

The upshot: for any € > 0
v (f) = no ()] < 26
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CHAPTER 2

Metric Invariance and Haar Measure

Suppose G is a locally compact metrizable group. Then G admits a metric p which is left
invariant and generates G’s topology; G also admits a left invariant regular Borel measure (a left
Haar measure). Is there any connection between these left invariant objects? In this chapter we
show the answer is an emphatic “yes.”

The highlight of the chapter is the wedding of Haar measure and Hausdorff measure; presiding
at the ceremony is C. Bandt. The result is a beautiful offspring: fractional Hausdorff measure. A
consequence is that if X is a left Haar measure on G and p is a left invariant metric generating G’s
topology then p—isometric subsets of G have the same A—outer measure.

Now the assumption that G have a left invariant metric that generates its group topology is, of
course, not an assumption at all. The Birkhoff-Kakutani Theorem assures us that G’s metrizability
is enough to ensure such a metric exists. However since we are looking for relationships between left
invariant measures on G and left invariant metrics on G, it is instructive (and fun!) to show how
to generate a left invariant metric that generates G’s topology directly from its left Haar measure.
This proof is due to R.A. Struble and leads off the chapter.

THEOREM 2.1 (R.A. Struble). Let G be a locally compact group with left Haar measure A. Let

(V) be a decreasing sequence of open sets that form a neighborhood basis of the identity e in G
where V,, compact for each n. Then

p(.’L’, y) = sup )‘(QjVnAyVn)

defines a left invariant metric on G which is compatible with the topology of G.
PROOF. It’s clear that p(z,y) is well-defined and that p(z,y) = p(y,x). Moreover p(z,y) > 0
and p(z,y) < oo regardless of z,y € G since each V,, is a Borel set with compact closure. Further,

p(zx, zy) and p(z,y) coincide because A is left invariant.

If x # y then there must be an m so that zV,, NyV,, = 0 since G is Hausdorff; but now
p(z,y) > MaVi AyVi) = 2A(Vy,) > 0.

On noticing that for any n and any z,y,z € G,

Vi, AyVy, C (2V, AZVy) U (2V, AyVy),

17
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we see that for any x,y,z € G,
AzVpaAyVy) <0 AM(aV,A2V,) U 2V, AyVy))
< M@V Az2Vy) + A2V, Ay V)
< plz,2) +0(2,9),
and with this
p(z,y) < p(x,2) + p(2,9).
In sum, p is a left invariant metric on G.

If G’s topology is discrete then A\({e}) > 0 so V,,, = {e} for some m; hence if x # y,
pla,y) = MaVmbyVin) = A({z, y}) = 2A({e}) > 0,

and the topology induced by p is discrete.
If G’s topology is not discrete then A(V,,) N\, AN, V) = A({e}) = 0. If V is any open set con-
taining e then there is an m € N so that V,,,V,-* C V.
Claim 1: z € V whenever p(x,e) < A(V,,). To see this, let p(z,e) < A(Vy,). Then

AMzVinAVin) < p(x,€) < A(Vm),
a positive number. Were zV,, N'V,, = () then

M2V AVp) = 2A(Vin) < A(Vin),
oops! So xV,, NV, # () and thus there are vy, vy € V,, s0 xv; = vg € 2V, NV, and

T :vgvgl S VmV,;1 cV.
This is so whenever p(z,e) < A(V,,,), and our claim is justified.
Let’s look at all of the points = such that p(z,e) < r, where r € Q,r > 0. There must be an
m € N so that A\(V;,) < 7, whenever n > m. Each of the functions
fre(x) = MaVi AVE)

is continuous and satisfies fi(e) = A(VixAVy) = A(0) = 0. But now we know there is an | € N so

that if z € V) then f1(x),..., fm—1(z) <7

Claim 2: if x € V| then p(z,e) < r. Why is this so? Well if 2 € V| then by choice of | € N,
we have
MzViAVL), o M@ Vi1 AVip—1) < 1.

What about A(zVpAVy) for kK > m? In this case,
AaViAV) < 20(Vi) < 2- 2 <

It follows that p(z,e) = sup,, A(xV,, AV,) < 1.

Our two claims taken in tandem show that p generates G’s topology about e. Since p is left invariant
and since G’s topology is too, this is enough to say that p generates G’s topology everywhere. [
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THEOREM 2.2 (C. Bandt). If p is a left invariant metric on the locally compact metrizable group
G defining the topology of G, then any two subsets of G that are p-isometric have the same left Haar
measure.

