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ABSTRACT. We consider the sequence of transforms (g,) of a power series
YT anz" given by gn(z) := 520 bnarz¥ . We establish necessary and
sufficient conditions on the matrix (b,;) for the sequence (g) to converge
uniformly on compact subsets of the disk Dp := {z : |z| < P} to a function
holomorphic on Dp.

1. INTRODUCTION

Suppose throughout that 0 < P < o0, 0 < R < oo, and that all sequences
and matrices are complex with indices running through 0, 1, 2, ... . We make
the following definitions:

Dp is the disk {z : |z| < P};

& ‘is the set of all sequences a = (a,) such that lim |a,|=1 = 0;

&PF is the set of all sequences a = (a,) such that limsup la,,lii‘l < 00}

&g is the set of all sequences a = (a,) such that > - |a,|R" < o0;

Ap is the set of all sequences a = (a,) such that limsup Ia,,lﬁ = %;

It will follow from the lemma (below) that &# is the B-dual of & .

The following are the first three of eight theorems we shall prove concerning
matrix transformations of power series.

Theorem 1. A matrix B = (b,,) has the property that whenever the sequence
a = (a,) € &g the sequence of functions (g,) given by

oo
gn(z):=zbnkakzk, n=09la'“ 5
k=0
converges uniformly on every compact subset of Dp, each power series
S reo bnkak zk being convergent on Dp, if and only if
(1) limp—oo bpg =: by for k=0,1,...;
.. k .
(i) SuDPn>0,k>0lbnkl(%) < oo for each positive p < P.
And then limy_.o gn(z) = Yoo bearz* on Dp.
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512 DAVID BORWEIN AND AMNON JAKIMOVSKI

Theorem 2. A matrix B = (b,;) has the property that whenever the sequence
a = (a,) € AR the sequence of functions (g,) given by

oo
gn(2) =) buarz®, n=0,1,
k=0
converges uniformly on every compact subset of Dp, each power series
Yoo bnkarz* being convergent on Dp, if and only if
(i) lim,,_.oo b,,k = bk fOI’ k= 0, 1, 5
(ii) SUDPn>0, k>0 |bnkl( R)k < oo for each positive p < P.
And then lim,_.« 8,(2) = Y 3, braxz¥ on Dp.

Theorem 3. A matrix B = (b,;) has the property that whenever the sequence
a = (a,) € & the sequence of functions (g,) given by

[e o]
g,,(z):=2b,,kakz", n=0,1,...,
k=0
converges unzformly on every compact subset of Do, each power series
%20 brrarz* being convergent on Doo , 1f and only if
(1) limp—oo bpx =: by for k=0, 1,
(i) SUPp30, k30 1bnkl FT < 0.
And then 1imy_.o 8n(2) = Spoobrarz¥ on Do .

These theorems show that if the series-to-sequence transform given by B
is regular, then it is necessary in each case that lim,—... b, = by = 1 for
k=0,1,..., and this in turn implies that P < R in Theorems 1 and 2 (i.e.,
the sequence (g,) cannot converge uniformly in any disk Dp with P > R).
Regular sequence-to-sequence transforms of power series have been considered
by Peyerimhoff [5] and Luh [4] among others. One of the novel features of
our approach is that we deal with series-to-sequence transforms rather than
sequence-to-sequence transforms.

Let (B,) be a sequence of nonzero complex numbers. The associated
Noérlund series-to-sequence matrix Np is the triangular matrix (b,,) with

B,_, .
< k<
bnk1={ B if0<k<n,

n
0 otherwise.

The following theorem is an immediate consequence of Theorem 2. The case
R =1 of Theorem KS is due to Karin Stadtmiiller [6, Theorem 5]. Her method
of proof is different from and more complicated than the one developed below.

Theorem KS. The Nérlund matrix Ng has the property that whenever the se-
quence a = (a,) € Agr the sequence of functions (g,) given by

1 n
gn(z) :=—B—-ZBn_kaka, n=0a13--- )
n —

converges uniformly on every compact subset of Dp , if and only if

lim 222l — b with || = %.

n—oo n

And then lim,_.o 8,(2) = Ypopar(bz)¥ on Dp.
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MATRIX TRANSFORMATIONS OF SERIES 513

Note. In view of Theorem 1, Theorem KS remains true if Ay is replaced by
&r.

