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DQG�HVWLPDWLRQ�WHFKQLTXHV��:H�DVVXPH�VRPH�HOHPHQWDU\�NQRZOHGJH�RI�RSWLPL]D��
WLRQ�EXW�UHFDOO�WKH�QHFHVVDU\�FRQYH[�DQDO\WLF�FRQFHSWV�LQ�WKH�FRXUVH�RI�WKH�SDSHU��
5HDGHUV�XQIDPLOLDU�ZLWK�WKLV�EDFNJURXQG�PD\�VLPSO\�VNLS�D�FRXSOH�RI�SURRIV�DQG�D�
IHZ�WHFKQLFDO�GHWDLOV��
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$�WHDFKHU�DQQRXQFHV�LQ�FODVV�WKDW�DQ�H[DPLQDWLRQ�ZLOO�EH�KHOG�RQ�VRPH�GD\�
GXULQJ�WKH�IROORZLQJ�ZHHN��DQG�PRUHRYHU�WKDW�WKH�H[DPLQDWLRQ�ZLOO�EH�D�
VXUSULVH��7KH�VWXGHQWV�DUJXH�WKDW�D�VXUSULVH�H[DP�FDQQRW�RFFXU��)RU�VXSSRVH�
WKH�H[DP�ZHUH�RQ�WKH�ODVW�GD\�RI�WKH�ZHHN��7KHQ�RQ�WKH�SUHYLRXV�QLJKW��WKH�
VWXGHQWV�ZRXOG�EH�DEOH�WR�SUHGLFW�WKDW�WKH�H[DP�ZRXOG�RFFXU�RQ�WKH�IROORZLQJ�
GD\��DQG�WKH�H[DP�ZRXOG�QRW�EH�D�VXUSULVH��6R�LW�LV�LPSRVVLEOH�IRU�D�VXUSULVH�
H[DP�WR�RFFXU�RQ�WKH�ODVW�GD\��%XW�WKHQ�D�VXUSULVH�H[DP�FDQQRW�RFFXU�RQ�WKH�
SHQXOWLPDWH�GD\��HLWKHU��IRU�LQ�WKDW�FDVH�WKH�VWXGHQWV��NQRZLQJ�WKDW�WKH�ODVW�
GD\�LV�DQ�LPSRVVLEOH�GD\�IRU�D�VXUSULVH�H[DP��ZRXOG�EH�DEOH�WR�SUHGLFW�RQ�WKH�
QLJKW�EHIRUH�WKH�H[DP�WKDW�WKH�H[DP�ZRXOG�RFFXU�RQ�WKH�IROORZLQJ�GD\��
6LPLODUO\��WKH�VWXGHQWV�DUJXH�WKDW�D�VXUSULVH�H[DP�FDQQRW�RFFXU�RQ�DQ\�RWKHU�
GD\�RI�WKH�ZHHN�HLWKHU��&RQILGHQW�LQ�WKLV�FRQFOXVLRQ��WKH\�DUH�RI�FRXUVH�WRWDOO\�
VXUSULVHG�ZKHQ�WKH�H[DP�RFFXUV��RQ�:HGQHVGD\��VD\���7KH�DQQRXQFHPHQW�LV�
YLQGLFDWHG�DIWHU�DOO��:KHUH�GLG�WKH�VWXGHQWV
�UHDVRQLQJ�JR�ZURQJ"�
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PL]LQJ�VXUSULVH��7KH�LGHD�RI�VXFK�DQ�DSSURDFK�ZDV�SURSRVHG�LQ�RXWOLQH�E\�.DUO�
1DUYHVRQ�>���S����@��:H�GR�QRW�GLVFXVV�KHUH�WKH�YDULRXV�DSSURDFKHV�WR�WKH�ORJLFDO�
UHVROXWLRQ�RI�WKH�SDUDGR[�LWVHOI��WKH�LQWHUHVWHG�UHDGHU�PD\�FRQVXOW�>�@��5DWKHU�ZH�
DWWHPSW�WR�DQVZHU�WKH�TXHVWLRQ��

:KDW�VKRXOG�EH�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�DQ�HYHQW�RFFXUULQJ�RQFH�HYHU\�
ZHHN�VR�WKDW�LW�PD[LPL]HV�WKH�VXUSULVH�LW�FUHDWHV"�

,Q�WKH�ILUVW�SODFH��WKLV�UHTXLUHV�XV�WR�GHILQH�D�PHDVXUH�RI�VXUSULVH��/HW�XV�VWDUW�E\�
SRVLQJ�DQ�LQIRUPDWLRQ�WKHRUHWLF�FRXQWHUSDUW�RI�WKH�SDUDGR[��GXULQJ�D�SHULRG�RI�PQ�
GD\V�DQ�HYHQW��VXFK�DV�D�WHVW�JLYHQ�E\�D�WHDFKHU�RU�D�VXUSULVH�WD[�DXGLW��RFFXUV�ZLWK�
SUREDELOLW\�SL�RQ�GD\�L��L� � ����������P��:H�ZLVK�WR�ILQG�D�SUREDELOLW\�GLVWULEXWLRQ�WKDW�
PD[LPL]HV�WKH�DYHUDJH�VXZSULVH�FDXVHG�E\�WKH�HYHQW�ZKHQ�LW�RFFXUV��
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:H�FRQVLGHU�D�PHDVXUH�RI�VXUSULVH�DQDORJRXV�WR�WKH�RQH�XVHG�LQ�WKH�FHOHEUDWHG�
GHILQLWLRQ�RI�WKH�6KDQQRQ�HQWURS\�>�@��7KH�VXUSULVH�RQ�GD\�L�LV�WKH�QHJDWLYH�RI�WKH�
ORJDULWKP�RI�WKH�SUREDELOLW\�WKDW�WKH�HYHQW�RFFXUV�RQ�GD\�L�JLYHQ�WKDW�LW�KDV�QRW�
RFFXUUHG�VR�IDU��$V� LQ�WKH�FODVVLFDO�GHILQLWLRQ���OQ�S� LV�XVHG�WR�PHDVXUH�WKH�
VXUSULVH�DVVRFLDWHG�ZLWK�DQ�HYHQW�RI�SUREDELOLW\�S��ZKLFK�LV�DOVR�D�PHDVXUH�RI�KRZ�
PXFK�ZH�OHDUQ�LI�LW�RFFXUV��7KH�ORJDULWKP�PDNHV�WKH�PHDVXUH�DGGLWLYH��LQ�WKH�VHQVH�
WKDW�WKH�LQIRUPDWLRQ�DVVRFLDWHG�ZLWK�LQGHSHQGHQW�HYHQWV�VKRXOG�VXP�XS�ZKHQ�WKH\�
ERWK�RFFXU��7KH�XVH�RI�FRQGLWLRQDO�SUREDELOLWLHV�LQWURGXFHV�VRPH�FDXVDOLW\�LQ�WKH�
QRWLRQ��LW�DFFRXQWV�IRU�ZKDW�LV�DOUHDG\�NQRZQ�RI�WKH�SUHYLRXV�GD\V��
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WHVW�GRHV�QRW�RFFXU�RQ�GD\�L
�LV�GHQRWHG�E\� L��7KH�TXDQWLW\�
WR�EH�PD[LPL]HG�FDQ�WKHUHIRUH�EH�ZULWWHQ�DV�
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)LJXUH���GLVSOD\V�WKH�JUDSK�RI�WKH�IXQFWLRQ�K��)RU�DOO�S�VDWLVI\LQJ�WKH�FRQVWUDLQW�LQ�
�����6���S��GLIIHUV�IURP�WKH�QHJDWLYH�RI�WKH�TXDQWLW\�LQ�����RQO\�E\�D�FRQVWDQW��7KH�
IDFWRU�P�� ZDV�LQWURGXFHG�LQWR����� WR�PDNH�VXEVHTXHQW�FRPSXWDWLRQV�PRUH�
DHVWKHWLF�DQG�WKH�OLPLW�DQDO\VLV�PRUH�KDUPRQLRXV��

:H� QRWH�WKDW�6����S��FDQ�EH� UHJDUGHG�DV� D� YDULDQW�RI�WKH�.XOOEDFN�/HLEOHU�
LQIRUPDWLRQ�PHDVXUH�RI�S�UHODWLYH�WR�LWV��QRUPDOL]HG��WDLO�T��
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QRQ�HQWURS\��,W�LV�DOVR�UHIHUUHG�WR�DV�UHODWLYH�LQIRUPDWLRQ�PHDVXUH��FURVV�HQWURS\��RU�
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,�GLYHUJHQFH��*LYHQ�WZR�SUREDELOLW\�PHDVXUHV�3�DQG�4�RQ�D�SUREDELOLW\�VSDFH��WKH�
UHODWLYH�LQIRUPODWLRQ�RI�3�ZLWK�UHVSHFW�WR�4�LV�
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LI�3� LV�DEVROXWHO\�FRQWLQXRXV�ZLWK�UHVSHFW�WR�4��DQG� 73+-4�� � ��R� RWKHUZLVH��
7KRVH�LQWHUHVWHG�LQ�WKH�VWDWLVWLFDO�PHDQLQJ�RI�WKLV�PHDVXUH�PD\�UHIHU�WR�>�@��)RU�DQ�
H[WHQGHG�GLVFXVVLRQ�RI�WKH�0D[LPXP�(QWURS\�3ULQFLSOH��RQH�PD\�FRQVXOW�>�@�DQG�
UHIHUHQFHV�WKHUHLQ��

$OVR�RI�LQWHUHVW�LV�WKH�IROORZLQJ�FRQWLQXRXV�WLPH�IRUPXODWLRQ�RI�3UREOHP������
6XSSRVH�WKDW�WKH�HYHQW�RFFXUV�DW�VRPH�SRLQW�W�LQ�WKH�WLPH�LQWHUYDO�>���7@��ZLWK�
SUREDELOLW\�GHQVLW\�S�W��� %\�DQDORJ\�ZLWK�WKH�GLVFUHWH�FDVH��LW�LV�UHDVRQDEOH�WR�
FRQVLGHU�WKH�IROORZLQJ�RSWLPL]DWLRQ�SUREOHP��
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LQ�ZKLFK�WKH�VXLSULVH�IXQFWLRQ�<� LV�WKH�IXQFWLRQDO�GHILQHG�RQ�/L�>���7@��E\�
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DQG�X�GHQRWHV�WKH�IXQFWLRQ�LGHQWLFDOO\�HTXDO�WR�XQLW\�RQ�>���7@��

���68535,6,1*/<��68535,6(� ,6�&21&$9(��,Q�WKLV�VHFWLRQ��ZH�HVWDEOLVK�WKH�
FRQYH[LW\�RI��WKH�QHJDWLYH�RI��RXU�PHDVXUH�RI�VXUSULVH��$Q�H[WHQGHG�UHDO�YDOXHG�
IXQFWLRQ�RQ�5��
� LV�VDLG�WR�EH�FORVHG��UHVSHFWLYHO\��FRQYH[��LI�LWV�HSLJUFDSK��WKH�VHW�RI�
SRLQWV�WKDW�DUH�DERYH�RU�RQ�LWV�JUDSK��LV�FORVHG��UHVSHFWLYHO\��FRQYH[��LQ��5����� ,I�D�
FRQYH[�IXQFWLRQ�LV�QRW�LGHQWLFDOO\�HTXDO�WR���R� DQG�LV�QRZKHUH�HTXDO�WR���R� �VXFK�
IXQFWLRQV�DUH�VDLG�WR�EH�SURSHU���WKHQ�EHLQJ�FORVHG�LV�WKH�VDPH�DV�EHLQJ�ORZHU�
VHPL�FRQWLQXRXV��7KH�GRPQDLQ�RI�D�FRQYH[�IXQFWLRQ�I�LV�WKH�VHW�RI�SRLQWV�ZKHUH�LW�LV�
OHVV�WKDQ���R��ZH�GHQRWH�LW�E\�GRP�I��*LYHQ�DQ\�IXQFWLRQ�I�RQ�25���FRQYH[�RU�QRW���
WKH�FRQYH[�FRQMXJDWH�RI�I�LV�WKH�IXQFWLRQ�
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,W�LV�HDVLO\�VKRZQ�WKDW�I� LV�DOZD\V�FORVHG�DQG�FRQYH[�>���7KHRUHP�����@��)XUWKHU��
PRUH��LI�I� LV�FORVHG��SURSHU��DQG�FRQYH[��WKHQ�VR� LV�I��DQG�WKH�EL�FRQMXJDWH�
I�� ��I� �7�LV�I�LWVHOI�>���7KHRUHP�����@��(YHQ�ZLWKRXW�WKLV�WKHRUHWLFDO�XQGHUSLQ��
QLQJ��FRPSXWDWLRQ�RI�I� DV� D� GRXEOH�FRQMXJDWH�SURYLGHV�DQ� DFFHVVLEOH�ZD\�RI�
HVWDEOLVKLQJ�ERWK�FRQYH[LW\�DQG�VHPL�FRQWLQXLW\��

/HPPD����7KH�IXQFWLRQ�K�GHILQHG�LQ�����LV�FORVHG�DFQG�FRQYH[��

3URRI��2QH�PD\�VKRZ�GLUHFWO\�WKDW�K�LV�WKH�FRQYH[�FRQMXJDWH�RI�WKH�LQGLFDWRU�
IXQFWLRQ�
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DQG�FRQYH[�� 8�

&RQYH[LW\�RI�K�FDQ�DOVR�EH�GHULYHG�IURP�WKH�HDVLO\�SURYHQ�IDFW�WKDW��IRU�DQ\�
LQWHUYDO�,��D�IXQFWLRQ�
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LV�FRQYH[�RQ�,�[�����FR��LI�DQG�RQO\�LI�I�LV�FRQYH[�RQ�,�� >$�EDG�ZD\�RI�SURYLQJ�
FRQYH[LW\�RI�K�LV�WR�FRPSXWH�WKH�+HVVLDQ�PDWUL[�DQG�FKHFN�WKDW�LW�LV�SRVLWLYH�
VHPL�GHILQLWH�@�

8VLQJ�/HPPD����ZH�GHGXFH�WKDW�6����DQG��� DUH�FRQYH[��,QGHHG��ZH�KDYH�
Q� 7�

6��O�S�� � K�SL�>-S@L�� DQG� 6�S��  � I7K�S�W�� >-S@�W��� GW��
L O� "�
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� RQ�DQG�DERYH�WKH�
GLDJRQDO�DQG���HOVHZKHUH��DQG�)� /��>2��7@�� ��>��� 7@�� LV�WKH�OLQHDU�PDSSLQJ�
GHILQHG�E\�

>M�S@�W�� 7S�V�� GV�� ����

&RPSRVLWLRQ�RI�D�FRQYH[�IXQFWLRQ�ZLWK�D�OLQHDU�PDSSLQJ�LV��RI�FRXUVH��FRQYH[��
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�aaaa� ��

)LJXUH���� *UDSK�RI��[��\�� [�LQ�[�\��� [��

���',6&5(7(� 7,0(�$1$/<6,6��&RQVWUDLQHG�RSWLPL]DWLRQ�SUREOHPV�VXFK�DV�����
DUH�WUDGLWLRQDOO\�DSSURDFKHG�XVLQJ�FRQFHSWV�IURP�GXDOLW\�WKHRU\��ZKLFK�IORZV�IURP�
WKH�WKHRU\�RI�/DJUDQJH�PXOWLSOLHUV��5RXJKO\�VSHDNLQJ��GXDOLW\�WKHRU\�UHGXFHV�
FRQVWUDLQHG�RSWLPL]DWLRQ�SUREOHPV�WR�XQFRQVWUDLQHG�RQHV��$�PRGHUQ�YHUVLRQ�RI�
FRQYH[�GXDOLW\�WKHRU\�LV�EHVW�SRVHG�LQ�WKH�ODQJXDJH�RI�)HQFKHO�FRQMXJDWLRQ�>���
6HFWLRQ���@��:H�UHFDOO�VRPH�DGGLWLRQDO�EDVLF�IDFWV��/HW�I�EH�D�FORVHG�SURSHU�FRQYH[�
IXQFWLRQ�RQ�:5���OHW�$�EH�DQ�P�;�Q�PDWUL[��DQG�OHW�\�(�5��"���:H�FRQVLGHU�WKH�
OLQHDUO\�FRQVWUDLQHG�RSWLPL]DWLRQ�SUREOHP�
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:H�GHQRWH�WKH�RSWLPDO�YDOXH�RI����� E\�9�B����WKH�IHDVLEOH�VHW�E\�)�L3��� DQG�WKH�
VROXWLRQ�VHW�E\�6�4����7KXV��)�4��  �^[O\���$[� ��`�DQG�6�4��� ^[�(�)���-I�[��
�� 9�"$�`��7KH�/DJUDQJLDQ�RI�����LV�WKH�IXQFWLRQ�
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)RU�D� JLYHQ�;����� ;��[�� FDQ�EH� UHJDUGHG�DV� D� SHQDOL]HG�YHUVLRQ�RI�I��(DFK�
FRPSRQHQW�RI�;�IL[HV�WKH�SULFH��SRVLWLYH�RU�QHJDWLYH��WR�EH�SDLG�LI�WKH�FRUUHVSRQG��
LQJ�FRQVWUDLQW�LV�YLRODWHG��>7KLV�LV�PRUH�HDVLO\�XQGHUVWRRG�LI�WKH�FRQVWUDLQWV�$[� �\�
DUH�UHSODFHG�E\�$[���\��ZKLFK�PD\�EH� KDQGOHG�E\�LQWURGXFLQJ�DQ�DGGLWLRQDO�
YDULDEOH�]�"� ��DQG�ZULWLQJ�$[���]� �\�@�8QGHU�IDYRXUDEOH�FLUFXPVWDQFHV��LW�LV�
SRVVLEOH�WR�ILQG�D�SDUWLFXODU�YDOXH�$�RI�;�VXFK�WKDW�PLQLPL]HUV�RI�<�;��;�� DOVR�
VROYH������6XFK�D� $�LV�WKHQ�FDOOHG�D� /DJUDQJH�PXOWLSOLHU�RU�D� VKDGRZ�SULFH��1RZ�
PLQLPL]LQJ�<�;�� ��LV�DQ�XQFRQVWUDLQHG�SUREOHP��VDYH�IRU�DQ\�LPSOLFLW�FRQVWUDLQWV�
LPSRVHG�E\�GRP�I���:H�FDQ�QRZ�VWDWH�WKH�.XKQ�7XFNHU�7KHRUHP��ZKLFK�SURYLGHV�
QHFHVVDU\�DQG�VXIILFLHQW�FRQGLWLRQV��RQ� ;�DQG�[��IRU�[�WR�EH�D� VROXWLRQ�RI������
$�SURRI�PD\�EH�IRXQG�LQ�>���&RUROODU\�������@��

7KHRUHP����.XKQ�7XFNHU���6XSSRVH�WKDW�9�6�� �� �� *2�DQG�WKDW�)�4�� Q� LQW�GRP�I�
�� ��� 7KHQ��WKH�IROORZLQJ�DUH�HTXLYDOHQW��

�L�� [� (�6�3���
�LL��VXS�<��� [�� �<�� $��[�� �LQI�<��;��� IRU�VRPH�;��
�LLL��[�(�)�4�� DQG�$� (�(� GI�[��IRU�VRPH�;��

,Q�FRQGLWLRQ��LLL���$� LV�WKH�PDWUL[�WUDQVSRVH�RI�$� DQG� GI�[��GHQRWHV�WKH�
VXEGLIIHUHQWLDO�RI�I�DW�[��L�H���WKH�VHW�RI�VXEJUDGLHQWV�RI�I�DW�[��3UHFLVHO\��D�YHFWRU�
(�5�
=�LV�D�VXEJUDGLHQW�RI�I�DW�[�LI�WKH�VXEJUDGLHQW�LQHTXDOLW\�

I��]�� !�J�]�� � �I��[�� �� �� ��]��� [��
KROGV�IRU�DOO�]�(�:5���,Q�WKH�ZRUGV�RI�5RFNDIHOODU��WKH�VXEJUDGLHQW�LQHTXDOLW\�VD\V�
WKDW��WKH�JUDSK�RI�WKH�DIILQH�IXQFWLRQ�J�LV�D�QRQ�YHUWLFDO�VXSSRUWLQJ�K\SHUSODQH�WR�
WKH�HSLJUDSK�RI�I�DW��[��I�[���� >���S�����@��,I�I� LV�FRQYH[�DQG�GLIIHUHQWLDEOH�DW�
[��9I�[��LV�WKH�XQLTXH�VXEJUDGLHQW�RI�I�DW�[��DQG�FRQYHUVHO\��3RLQWV��;��[��VDWLVI\LQJ�
FRQGLWLRQ��LL��DUH�VDLG�WR�EH�VDGGOH�SRLQWV�RI�<��7KH�UHTXLUHPHQWV�LQ��LLL��DUH�D�IRUP�
RI�WKH�.XKQ�7XFNHU�FRQGLWLRQV��1RWLFH�WKDW��LQ�FRQGLWLRQ��LL���;�DSSHDUV�DV�WKH�
PD[LPL]HU�RI�WKH��FRQFDYH��GXDO�IXQFWLRQ�

'��;�� � �LQI�<�� ;���
1RWH�ILQDOO\�WKDW�GRP�I�PD\�KDYH�DQ�HPSW\�LQWHULRU��7KHRUHP���VWLOO�DSSOLHV��
KRZHYHU��ZLWK�WKH�ZHDNHU�DVVXPSWLRQ�WKDW�)���� LQWHUVHFWV�WKH�UHODWLYH�LQWHULRU�RI�
GRP�I�>���6HFWLRQ���@��WKDW�LV��WKH�LQWHULRU�UHODWLYH�WR�WKH�VPDOOHVW�DIILQH�PDQLIROG�
FRQWDLQLQJ�GRP�I��

:H�QRZ�UHWXUQ�WR�WKH�VWXG\�RI�3UREOHP������ZKLFK�PXVW�KDYH�D�VROXWLRQ�VLQFH�ZH�
DUH�PLQLPL]LQJ�D�FORVHG�IXQFWLRQ�RYHU�D�FRPSDFW�VHW��7KH�/DJUDQJLDQ�RI�����LV�WKH�
IXQFWLRQ�

<�S�� $��� �6���S����$��,��� �X��S���� S�(� 5�������$�(� 5��
7KHRUHP���WHOOV�XV�WKDW�S�LV�D�VROXWLRQ�IRU�����LI�DQG�RQO\�LI�

�D�� �� � ���� �X��S���
����� WKHUH�H[LVWV�$�(� '5�VXFK�WKDW���(�G6����S����$G>���� .X���@�S���

,QGHHG��RQH�FDQ�FKHFN�WKDW�9�2��3���� �RF� DQG�WKDW��*�3O��KDV�D�IHDVLEOH�VROXWLRQ�LQ�
LQW�GRP�6��� �^S�(� :
P�,3� !� �`��)XUWKHUPRUH��6����LV�GLIIHUHQWLDEOH�LQ�WKH�LQWHULRU�RI�
LWV�GRPDLQ��DQG�ZH�KDYH�

BBP� 3N���
���S��  � OQ�P�,LN��� �� �XL�� ZKHUH� ,�N� ����

G3N� �"NS�
M-3N�
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&RQVHTXHQWO\��IRU�D�VWULFWO\�SRVLWLYH�GLVWULEXWLRQ��FRQGLWLRQ������EHFRPHV�

 �,Q0� ,�N� �� �WL���$�� N O��P�� �����
L�N�

1RZ��E\�GHILQLWLRQ����  � ���VR�VHWWLQJ�N� �P�LQ������JLYHV�$� � OQ�P��� (� L��IURP�
ZKLFK�ZH�REWDLQ�WKH�UHFXUVLRQ�

,��0 � ��� ,�N�  H[S� �� ��/L��N�  �P���� ���

M N�O�

6LQFH�

,�N���O�  � H[S��� ���� (� M�� H[S� ,�� N��H[S�� �� ��� ,�M��
M N� M N�O�

WKH�EDFNZDUG�UHFXUVLRQ������FDQ�EH�UHZULWWHQ�DV�

,N0� � ��� ��WN��� � $NH[S�� ��WN��� N� �P��� ������ �����

7KH�YDOXHV�RI�WKH��XN
6�FDQ�EH�REWDLQHG�DV�LOOXVWUDWHG�LQ�)LJXUH����)LJXUH���VKRZV�
H[DPSOHV�RI�RSWLPDO�SUREDELOLW\�GLVWULEXWLRQV��IRU�P� � ��DQG�P� � ����
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)LQDOO\��IURP�FRQGLWLRQ��FH�� DQG� WKH�YDOXHV�RI�WKH�$XN
V��ZH� VHH� WKDW�WKH�
FRPSRQHQWV�RI�S�PXVW�REH\�WKH�IROORZLQJ�IRUZDUG�UHFXUVLRQ��

3���L O� 3N� ,-N� ;� �,(�� SM@�� N� ���������P�� �����

7KH�YHFWRU�S�GHILQHG�LQ������ VDWLVILHV�FRQGLWLRQV��FH�� DQG�������DQG�WKHUHIRUH�
XQLTXHO\�VROYHV�3UREOHP��	$P��LQ������,QGHHG��LI�S��ZHUH�D�QRQQHJDWLYH�VROXWLRQ�RI�
�����WKHQ��S���S�����ZRXOG�EH�D�SRVLWLYH�VROXWLRQ��ZKLFK�PXVW�HTXDO�S�VLQFH�D�
SRVLWLYH�VROXWLRQ�LV�XQLTXHO\�GHWHUPLQHG��

0RVW�SOHDVLQJO\��WKH�LWHUDWLRQ�LV�HDV\�WR�KDQGOH�ERWK�QXPHULFDOO\�DQG�WKHRUHWL��
FDOO\��)RU�H[DPSOH��WKH�FRPSRQHQWV�RI�S�IRUP�DQ�LQFUHDVLQJ�VHTXHQFH��,QGHHG��

3N�  � $N�3N� �� �SP��� DQG� 3N���  � �N���3N��� �� �3Q�Y�

IURP�ZKLFK�ZH�GHGXFH��XVLQJ�������WKDW�

3N� $N��� �/N�������
3N�  � �/WN� ��  � H[S/WN� ;� ���� MNH[S�� �N���

3N�O� N��

 � H[S��WN��� �WN�!� ��� �����
VLQFH��/N�!� ���:H�UHFDSLWXODWH�WKH�SULRU�GLVFXVVLRQ�DV��

$OJRULWKP����7KH�XQLTXH�SUREDELOLW\�GLVWULEXWLRQ�S�� WKDW�PD[LPL]HV�VXUSULVH�LQ�
3UREOHP���P�� �JLYHQ�LQ������ LV�VWULFWO\�LQFUHDVLQJ�DQG�LV�GHWHUPLQHG�DV�IROORZV��
&RPSXWH�

>P�  � ��� XWM�� � �MWH[S���WM��� M�  � P��������� �����
DQG�WKHQ�FRPSXWH�

3L� � � 3N� ,/N� ;��� �� (SL�Y� N� ������� P�� �����

5HPDUN����$V�REVHUYHG�LQ�>���S����@��WKH��RSWLPDO��FRQGLWLRQDO�SUREDELOLW\�WKDW�WKH�
HYHQW�RFFXUV�RQ�WKH�LWK�WR�WKH�ODVW�GD\��JLYHQ�WKDW�LW�KDV�QRW�RFFXUUHG�WKXV�IDU��LV�
LQGHSHQGHQW�RI�P��7KLV�LV�LPPHGLDWH�IURP������DQG�WKH�HTXDOLW\�

P� �,�
3�P���LO� �� ���P���L� ���� 3P�L�(� 3�� ��P�L
�

M� P��L�
)XUWKHUPRUH��DV�WKH��XN
V�DUH�GHILQHG�YLD�D�EDFNZDUG�UHFXUVLRQ��3P�L�3P�L���LV�
DOVR�LQGHSHQGHQW�RI�P��

5HPDUN����:H�PD\�DOVR�REWDLQ�WKH�VROXWLRQ�RI�3UREOHP��H� ���� RI����� YLD�WKH�
RSWLPL]DWLRQ�SUREOHP�

LQI�6Q��S��T�,��� �.���S���T� �-S`��
ZKHUH�6
�S��T�� ( � K�SM��TM���7KH�FRUUHVSRQGLQJ�.XKQ�7XFNHU�FRQGLWLRQV�DUH�

�FH
���� � ���� X�S�� DQG��� � T��� -S��
��
�� WKHUH�H[LVW�$� 5�%�DQG�;� ��$�������$P��(� 5P�VXFK�WKDW�

�� G�6
�S�T�� ��$GI�S�T�� ��$��GI�S�T���� �$���IP�S�T��
ZLWK�I�DQG�I� � �IO������� ��IP��GHILQHG�E\�

I�S�T��  ��� .X�S�� DQG� I�S�T�� T��-S��

,W�LV�WKHQ�HDV\�WR�FKHFN�WKDW�WKH�$�
V�GHULYHG�IURP��FH
��DQG����
��FRLQFLGH�ZLWK�WKH�
W8M
V�RI�WKH�SUHYLRXV�GLVFXVVLRQ�PXOWLSOLHG�E\�P��
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���+2:�'2(6� 7+(�',675,%87,21� %(+$9("��6RPH�VWULNLQJ�FKDUDFWHULVWLFV�RI�
WKH�RSWLPDO�GLVWULEXWLRQ�DUH�PHQWLRQHG�LQ�5HPDUN����,W�LV�DOVR�QDWXUDO�WR�FRQVLGHU�
WKH�DV\PSWRWLF�EHKDYLRXU�RI�3UREOHP����LQ��DV�P�WHQGV�WR�LQILQLW\��:H�DUH�QRZ�
UHDG\�WR�HVWDEOLVK�WKUHH�NH\�SURSHUWLHV��)LUVW��ZH�VKRZ�WKDW�DV\PSWRWLFDOO\�WKH�OHDVW�
SUREDELOLW\�S���� EHKDYHV�OLNH�PU���7KH�QXE�LV�DQ�DQDO\VLV�RI�WKH�UDWH�RI�FRQYHU��
JHQFH�RI�WKH�3LFDUG�%DQDFK�LWHUDWLRQ�

WQ���  � J�WWL��

WR�WKH�XQLTXH�IL[HG�SRLQW�RI�D�FRQWUDFWLYH��EXW�QRW�VWULFWO\�FRQWUDFWLYH��VHOI�PDS�J�RQ�
>����@�ZKHQ�WKH�IL[HG�SRLQW�RFFXUV�DW�D�SRLQW�ZKHUH�,J
�W��  � ���5HFDOO�WKDW�J�LV�
FRQWUDFWLYH�LI�

OJ�W�� �J�V�,� �� ,W��6,�

IRU�DOO�W��	�V�LQ�>����@��,Q�RXU�FDVH�ZH�XVH�WKH�PDS�[��!�[�H[S��[���

3URSRVLWLRQ����7KH�TXDQWLW\�PS�
����WHQGV�WR�RQH�DV�P�WHQGV�WR�RR��

3URRI�:H�GHILQH�D�VHTXHQFH�̂W�-�E\�VHWWLQJ�

WL�  �MY� L O� ����P�� P� � ���� �����

2EVHUYH�WKDW�WL�LV�LQGHSHQGHQW�RI�P��WKDW�WUQ� �S�LQ��� DQG�WKDW�WKH�VHTXHQFH�
VDWLVILHV�WKH�UHFXUVLRQ�

W � ��� WN���  � WNH[S��WN��� N� � ���������

:H�QRWH�WKDW�WN�WHQGV�PRQRWRQLFDOO\�WR�D�OLPLW����ZKLFK�PXVW�QHFHVVDULO\�EH�]HUR��
+HQFH� WM��� �� WMMO� �W�M��H[S�WN������� ZKLFK�WHQGV�WR�H[S
���� � ��DV� N� WHQGV�WR�
LQILQLW\��:KHQFH��VLQFH�&HV
DUR�DYHUDJLQJ�SUHVHUYHV�OLPLWV��

�� ��P��� HWN��� ,� ��
(� a��

PWP� P�N�L� WN� PW��

DOVR�WHQGV�WR���� P�

1H[W��ZH�VKRZ�WKDW�WKH�UDWLR�EHWZHHQ�WKH�ODVW��ELJJHVW��DQG�ILUVW��VPDOOHVW��
FRPSRQHQWV�FRQYHUJHV��

3URSRVLWLRQ����

OLP� �P��H[LVWV�DQG�LV�ILQLWH��

3URRI�:H�KDYH�IURP������DQG������WKDW�

�L�� P� P���
OLP� P� OLP�+�H��H�M�P� B�<P��� LP� �HWM��� WM�� ������������
P[������S� 0��� M �� P���[� M � O�

7KH�OLPLW�H[LVWV�EHFDXVH�RI�WKH�LQHTXDOLW\����� H[S�W���� W���� ����WM��ZKLOH�<MW� �� ��

E\�3URSRVLWLRQ����:H�QRZ�DSSHDO�WR�WKH�VWDQGDUG�IDFW�WKDW�+�������� ,D�Q�,��DQG�(��,D���,�
FRQYHUJH�RU�GLYHUJH�WRJHWKHU�� ,�

)LQDOO\��ZH�VKRZ�WKDW�LQ�WKH�OLPLW�RXU�VROXWLRQ�YDOXH�DSSURDFKHV�]HUR��
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3URSRVLWLRQ����7KH�RSWLPDO�YDOXH�9�&���RI�������WHQGV�WR���DV�P�WHQGV�WR�LQILQLW\��

3URRI��7R� HVWDEOLVK�WKLV��ZH�VKRZ�WKDW�OLP�VXS�9�&��Z���� ���� OLP�LQI�9�*����� 7KH�
ILUVW�LQHTXDOLW\�LV�HDVLO\�REWDLQHG�IURP�LGHQWLI\LQJ�D�5LHPDQQ�VXP��

,� ,� ,Q�P��
9�� B��,OO����VWQP�
� ,�Q�P��� ,�

 � ��� (OQ�� ��� !��I�OQWGW��� ���
PNO� P� R�

7R�REWDLQ�WKH�RWKHU�LQHTXDOLW\��FRQVLGHU�
P���� S�Q]�� Q� ,��UQ�

��W� 3� 3��� �� L� DQG� R��� SQL�� �PQ��
 ��(� T��� �� �� �� D � S�P�OQ�TL�Q�� �T��L�L�

:H�PDNH�WZR�FODLPV��

�L�� 7P� ��� WHQGV�WR���DV�P�WHQGV�WR�LQILQLW\��
�L��Q��S��P�� ,Q�P��

)RU��L���ZH�UHFDOO�IURP����� DQG����� WKDW�/�� �C�
�� S�P���PT�P��� DQG�VR�

UQ�����
75�� 2��  � �� 3L�S��� OQ�O� �� �O��

L O�

ZKHQFH��DV�S�QC�� LQFUHDVHV�ZLWK�L��

"� B� �� D�(3�� OQ�� �� WL�O���� �S�P��(� OQ�O��� WL�,�� 
����
L O� L O�

VLQFH�WL��!� ��DQG�PS�
Q��  � 2�O���
$�SURRI�RI��LL��LV�GHIHUUHG�WR�6HFWLRQ����&RUROODU\�����ZKHUH�LW�LV�D�FRQVHTXHQFH�

RI�D�JHQHUDO�LQWHJUDO�LQHTXDOLW\��
%\�GHVLJQ��

Y� O � �� ��S��O�� ,Q�P� ��S�O���
,W�IROORZV�IURP��LL��WKDW�9�2��� "� R����� 7��

�� S�0O��� DQG�VR��VLQFH�S�P���!� ����L��VKRZV�
OLP�LQI�9�*�A���"� ��DV�QHHGHG�� 8�

7KH�WHFKQLTXHV�RI�WKHVH�WKUHH�SURSRVLWLRQV�DOORZ�XV�WR�PDNH�FRQVLGHUDEO\�PRUH�
SUHFLVH�DVVHUWLRQV�DERXW�WKH�DV\PSWRWLFV�RI�S�Q���

���&217,18286� 7,0(� $1$/<6,6��,Q� WKH�GLVFUHWH�FDVH��WKH�GLVWULEXWLRQ�LV�
VWULFWO\�LQFUHDVLQJ��ZLWK�D�VKDUS�LQFUHDVH�DW�WKH�WLS�RI�WKH�WDLO��VHH�)LJXUH�����,Q�
PHDVXUH��WKLV�LV�ZDVKHG�RXW�LQ�WKH�OLPLW��,QGHHG��WKH�RSWLPDO�FRQWLQXRXV�GLVWULEX��
WLRQ�LV�IODW��DV�WKH�IROORZLQJ�WKHRUHP�VKRZV��

7KHRUHP����)RU�DOO�S�(� /��>���7�@���ZH�KDYH�

WI�S�W��OQ� S�W�� GW�!� 7�S�W�� GW��

RU��HTXLYDOHQWO\���"�S�!� ���ZLWK�HTXDOLW\�LI�DQG�RQO\�LI�S�LV�FRQVWDQW�RQ�>���7@��
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3URRI��:H�FDQ�DVVXPH�WKDW�S� LV��DOPRVW�HYHU\ZKHUH��QRQQHJDWLYH��IRU�RWKHUZLVH�
6�S��  �RR��/HW�XV�SXW�T�W��  �>IS@�W�� � ��7IC7S�V��GV��DV�LQ������2EVHUYH�WKDW��RQ�
LQWHJUDWLQJ�E\�SDUWV��

��3�� � S�W�OQ� S�W��� GW�

-7� 7IT
�W�OQTW�G� � �S�W�OQ� S�W�� �S�W��� GW���7T�W�� GW�

 �I7S�W�OQ�S�W�� GW��� 7T�2�OQ�T�2���
��

7KH�WKHRUHP�ZLOO�WKHUHIRUH�EH�SURYHG�LI�ZH�FDQ�VKRZ�WKDW�

S��W�OQ�S�W�� GW�"� 7T�2�OQ�T�2��� �����

ZLWK�HTXDOLW\�LI�DQG�RQO\�LI�S� LV�FRQVWDQW��1RZ��DSSO\LQJ�WKH�LQWHJUDO�YHUVLRQ�RI�
-HQVHQ
V�LQHTXDOLW\�WR�WKH�VWULFWO\�FRQYH[�IXQFWLRQ�J� �[��!�[�OQ�[���[�\LHOGV�

7� ��T�2�� T�2�� T����GW�J����  � ����

IURP�ZKLFK������IROORZV�LPPHGLDWHO\�� 8�

7KHRUHP���VKRZV�WKDW�WKH��XQLTXH��VROXWLRQ�RI�3UREOHP����� JLYHQ�LQ�����LV�WKH�
XQLIRUP�SUREDELOLW\�GHQVLW\�RQ�>���7@��$�FRQVHTXHQFH�RI�7KHRUHP����ZKLFK�FRP��
SOHWHV�WR�WKH�FRQVLGHUDWLRQV�RI�6HFWLRQ����LV�WKH�IROORZLQJ��

&RUROODU\����:LWK�WKH�QRWDWLRQ�RI�6HFWLRQ����ZH�KDYH�

7B��� �S�P��OQ�P��

3URRI��$SSO\�7KHRUHP���ZLWK�
,Q��� �Q�

7�� � �� DQG� S�W�� � �S��� LIW� �� ����@Q�  � �� ��

2EVHUYH�WKDW��IRU��Q��� ���P��W� �Q�P�Q � ���������� �����
N�P� �� �� P�

T�W�� "� B� IN�O�S�W��GW� � �� S�P�� � T�IO���
N Q� ,� P�N Q�O�P�

DQG��IRU��P��� ���P��� W������T�W�� S�SP������ W���+HQFH�U,�PDMRUL]HV�

UQ�L� -� �� �S�W��� ��Paaaaa�

P� � PW� P� �OQN�T�W��� ��� O�GW�

 I�S�W�� T�W�� �� �� W�P� O� ^Q��W� `G�
QQ�

!� �� S�W�� OQ�P��

RQ�HYDOXDWLQJ�WKH�VHFRQG�LQWHJUDO�DQG�DSSO\LQJ�7KHRUHP���� 8�
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7KLV�ILQLVKHV�WKH�SURRI�WKDW�WKH�RSWLPDO�YDOXH�RI��L[�� WHQGV�WR����ZKLFK�LV�DOVR�
WKH�RSWLPDO�YDOXH�RI��V���� DV�FODLPHG�LQ�6HFWLRQ����

���&21&/86,21�� 7KH�HQWURSLF�IRUPXODWLRQ�RI�WKH�6XUSULVH�([DPLQDWLRQ�3URE��
OHP�SURYLGHV�D� EHDXWLIXO�FDVH� VWXG\�RI�WKH�DSSOLFDWLRQ�RI�FRQFHSWV�IURP�WKH�
HOHPHQWDU\�WKHRU\�RI�FRQYH[�FRQVWUDLQHG�RSWLPL]DWLRQ��SUREDELOLW\��DQG�FODVVLFDO�
LQHTXDOLW\�WKHRU\��,WV�DWWUDFWLYHQHVV�FRPHV�LQ�SDUW�IURP�WKH�YHU\�H[SOLFLW�UHFXUVLYH�
QDWXUH�RI�WKH��GLVFUHWH�WLPH��VROXWLRQ��ZKLFK�GHULYHV�IURP�WKH�.XKQ�7XFNHU�
7KHRUHP��

5()(5(1&(6�

��� KWWS���� IURQW�PDWK�XFGDYLV�HGX�� VHDUFK�� DXWKRU�&KRZ�� DQG�� 7LPRWK\�
��� -��0�� %RUZHLQ�DQG�$�� 6�� /HZLV��&RQYH[�$QDO\VLV�DQG�1RQOLQHDU�2SWLPL]DWLRQ��&06�6SULQJHU�

$GYDQFHG�7H[WV��6SULQJHU�9HUODJ��1HZ�<RUN��WR�DSSHDU��
��� 7��<�� &KRZ��7KH�VZVSULVH�H[DPLQDWLRQ�RU�XQH[SHFWHG�KDQJLQJ�SDUDGR[��$PHU��0DWK��0RQWKO\�����

��������������
��� +��*]\O��7KH�0HWKRG�RI�0D[LPXP�(QWURS\��:RUOG�6FLHQWLILF��6LQJDSRUH��������
��� 6��.XOOEDFN��,QIRUPDWLRQ�7KHRL\�DQG�6WDWLVWLFV��'RYHU��1HZ�<RUN��������
��� $��5HQ\L��&DOFXO�GHV�3UREDELOLWHV��$YHF�WLQ�DSSHQGLFH�VWLU�OD�WKH
RULH�GH�O
LQIRUPDWLRQ��'XQRG��3DULV��

������7UDGXLW�GH�O
DOOHPDQG�SDU�&��%ORFK��&ROOHFWLRQ�8QLYHUVLWDLUH�GH�0DWKHPDWLTXHV��1R������
��� 5��7��5RFNDIHOODU��&RQYH[�$QDO\VLV��3ULQFHWRQ�8QLYHUVLW\�3UHVV��3ULQFHWRQ��1�-���������3ULQFHWRQ�

0DWKHPDWLFDO�6HULHV��1R������

'$9,'�%25:(,1�ZDV�ERUQ�LQ�/LWKXDQLD�DQG�UDLVHG�LQ�6RXWK�$IULFD��+H�REWDLQHG�D�3K�'��DQG�'�6F��
IURP�WKH�8QLYHUVLW\�RI�/RQGRQ��+LV�3K�'��VXSHUYLVRU�ZDV�/��6��%RVDQTXHW�ZKRVH�RZQ�VXSHUYLVRU�ZDV�
*��+��+DUG\��,Q������KH�ZDV�HOHFWHG�WR�D�)HOORZVKLS�RI�WKH�5R\DO�6RFLHW\�RI�(GLQEXUJK��+H�WDXJKW�LQ�
6W��$QGUHZV��6FRWODQG�XQWLO�������DQG�ZDV�KHDG�RI�WKH�PDWKHPDWLFV�GHSDUWPHQW�DW�WKH�8QLYHUVLW\�RI�
:HVWHUQ�2QWDULR�IURP������XQWLO�KH�UHWLUHG�LQ�������+H�UHPDLQV�DFWLYHO\�HQJDJHG�LQ�UHVHDUFK�DQG�KDV�
ZULWWHQ�H[WHQVLYHO\�RQ�VXPPDELOLW\�WKHRU\�DQG�RWKHU�DUHDV�RI�DQDO\VLV��+H� LV�D� IRUPHU�$GYDQFHG�
3UREOHPV�(GLWRU�RI�WKLV�0217+/<�� DQG�VHUYHG�DV�3UHVLGHQW�RI�WKH�&DQDGLDQ�0DWKHPDWLFDO�6RFLHW\�IURP�
�����XQWLO�������
8QLYHUVLW\�RI�:HVWHUQ�2QWDULR��/RQGRQ��2QWDULR��&DQDGD�1�$��%��
GERUZHLQ#XZR�FD�

-21$7+$1�0��%25:(,1�LV�6KUXP�3URIHVVRU�RI�VFLHQFH�DQG�'LUHFWRU�RI�WKH�&HQWUH�IRU�([SHULPHQWDO�
DQG�&RQVWUXFWLYH�0DWKHPDWLFV�DW�6LPRQ�)UDVHU�8QLYHUVLW\��+H�UHFHLYHG�KLV�3K�'��IURP�2[IRUG�LQ�������
DV�D�5KRGHV�6FKRODU��3ULRU�WR�MRLQLQJ�6)8� LQ�������KH�ZRUNHG�DW�'DOKRXVLH�8QLYHUVLW\��&DUQHJLH�0HO��
ORQ��DQG�:DWHUORR��+H� KDV�UHFHLYHG�D� )HOORZVKLS�LQ�WKH�5R\DO�6RFLHW\�RI�&DQDGD� ��������DQG�DQ�
+RQRUDU\�'HJUHH�IURP�/LPRJHV���������+LV�UHVHDUFK�LQWHUHVWV�VSDQ�SXUH��DQDO\VLV���DSSOLHG��RSWLPL]D��
WLRQ���DQG�FRPSXWDWLRQDO��FRPSOH[LW\�DQG�QXPHULFDO�DQDO\VLV��PDWKHPDWLFV��)ROORZLQJ�LQ�KLV�IDWKHU
V�
IRRWVWHSV��KH�LV�3UHVLGHQW�(OHFW�RI�WKH�&DQDGLDQ�0DWKHPDWLFDO�6RFLHW\��
&HQWUH�IRU�([SHULPHQWDO�DQG�&RQVWUXFWLYH�0DWKHPDWLFV��'HSDUWPHQW�RI�0DWKHPDWLFV�DQG�6WDWLVWLFV��6LPRQ�
)UDVHU�8QLYHUVLW\��%XUQDE\��%�&���&DQDGD�9�$��6��
MERUZHLQ�#FHFP��VIX��FD�

3,(55(� 0$5(&+$/�ZDV�D�SRVWGRFWRUDO�IHOORZ�DW�WKH�&HQWUH�IRU�([SHULPHQWDO�DQG�&RQVWUXFWLYH�
0DWKHPDWLFV�RI�6LPRQ�)UDVHU�8QLYHUVLW\�DQG�9DQFRXYHU�*HQHUDO�+RVSLWDO��DQG�LV�QRZ�0DOLWUH�GH�
&RQI�UHQFH�DW�WKH�8QLYHUVLW\�RI�0RQWSHOOLHU��)UDQFH��+H�REWDLQHG�KLV�3K�'��IURP�WKH�8QLYHUVLW\�RI�
7RXORXVH��)UDQFH�RQ�WKH�UHJXODUL]DWLRQ�RI�)RXULHU�W\SH�LQYHUVH�SUREOHPV��+LV�LQWHUHVW�LQ�FRQYH[�DQDO\VLV�
ZDV�JHQHUDWHG�E\�WKH�VWXG\�RI�HQWURS\�RSWLPL]DWLRQ��+LV�UHVHDUFK�LV�FRQFHUQHG�ZLWK�FRQYH[�DQDO\VLV��
RSWLPL]DWLRQ��DQG�LQYHUVH�SUREOHPV�RI�PHGLFDO�WRPRJUDSK\��
/DERUDWRLUH�$&6,20��'H
SDUWHPHQW�GH�0DWKH
PDWLTXHV��8QLYHUVLWH�GH�0RQWSHOOLHU����&DVH�&RXUWLHU������
3ODFH�(XJHQH�%DWDLOORQ���������0RQWSHOOLHU�&HGH[����)UDQFH�
PDUHFKDO#PDWK��XQLY�PRQWS��IU�
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