To prove Theorem 2.2 we need to develop fractional Hausdorff measure. let A be a fixed com-
pact set with non-empty interior;

We’d like to construct a Hausdorff gauge function h so that the associated Hausdorff measure
ph on G satisfies

0 < pu"(A) < .
Sadly finding such a gauge function is elusive. Happily Bandt found a way around this: fractional
Hausdorff measure. Given a Hausdorff gauge function h we define the fractional Hausdorff
measure " by

h C. . . .
V'(E) = tl{r(l)lnf chh(dlam(Bj)) ie; > 0,xe < chxgj,dlam(Bj) <t
j J

Mimicking the proofs encountered in Hausdorff measures, we see that v" is a metric outer mea-
sure (ensuring us that Borel sets are v"—measurable) and v" is left invariant reflecting p’s left
invariance. The issue is to judiciously choose h so that

0 < v"(A) < oo

Once this has been achieved, we see that for any compact set K C G,v"(K) < oo (K can be
covered by finitely many of A’s left translates, each of which has the same v"—measure) and for
any non-empty open subset U of G, v(U) > 0 (we can cover A by finitely many left translates of
U, each having the same v —measure).

Before proceeding we take note that if 0 < s < ¢ then for any £ C G

(2.1) inf chh(diam(Bj)) i¢; > 0,xp < chXBj,diam(Bj) <t
J J

is at least as large

inf chh(diam(Bj)) 1¢; > 0,xg < chXBj,diam(Bj) <sp;
J J

after all, there are at least as many fractional coverings of ¥ when the sets B; have diameter less
than or equal to s as there are with sets B; having diameter less than or equal to ¢. So, as function
of t, (2.1) ascends as t descends to zero. It follows that v"(E) is determined by what happens when
the fractional coverings involve sets of small diameter.

The gauge function that works is
h(t) = sup{\(B) : diam(B) := diam(B) < t},

a function that takes finite values on some open interval (0,7}). Indeed, G is locally compact and so
G has a basis for its open sets consisting of sets with compact closure; it follows that at any point
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of G, we have a basis of open balls with compact closure all with diameter less than Tp, for some
Ty > 0. The left invariance of p ensures that the same T, works throughout G.

NoOTE 2.3. v" is left invariant.

As a matter of fact, the metric p of Theorem 2.1 that generates G’s topology is left invariant
and so for any subset B of G, the diameter of B and gB are the same, since they’re p—isometric.

By the same token, sets in G that are isometric with respect to p are assigned the same v —values.

The real issue with v" is to show that it’s non-trivial, that is, 0 < v"(A4) < oco. Once we know
this to be so then v is a left Haar measure on G and so is but a multiple of \. Hence sets in G
that are isometric (with respect to p) have the same A—measure as well and we will have proved
Theorem 2.2. We proceed with several lemmas to get that v”* is non-trivial.

LEMMA 2.4. For any Borel set B C G,
A(B) < v"(B).

PROOF. Suppose xp < >_;¢jXp;- Then xp <3, ¢jXp, and so
AB) = /B dX < /chxgj dX
= D ¢AB)) <Y cjh(diam(B;))
chh(diam(Bj)).

It follows that
AB) <v"(B). O

Of course a particular consequence of this lemma is
COROLLARY 2.5. 0 < A(4) < v"(A4).
LEMMA 2.6. Let E(t) be defined by

E(t) = inf ch :n€N,xa < chXBj,cj >0, diam(B;) <t

Jj=1 Jj=1

If
limtinf h(t)E(t) < oo

then v"(A) < oco.
PROOF. There is a ¢ > 0 and a sequence (ty), tx > 0 with ¢; N\, 0 so that
h(tk)E(tk) <c

for all k. In other words,
c

h(tx)
for all k. For each k, choose a fractional covering of A,
n(k)

(k) (k)
XA < jz:;cj Xpws G 2 0

E(tr) <
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with
n(k)
k C
Zc; : = h(t.)’
= (tr)

Of course, the definition of the fractional Hausdorff measure v/ (A) ensures that

v"(A) <inf chh(diam(Bj)) i¢; > 0,x4 < chXBj,diam(Bj) <ty

j=1

SO

n(k)
v(A) < Z cék)h(tj) <c<oo. O
j=1

Lemmas 2.4 and 2.6 show us the way to the end, namely the proof Bandt’s theorem, which will
follow from the following.