2. A PRELIMINARY RESULT

Lemma. A sequence b has the property that 3 ., bnan is convergent for each
ac& ifandonly if be &5,

Proof. Sufficiency. If b € &# | then there exists a positive number M such
that |b,] < M"*! for n =0,1,.... Hence, if a € &, then Y ;o |beax| <
MY, la M < .
Necessity. Assume b ¢ &7, ie., limsup |b,|™ = co. Then there exists a
L
strictly increasing sequence of positive integers (n;) such that 0 < |, |"*" —

o0. Choose 1
ifn=n;,
an = { V1bn] !
0 otherwise.
Then 12
1 if 0 n.
|a";_:.7= (lbﬂ;l-,) 1 n—n]a
0 otherwise.

Hence limla,,ln'? =0, so ae€ &. But

ni+l

Jz_
|bnjanj‘=\/|b,,j[= (lb"/l;;#f> — 00 asj— oo,

and therefore 3 ., bna, is not convergent. O

3. PROOFs OF THEOREMS 1, 2, AND 3
Proof of Theorem 1. Sufficiency. We assume that
limg oo bpk =: bi fork=0,1,...;
pA\K
M(p) = SuanO,kZO lbnkl (ﬁ) <o for0< < P.
Let a € &. We have, for n=0,1,... and |z|<p< P,

Eb,,kakz

k=0

< Zlbnk”aklp < MP)Zlakle < 0.
k=0

Hence the functions g,(z) := Y 5o, bnrarz® are holomorphic and uniformly
bounded on D,. Also g(")(O) = k!bpa, — k'bay as n — o for k =
0, 1, .... Further, from Cauchy’s inequalities for the coefficients of power se-
ries we get that, for |z|<p;<p<P,n=0,1,..., andk=0,1,

|bukaxz®| < M(p, a)(p1/p)*, where M(p, a):= sup max |gn(2)] < co.
n>0 |zl=p

Therefore, by the Weierstrass M-test, limp—.o 81(2) = Y g braxz* on Dp,
and the sequence (g,) is uniformly convergent on compact subsets of Dp.
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514 DAVID BORWEIN AND AMNON JAKIMOVSKI

Necessity. Let a := 1/((k + 1)2R*) for k =0,1,2,.... Since a € &,
our assumption is that the series gn(z) := 3 po, bacarz* converges on Dp and
that the sequence (g,) is uniformly convergent on D, for 0 < p < P. By
the Weierstrass double-series theorem, lim,_.o b,ca; exists for k =0, 1,....
Since a; #0 for k=0,1, ..., it follows that the condition

lim b, =: b, fork=0,1,...

n—oo
must necessarily hold. Suppose now that p and j arefixedand O <p < p < P.
Since the sequence (g,) is uniformly convergent on Dj;, the closure of D,

we have, for |z|<p and n=0, 1, ..., that |g,(z)| < M(p,a) <occ. From
Cauchy’s inequalities for the coefficients of power series we get that

|bakaxp*| < M(5,a) forn=0,1,...andk=0,1,...,
and hence that
X k
sup bkl (ﬂ) < M(p, a)sup (‘—f) (k +1)? < co.
n>0,k>0 R k>0 \P

Therefore the condition

k
sup bl (%) < oo for all positive p < P
n>0,k>0

is also necessary. O
Proof of Theorem 2. Sufficiency. We assume that
limy o0 bpx =: by fork=0,1,...;
{ M (p) := sup,>0 k>0 |Onkl (%)k <oo forO<p<P

Let a € Ag. For 0 < p < P choose r so that 0<r < R and 2 < £. Now
choose p; such that 0 < p; < P and & = &. We have, for |z| <p, that

> buazt| <Y buellarlo* = Y- 16wkl (£) lailr*
k=0 k=0 k=0

[o <] k oo
=" 1wkl () lalr* < M(p) Y laxlr* < oo.
k=0 k=0

Hence the functions g,(z) := Yo bnkarz* are uniformly bounded on D, for
0<p<P Also g0) = k'bar — k'biay as n — oo for k =0,1,....
Further, from Cauchy’s inequalities for the coefficients of power series we get
that, for |z|<py<p< P, n=0,1,... and k=0,1, ...,

|b,,kakz"| <M, a)(p;/p)" , where M(p, a):= sup}nlaxlg,,(z)l < o0.
n>0 [zl=p

Therefore, by the Weierstrass M-test, lim,—.o g1(2) = oo brarz® on Dp,

and the sequence (g,) is uniformly convergent on compact subsets of Dp.
Necessity. Let a; := 1/RK for k=0,1,2,.... Since a € Ag, our assump-

tion is that the series g(z) := 3 poq bakarz¥ converges on Dp and that the
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MATRIX TRANSFORMATIONS OF SERIES 515

sequence (g) is uniformly convergent on D, for 0 < p < P. By the Weier-
strass double-series theorem, lim,_.. b.rax exists for K = 0, 1,.... Since
ar #0 for k=0,1,..., it follows that the condition

lim b, =: by fork=0,1,...
n—oo
must necessarily hold. Suppose now that p is fixed and 0 < p < P. Since
the sequence (g,) is uniformly convergent on D,, we have, for |z| < p and
n=0,1,..., that |g,(z)| < M(p, a) <oo. From Cauchy’s inequalities for
the coefficients of power series we get that
AN k — —
1B (E) = |bmearp*| <M(p,a) forn=0,1,...andk=0,1,....
Therefore, the condition
D\ ..
sup  |buk| (—) < oo for all positive p < P
n>0,k>0 R
is also necessary. O
Proof of Theorem 3. Sufficiency. We assume that
{ limp—oo by = b, fork=0,1,...,
M :=5up, 50 k0 [bak| FT < o
Let a€ & . We have, for |z] < R < o0, that

o0 (e o) » (e o)

S bmaz| < S ballaclM* < MY @ (MR) < co.

k=0 k=0 k=0
Hence the functions gx(z) := Yo, bnkaxz* are entire and are uniformly
bounded on each closed disk Dg . Also g,(,")(O) = k!bpar — k'bray as n —»
for Kk =0, 1, .... Further, from Cauchy’s inequalities for the coefficients of
power series we get that, for |z|<p<R, n=0,1,... and k=0,1,...,

k
|buca z¥| < M(R, a) (_p_) , where M(R, a) := supmax |g,(z)| < oc.
R n>01z|=R

Therefore, by the Weierstrass M-test, lim,_.oc 82(2) = 3 pvo bkak zk on Dy ,
and the sequence (g,) is uniformly convergent on compact subsets of D .

Necessity. We assume that for each a € & the series g,(z) =
Sreo bnkarz* is convergent on D, and that the sequence (g,) is uniformly
convergent on compact subsets of D, . By the Weierstrass double-series the-
orem, lim,_ o byra; exists for k =0, 1,.... Since there is an a € & such
that'g, #0 for k=0, 1,..., it follows that the condition

lim b, =:b fork=0,1,...
n—oo
must necessarily hold.
Suppose that a € & . Since the sequence (g,) is uniformly convergent on

Dg, we have, for |z|<R and n=0,1,..., that |g,(z)| < M(R, a) < <.
From Cauchy’s inequalities for the coefficients of power series we get that

(1) |bucaxR¥| < M(R,a) forn=0,1,...andk=0,1,....
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516 DAVID BORWEIN AND AMNON JAKIMOVSKI

Also, since Y 72, bnkay is convergent whenever a € €, we have, by the lemma,
that

M, :=sup|b,,klk‘»l«'r <oo forn=0,1,....
k>0

Assume now that
sup sup Ib,,k|ﬁ‘n = sup M, = co.
n>0 k>0 n>0

This implies that there exists a strictly increasing sequence of positive integers
(n;) such that M, — oo. This in turn implies that there exists a sequence of
nonnegative integers (k;) such that

1
(*) |bnj,kj|m >%Mnj-’°° asj_’w'

We show now that the sequence (k;) is not bounded. Assume that it is bounded.
Then there is a positive integer k* such that 0 < k; < k*. Since lim,—oo bpk
=b, for k=0,1,..., k", it follows that the set of numbers (bx)n>0,0<k<k
is bounded and hence that the set of numbers (|b,,k|k'»'f‘r )n>0,0<k<k+ is bounded.
But this contradicts (* ). Therefore, the sequence (k;) is not bounded. We can
suppose (by considering a subsequence if necessary) that the sequence is strictly
increasing. Choose

o e 1/(lbs, k) if k=k;,
“ 0 otherwise.