LEMMA 2.7 (Principal Lemma). For each € > 0 there is a to > 0 so that if U is an open subset
of G with diam(U) < tg then for some s1,...,8, € G and aq,...,a, > 0 we have

XA < ZaiXsrU
i=1
and
MA) <) aid(si - U) < (1L+€AA).
i=1
This proof depends on Cartan’s Approximation Theorem (Theorem 1.8) and is rather delicate.

We postpone the proof until after seeing what it buys us - the completion of the proof of Bandt’s
theorem. So principal lemma in hand, let’s show how to put Lemmas 2.4 and 2.6 into play.

COROLLARY 2.8. The fractional Hausdorff measure is non-trivial; in fact,
0 < v"(A) < oco.

PRrROOF. If € > 0 then we can choose ¢ > 0 so that ¢ < min{tg,e} and h is continuous at
t. We can do this since h is monotone and so is continuous at all but countably many points of

(0, min{to, €}).

We can find an open set B in G with diam(B) < ¢ so that
h(t) < (1+ €)’*A(B).

How can we do this? Well if we pick ¢ < ¢ so that h(t') < h(t), and since h is continuous at ¢,
h(t) < (L+e)h(t),

then we choose C so that diam(C') <t and h(t') < (14 €)A(C). Then
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will do. By our Principal Lemma we have a functional covering of A: there is g1,...,9, € G and
Qai,...,a, > 0so that

n
xXa < Z i Xg;-B
i=1
with

n

AB)D ai) <> aiMai - B)
i=1

i=1

IA
=
+
o
=
=

It follows that

h(t)E®) = h)E(l) <h(t)) o

IN

(1+eAU) ) o

i=1
< (T+e)3NA).
Since € > 0 was arbitrary,

o <
llItll\(lélf h(t)E(t) < AM(A) < oo,

and so by Lemma 2.6, v"(A) < co. We already know that 0 < v"(A) and so by Note 2.3, v" is
p—invariant with 0 < v"(A4) < cc. O

PRrOOF. (of Principal Lemma) Since A is regular and A is compact we can find an open set V
such that
VC{zeG:p(x,A) <b}
that contains A, has V compact and satisfies
A(V) < (14 €)'/3A(4).
To see this, for each a € A, let U, be an open set containing a such that
U C T C {: plz, A) < b}.

Let ay,...,a, € A so that

ACU, U---UU,,.
Then

V=U,Nn---NU,,
is open, contains A, V is compact and V C {x : p(z, A) < b}.

Let
W={zeU:p(x A) <b/2}.
Let f : G—[0, 1] be a continuous function that is one on A and vanishes outside of W. Choose a: > 0
so that a1l 4 (14 €)'/3] < (1 4+ €)% — 1, that is, a < 1 — (1 +€)~ /3. Then
1+«

1 1/3,
o <(l+e¢)
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We appeal to Cartan’s Approximation Scheme to get an open set Uy that contains G’s identity e
for which if ¢ € KT (G) and Uy contains the support of ¢ then for some g1,...,g, € supp(f) and

some ci,...Cy, > « we have
n

flg) — Zci 5:0(9)

i=1
for all g € G. Let tg < min{b/2,d(e,U§)} be a positive number. We’ll show that this is the tg
claimed in the Principal Lemma.

<«

Let B be an open set with diam(B) < tq. Notice that if ¢ € B then g~!B is an open set that
contains e and diam(g~!B) = diam(B) < t, since d is left invariant. Each point of B is within ¢,
of g and so each point of g~ B is within ¢y of e. Can any # € g7 B also be in U§? If we try to
imagine such an x then

d(e,x) <ty < d(e, Us),
an impossibility. So (replacing B with ¢! B if necessary), we can assume our B in the opening line
of this paragraph contains e and is open with diam(B) <ty and B C Uj.

Now A is inner regular so we can choose a compact C' C B so A(C) is almost A(B), that is,
A(B) < (14 )Y3X(0).
Suppose ¢ : G—|0, 1] is a continuous function for which

xc <o <xB < Xv,-

We know that ¢ is a member of K (G) with supp(¢) C Uy and so Cartan’s scheme tells us we can
find g1,...,9n € supp(f) and ¢1,...,¢, > 0 so that for any g € G

S o

|f(g) - Zcz 5:0(9)

alternatively,
flo)—a < eigdlg) < flg)+a
for any g € G. Since x4 < f, -
xalg) —a <Y e g,0(9)
i=1

for any g € G. Let ¢; = 4,¢ and d; = 1%5. Plainly ¢; < x,,p (since ¢ < xp) and

Xa <Y didi <Y dixg,B.
i=1 i=1
Now Z;;l dix g, B is zero in V¢; after all, g1,..., g, are in the support of f and
d(W,V°) > b/2 > diam(B)
SO

> digi < (1+€)3xy.
=1
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It follows that

;di/qﬁd)\ = ;di/@d}\:/;di@@

< +e)1/3/XV A= (14 3NV,
Consequently
Zdi)\(giB) = Z 1+€1/3)\(C)Zdi
i=1 i=1 i=1
<« +el/3/¢dAZd < (1+YAA(V) < (14 ONA)
i=1
and that’s that. O

PROOF. (of Bandt’s Theorem - Theorem 2.2) By Corollary 2.8 v" is a non-trivial left invariant
Haar measure on G, so it is a multiple of \. Since sets in G which are p—isometric have the same
v values, it follows that these sets have the same left Haar measure. O

1. Notes and Remarks

Whenever G is a locally compact metrizable topological group, G has a base for its topology
consisting of open sets with compact closure; the collection of open balls with respect to the metric
generates G’s topology also forms a base for its topology. When can one find a left-invariant metric
generating G’s topology all of whose balls have compact closure? Of course, for such a thing to be
so, G must be separable: after all, G is the union of the n—balls centered at the identity; if each of
these have compact closure then it’s easy to see that G has a countable dense subset - the union of
the countable dense subsets of each n—ball will do.

Our next result, also due to R.A. Struble, tells us that this is the whole story. Though the topic
of this result of Struble is not germane to the study of Haar measure, it is simply too satisfying a
result not to be included.

Here’s the theorem of R. Struble that led him to consider Theorem 2.1.

THEOREM 2.9. A locally compact group metrizable topological group has a left invariant metric
that generates its topology in which all its open balls have compact closure if and only if G satisfies
the second azxiom of countability.

LEMMA 2.10. Let G be a locally compact, second countable (hence metrizable, separable) group.
Then there exists a family {U, : r > 0} such that

(i) for each r, each U, is open and U, is compact,
(i) U, = U1
(i) UpUs C Uypys (soif r < s then U, C U, U,_; C Us),
(iv) {U, : 7 > 0} is a base for the open sets about e,
(V) T>0U G.



July 9, 2010

1. NOTES AND REMARKS 25

Once Lemma 2.10 is established, we’re ready for business. Indeed, let {U, : r > 0} be the family of
open sets about e generated from Lemma 2.10. For z,y € G, set

d(z,y) = inf{r:y 'z € U,.}.

ly € U, for some r > 0. It follows

e Since G = UpsqU,., for an pair z,y € G, we have y~
that d(xz,y) > 0.

e ¢ € U, for each r > 0 so d(z,z) = 0.

o If y~lx # e then there is an 1o > 0 so that y 'z ¢ U,,, (Part (iv) of Lemma 2.10 tells us

this). But whenever 0 < ro < r we have (by Part (iii) of Lemma 2.10)
Um c Uro Ur—'r'g c U,

so d(z,y) > ro > 0.
o U, =U"'soy o €U, precisely when 2~y € U,; consequently, d(z,y) = d(y, ).
e Suppose z,y, z € G with y~ 'z € U,, 27 'y € U,. Then

2= Zﬁlyyilz e UsU, C Ur+sa

so d(x,z) < r+s. This is so whenever y~'z € U, so d(z, z) < d(z,y) + s; again this is so
whenever 271y € U, so d(z,2) < d(z,y) + d(y, 2).
e Finally, if z,y, 2z € G then
d(zz, zy) = inf{r: (zy) 'z € U} = inf{r: y 'z € U} = d(z,y).

To summarize: d is a left invariant metric on G.

Since d(z,e) < r means z = e~ 'x € U,, the open d-ball of radius r centered at e is contained
in U,. Also this same d-ball contains U, for any 0 < 7 < r since if z € U, then

elr=2e€U,CU U _,CU,,.,
= 5

and so d(z,e) < %T, < r. Therefore if 0 < " < r then
U, C{z:d(z,e) <r} CU,.