We then have

ki+1

1 4
) —0 asj— o

1
<
\/lbnj,kjl (éMnj

1
|ag, |57 =

Therefore ae &, but
|bn,~,kj|akj = |bn,~,k,~ — o0 as .] — o0,
which contradicts (1). Thus the condition

1
Sup |bpk|®1 < o0
n>0,k>0

is also necessary. O

4. ADDITIONAL THEOREMS

In this section we prove some theorems showing that the disk of convergence
Dp specified in Theorem 2 cannot be enlarged when the matrix B satisfies
conditions (i) and (ii) of that theorem together with certain other conditions.

Theorem 4. Suppose that P and R are positive numbers, and that B = (bp)
is a normal infinite matrix (i.e., by, =0 for k > n and by, # 0) satisfying

k
M(p):= sup |bul (B-) <oo forO<p<P.
n20, k>0 R
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MATRIX TRANSFORMATIONS OF SERIES 517

Then, for each a € Ar and each R, > P,
limsup max

boeay 2
n—oo |z|=R; Z nkk

Proof. Choose R; > P, and suppose a € Ag. Let 0 < A < 1, and take
p = AP. Then 0 < p < P. Since limsup Iak|ﬁ‘l = % , there is a positive
constant c(4) such that

<

R,
P

iz < 2 fork > 0.

Now for |z| = R; we have

kz::Obnkakzk = g'b""l (%)k IaklR: (%)k .
< M(p)c(/l)kz=0 (%) (%}-) = M(p)c( A)Z ( ,pP) '

Since R,/(A2P) > R;/P > 1, it follows that

'rli n k 'r&
. R1 Rl
ankakz < lim (Z (,12}7> ) =12p

k=0

lim sup max
n—oo |2Z|=Ry

Letting A /1 we get

lim sup max nk Ak z"

n—oo |z|=R

'~u|%
a

<

Remark. Assume that a normal matrix B satisfies

D k
M(p) = sup_ |b,,k|(§) <o forO<p<P.

n>0,

Then

and hence

lim sup | by, |7 < for each positive p < P.

n—oo

Letting p / P we get

<M@p)i—>1 asn— oo,
R
p

. R
lim sup |bpn|* < .

n—oo

This suggests that it is not inappropriate to impose the condition

. 1 R
Jim bl = 7.

as we do in the following theorem.
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518 DAVID BORWEIN AND AMNON JAKIMOVSKI

Theorem 5. Let B be a normal matrix. Suppose that

. 1 R
Jim lbwl® =

where P and R are positive numbers. Then for each a € Ag and each R; > P
we have

>

lim sup max E b,,kakz

n—oo |z|=Ry

R,
P

Proof. Assume that the conclusion of the theorem is not true. Then there is an
a* € Ag and an R, > P such that

R
<—‘-.

n
lim sup max Zb xapzk P

n—oo |z|=Ry

Therefore, there exists a positive R < R, such that, for all n sufficiently large,

Zb,,kakz < (—ﬁ-) .

Applying the Cauchy inequalities to the function g,,(z) = koo bmeayzk we
get in particular that, for all large 7,

R
< =, and hence max
P |z|=R,

n ~
|banllag| R} < (%) , and therefore |b,,|*|az|* Ry < .I;

From the last inequality we get that

R _ .. . . R
= > limsup (|bna|"|a;|" Ry) = Ry lim |bn,|* - limsup |a; |7 = =-.

P n—oo n—oo n—oo P

But this is a contradiction since 0 < R < R,. Hence the conclusion of the
theorem must hold. O

The next two theorems generalize results about regular and nonregular Nor-
lund matrices due respectively to Luh [3] and K. Stadtmiiller [6, Theorems 6
and 7]. The first of these theorems, which follows immediately from Theorems
4 and 35, shows, inter alia, that the sequence (g,) specified in Theorem 2 cannot
converge uniformly in any disk Dp, with P, > P when B is a normal matrix
satisfying condition (ii) of Theorem 2 together with the diagonal condition of
Theorem S§.