It follows that the open d—balls of radius r about e are cofinal with the collection {U, : r > 0} so
the closure of each open d—ball is compact and d generates G’s topology.

PrOOF. (Lemma 2.10) Let p be the left invariant metric resulting from Theorem 2.1. We can
assume that each of the open balls

B, ={x € G:p(z,e),r}

has compact closure for 0 < r < 2; after all, there is an r¢ so that for r < rg, B,, is compact by G’s
locally compact nature so recalibrate p to make ro = 2 if necessary.

For 0 < r < 2 we let U, = B,. This assures us clearly of (iv) and since we’ll keep these U,’s, (iv)
is assumed henceforth. Also (i), (ii), and (iii) hold when r+s < 2 by p’s left invariant metric nature.

G is locally compact and satisfies the second countability axiom so G admits a countable open
base

{Wgn nEN}
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for its topology, where we can (and do) assume that Wan is compact for each n. We define
Uy = Bo N W
It’s easy to verify that (i) and (ii) hold for 0 < r < 2 and if r + s < 2 then (iii) holds as well.

We'll now inch our way from from (i), (ii), and (iii), (r +s < 2) holding for 0 <r <2 to 0 <r < 4.

First we have to define U, for 2 < r < 22. Let 0 < r < 22. Set
U =JUs - U,

where the union extends over all tq,...t,, so that each ¢; satisfies 0 < t; <2 and t; +---+t,, = 1.

If2 <r < 22and ty +---+t, = r where each t; > 0 then there must be k,I € N so that
1<k<l<mandt;+- -+t <2, tp1+---+t <2,and ;41 +- - -+t < 2. Why is this so? Well
let k be the least j; so that ¢;+---+t;, <2, and let [ be the least jz so that t;, 1 +---+t;, < 2. Then
Z;‘ZH t; < 2 because otherwise, ¢, 41+ -+, > 2and t1+---+1t;,41 > 2 too where j1 +1 < ja+1.
It follows that

Ut - Uy -+ Uy, (Uty U ) Uty -+ U )(Upyy, -+ U,
Uttt Uttt Uty gt DY (V)
Us - Us - Us,
so U, C Us - Uy - Uy whenever 0 < r < 22. Now U is compact so Us - U - Us C Uy - Us - Uy is too
and U, is compact for 0 < r < 22. Since

U, U, )t =U U = U, - Uy

NN N

we see that

Ul = (UUlmUtm)il
U(Ul...Utm)*l
= UUt;l"'Ufl
UUtm"'Ul =,

for 2 < r < 22.

Finally if » > 0,s > 0 and r + s < 22 then on supposing t1,...,tm,T1,...,7; are positive and
satisfy t; +---+t,, =7,71 + -+ 7; = 5 then

Us, -+ U, )(Ur, - Uyp,)) =Up, -+ Uy, Uy -+ U,y

J
SO
U’!‘ : Us - Ur—i—s-

What if r,s > 0 and r +s = 22?7 Suppose r = s = 2. Then U,Us; = UsUs. If 2 < r then
s <2 Butr<2%so
U, C U U0
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and so
U,.Us C (UUxU5)Us.
Either way define
Us2 :(Lblb~[&L&)LJW@L

Here’s what is so for 0 < r < 22:

e Each U, is open and U is compact;

e U l=U,;

o if r,s>0and r + s < 2% then U,Us C U, ys.
We still have {U,. : 0 < r < 22} as a basis for the topology of G about e and of course, Wyz C Usz.

We continue from Uz to Uss in a similar fashion and inch our way forward in a straightforward
modification of the above procedure.

The fact that at each stage we ensure Won C Usn allows us to conclude that

G:UWQngUUgngG

neN neN
which is (v) of Lemma 2.10. O

THEOREM 2.11 (Braconnier). If G is a locally compact topological group and G admits a bi-
invariant metric d that determines its topology then G is unimodular.

PROOF. Let A be left Haar measure on G and assume that G is not unimodular. Let U be an
open set containing e such that A(U) < co. Let B be an open ball centered at e (of radius p) and
so that B is compact. Then for any = € G, the set zBx~! is just B, thanks to d’s bi-invariance, so

xBxr ' CU.

Let ¢ € G satisfy
Ay IAB) > A(U),
where A is the modular function of G. Then zoBx,' C U and

MzoBxyt) = A(zg )M woB) = Azg HNB) > A(U).