Theorem 6. Suppose that P and R are positive numbers and that B is a normal
matrix satisfying

Pk . . R
M(p) = sup |b,,k| (—) <ocoforO<p< P and lim |by|" = 5.
. n 0 R n—oo P
Then, for each a € AR and each Ry > P,
lim sup max Zb,,kakz ” = R .
n—oo |z|=R, P

The next theorem shows that the circle |z| = R, in the conclusion of Theo-
rem 6 can be replaced by any arc of that circle when condition (i) of Theorem
2 is also satisfied.
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MATRIX TRANSFORMATIONS OF SERIES 519

Theorem 7. Suppose that P and R are positive numbers and that B is a normal
matrix such that

,,li.ngob"":b" fork=0,1,... ,4wherebk7é0fork>k*;

~ol X

k
M(p):= sup |bul (!i) <o forO<p<P, and Hm |bp|* =
n>0, k>0 R n—o0

Then, for each a € Ag and each R, > P,

1

n n

ankakz"

where T is any closed non-trivial arc of |zl =R
Proof. By Theorem 6 we know that

limsu max = 51
P =P

n—oo

b

1

n n

Z b,,kakzk

k=0
Hence it is enough to prove that, for every a € Ag,

i
E b,,kak Zk
k=0

lim sup max
n—oo Z€

<

'~u|>°

(2) lim sup max

n—oo z€I

2

*vlh’

which we now proceed to do.
Case 1. R, = P: Suppose (2) is not true. Then for some a* € Ay we have

1
n

z b,,k a,’; V4 k

k=0

It follows that there exists a positive number g < 1 such that, for all n suffi-

ciently large,

Z buaj z*
k=0
Given € > 0 we get from Theorem 6 that, for all n sufficiently large,

Zb kakz

For 0 <r < P we have, by Nevanhnna s N-constants theorem (see [1, The-
orem 18.3.3]), that there exists a positive number 6 < 1 (depending on r but
not on € ) such that, for all large n,

n
max E buay z
jzl=r | &=

By

lim sup max 2

n—oo

sup
zel

<q"

< zen
|z]-P

S (q02(1—0)€)n'

Since we can choose € > 0 so small that gf2(1-9¢ < 1 it follows that

max b azkx| -0 asn— oo.
nk%r

lzl=r |
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By the Weierstrass double-series theorem we get that

0=nllr&b,,ka,:=bka,: fork=0,1,....

Since a* € Ag, we have that a; # 0 for some k > k*. Hence b, = 0 for such
a k. But this contradicts the assumption that b, # 0 for k > k*. Therefore
(2) must hold when R; = P.

Case 2. R; > P: Assume that (2) is not true. Then there exists a sequence
a* € Ag and a number R such that P < R < R, and

1
n n
Z b,,ka,:z"

k=0

ol

limsup max
n—oo zGI'

<

Hence given € > 0 we have, for all sufficiently large n,

(B LY e (RY (2
~\P R R, P )
Further, from Theorem 6 we get that, for all large n,

n . e\ "
max |z~ "y byarzt|< | =
|z|=P 1;0 Gl (P>

max
zel

n
z7"Yy buyapz
k=0

and

n k 25 n
max |z~ byarzfi<|=] .
|z1=R) kz_o S (P)

Let g.(z) := Y fr_obma}z*, andlet P <r < R;. Then, by Nevanlinna’s N-
constants theorem, there exist positive constants 6;, 6;, 6; (depending on r
but not on € ) such that 6; + 6, + 653 =1 and

R 2¢ né, 7€ né, ¢ né, R nf, e\ "
<|—=-= — —_ = = —_
(x7) ) 3) -(&) &)
for all sufficiently large n. Hence, choosing € > 0 so small that (R/R;)%2¢
<1, we get

&n(2)

max on

|z|=r

)
1 R r r
n <L —_ € __ —.
<(x) *5<7
Since r > P, the last inequality contradicts the conclusion of Theorem S$.
Hence (2) must hold when Ry > P. O

lim sup max | g»(2)
n—oo |z|=r

The next theorem deals with the possibility of pointwise convergence of the
sequence (gn(z)) specified in Theorem 2 outside the convergence disk Dp.
It generalizes results due to Leja [2] and Stadtmiiller [6, Theorem 8] about
regular and nonregular Norlund matrices respectively. Both authors mistakenly
assumed that their proofs were valid when, in the notation of the following
theorem, R = 1 and sequence (a,) is bounded. The example a, :=1/(n + 1)
shows that their method of proof cannot be used in this case. The difficulty is
avoided in our Theorem 8 by the imposition of the limsup condition.
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Theorem 8. Suppose that P and R are positive numbers and that B is a normal
matrix such that

”llngob,,k =:b, fork=0,1,..., whereb, #0 fork > k*;

k
M(p):= sup lbnkl(g) <o forO<p<P; lim Ib,,;,I* =
n>0, k>0 R n—00

~l X

and )
bk < ¢(R)|bnnl (%) forO<R<Rand 0<k<n.