Oops! O
EXAMPLE 2.12. The general linear group, GL(n;R), on n—space, n > 2, is unimodular. For
each m, let
1 1 m L
Xm<0 m),ande<O T};)Egﬁ(n,R).
Then L ) )
[ m m mon Y_ (1 e 10
i (8 ) (5 2)-(o )= 1)
But

m X 1 1 1 2
(5 1) (8 0 )-(0 1)
Therefore no bi-invariant metric can be found so that it generates the topology of GL(n;R).

THEOREM 2.13. If G is a locally compact metrizable topological group and p is a left invariant
metric that generates G’s topology then (G, p) is a complete metric.
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Indeed if U is an open set with compact closure and if e € U then there is an open ball B
centered at e with B both compact and contained in U. Suppose R is the radius of B and let (g,)
be a p—Cauchy sequence in (G, p). Then there is an N € N so for m,n < N,

el

P(Gns gm) <

b

it soon follows that for n > N,

=

p(gn,9n) < 3

Therefore for n > N, g, lies in the compact, closed ball of radius % and so (g,) must converge.

OBSERVATION 2.14. Let U be an open set in the topological group G with e € G and suppose
that K is a compact subset of G. Then there is an open set V in G with e € V' so that

Ve ' CU
for every x € K.

PROOF. To see this, let WW denote the collection of all open sets W in G such that W = W1,
We claim that for any y € G there is a V € W so that if x € Vy then

Vr l CU.
In fact, we can pick V; € W so that Vi - V; - V3 C U and we can pick V5 € W so that

yVay ' C V1.
(This is thanks to the continuity of z—axr—aza~?! for any a € G.) Let

V=Vin.
Then if z € Vy,

zy t eV W,
and
yr =ty tevi=vCn,

and so

2Vt CaVhr! = (xy™) (yVnyl)) (yr=hHyCcWVvi-Vi-Vi CU.
So for each y € K there is a V,, € W so that = € V,y implies 2V,z~! C U. But

Kc | Jwy,
yeK
and each V,y is open; hence we can find y,...,y, € K so that

K C (Vyy) U U(Vy,un) -
Let
V=V,n---nV,.
Then if x € K, it must be that x € V,, y, for some k,1 <k <n, and so
zVax™t C V. yr € U.
O

THEOREM 2.15. A compact metrizable topological group G admits a bi-invariant metric that
generates its topology.
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PROOF. Let p be a left invariant metric on G that generates G’s topology. For z,y € G define
d(x.y) = sup{p(ez,yz) : z € G).

Then d is finite for all x,y € G and is easily seen to be bi-invariant.

Suppose € > 0. By our observation above, there is a § > 0 so that
2z eGip(xe)<d}-2C{reG:p(xe)<e},

for all 2. It follows that p(z,e) < J ensures that d(z7'zz,e) = d(z2,2) < € for all z and so
d(xz,e) < e. The open p—ball of radius ¢ centered at e is contained in the closed d—ball of radius €
centered at e.

It is plain that the open d—ball of radius € centered at e is contained in the open p—ball of ra-
dius € centered at e. Therefore p and d generate the same topology. O

Moreover

e If G is a topological group of the second category and H is a subgroup of G then G\H is
either empty or of the second category in G.

Let y € G\H. Then yH € G\H (distinct cosets are disjoint). Therefore should G\H
be of the first category then so is yH and from this we conclude that G = yH U (G\H)
is of the first category.

e If G is a topological group of the second category and H is a dense G5 subgroup of G then
H=G.

After all, H = N, H,, where each H,, is a dense open subset of G and so G\ H,, is closed
and nowhere dense for each n; it follows that G\H = U,,(G\H,,) is of the first category,
and so by the previous remark, G\H = {).

THEOREM 2.16 (V.Klee). Let G be a topological group with a bi-invariant metric p which gen-
erates G’s topology. Suppose (G, p) admits a complete metric d that generates G’s topology. Then
G is actually complete under p.

PROOF. Let (G*, p*) be the completion of (G, p) Then (G*, p*) is a topological group into which
(G, p) is naturally isomorphically and isometrically embedded as a dense subgroup. But topological
complete metric spaces are always G s—sets in any super metric space, thanks to an oldie but goodie
of Sierpinski. Hence G = G* and so G is p—complete.