Suppose that a € Ar and that limsup,_,, |a,|R" > 0. Let

n
z):=) buarz*.
k=0

Then limsup,_.. |g.(2)|* < | for at most a finite number of points z satisfying
|z| > P, > P, and hence, in particular, the sequence (g,) can converge at most
at a finite number of points z satisfying |z| > P, > P.

Proof. Let ¢, := a,R" where a € Ag, and let limsup,_ ., |cx| > ¢ > 0. Define

B { 1 if sup,>qlcnl = o0,
c~'sup,>olcn| otherwise.

By considering the unbounded monotonic sequence (d,) where d, :=
maxo<k<n [ck| When max,>o|cs| = oo, we see that there is a strictly increas-
ing sequence of positive integers (n;) integers such that

lcnl < Mcn,| forO<n<mng, and |c,|>c.

Since limsup,_. |ca|* =1, we have

1 >hmsup|c,,k|"k >hmmflc,, |"k > hm c = 1,
k—o0

. A
sO limy_, |cn,|™ = 1. Whenever ¢, #0, let

bnj ¢j —n &n(2)
3 (z):=) +LZ( =
(3) (2): Z bnn Cn bancn(z/R)"
and let
. 1
@ mw) =2 ()
Assume that z* is a point such that |z*| > P, and limsup,_ . |g.(z*)|? < 1.
Since
. =\ . 1. 1 |z¥
klingo bnkv"kcnk E =klglg°|b’lk,nk|"" °l‘1LI{.l°|anl"k ° R
> RP P >1,

2FPR™P
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522 DAVID BORWEIN AND AMNON JAKIMOVSKI
it follows from (3) and (4) that limsup,_, Ig,,k(z‘)lili < 1 and hence that

(5) lim A (w*)=0 where w*:=1/z".
k—o0

Suppose |w| < 1/P* where P, > P* > P. Then we have, for 0 < R < R,
ny ne—Jj ne—j ng—j
~ [P\ R\™ P R\™
mwisy e (5) #(5) = c(R)MZ ( 2) -
Jj=0

Choose R < R soclose to R that 0 < £ £ < 1. Then

C(R)M < for]w|<~;—<-113andk>0
- R

lhie(w)] <

This means that the sequence (A (w)) is uniformly bounded for |w| < 1/P*.
Suppose now that there are infinitely many points z, with |z,| > P, > P* such
that limsup,_,., | :(z;)|* < 1. Then by (5)

lim A (w,) =0 forw,:=1/z,.
k—o0

By Vitali’s theorem (see [7, Theorem 5.2.1]) the sequence (h;(w)) converges
uniformly to 0 on compact subsets of D - In particular,

0= lim h, (0)=1,
k—o0

which is a contradiction. Hence there are at most finitely many points z such
that |z| > P; and limsup,_ . |g.(2)|* < 1. O

5. CONSTRUCTION

In this section we construct a Noérlund matrix Np satisfying the hypotheses of
Theorem 8 with P = 1 such that the corresponding sequence of transforms (g,)
of the power series 3 4o, (z/R)* converges at N points outside the convergence
disk D, .

Let p(z) be a polynomial of degree N defined by

p(2) =) mz* = (z+a)(z+a) - (z+an) ,
k=0

where 0 < ;) < @ < -+-- < ay < 1. Define the Norlund matrix N = (b,i)
by setting

bpi = Bg;" for 0 < k < n, where B, .= — Zpk .
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MATRIX TRANSFORMATIONS OF SERIES 523
Then, for a; :=1/R*, w=1/z, and n> N,
z
Z bnkakz =5 ZBn—k (i‘)

k=0 " k=0
n

AR
= —_— B (Rw k —
B,R" }:k:O e(Ruw)

"
zn n n k_ wn+l
T B.R Z”f Z_ v Z
z" (w) w
B,,R" l-w 1-w

Hence, for every n > N, we have g,(z) = z/(1 — z) whenever p(w) =0, and
this occurs when z=-1/a;,, k=1,2,...,N.
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