
���� 0$7+(0$7,&$/�127(6� >-XQH�-XO\�

,Q�JHQHUDO��KRZHYHU��ZH�DUH�LQWHUHVWHG�LQ�VKRUW�SDSHUV�GHDOLQJ�ZLWK�PDWHULDO�
IDPLOLDU�WR�D�UHDVRQDEOH�QXPEHU�RI�0217+/<�UHDGHUV��:H�DUH�DEOH�WR�DIIRUG�PRUH�
VSDFH�WKDQ�LV�FRPPRQ�LQ�UHVHDUFK�MRXUQDOV��DQG�DXWKRUV�DUH�XUJHG�WR�DGG�DQ�
RFFDVLRQDO�SDUDJUDSK�LI�WKDW�ZLOO�LQFUHDVH�UHDGDELOLW\��%XW�PRVW�LPSRUWDQW��WKHUH�
PXVW�EH�D� VRXQG�PDWKHPDWLFDO�UHDVRQ�IRU�DQ�DUWLFOH��2QH�WKHRUHP�ZLWK�UHDO�
FRQWHQW�DQG�DQ�HOHJDQW�SURRI�LV�ZRUWK�WZHQW\�ILYH�QHZ�GHILQLWLRQV�RU�PLQRU�
JHQHUDOL]DWLRQV��5HVXOWV�ZLWKRXW�VLJQLILFDQW�H[DPSOHV�DUH�DOZD\V�MXGJHG�LQIHULRU�
WR�WKRVH�ZLWK�PHDQLQJIXO�DSSOLFDWLRQV��

,,�� &ODVVURRP�1RWHV��&RQWULEXWLRQV�WR�WKLV�VHFWLRQ�DUH�IHZ�LQ�QXPEHU��7KLV�
LV�QRW�VXUSULVLQJ�VLQFH�PDQ\�XQGHUJUDGXDWH�ILHOGV�KDYH�EHHQ�VR�ZRUNHG�RYHU�WKDW�
QHZ�LQVLJKWV�XVHIXO�LQ�WKH�FODVVURRP�DUH�QRW�HDV\�WR�SURGXFH��*RRG�&ODVVURRP�
1RWHV�DUH�JUHDWO\�YDOXHG�DQG�ZLOO�EH�SXEOLVKHG�SURPSWO\��

$�3523(57<�2)�*5$',(176�

'��%25:(,1��8QLYHUVLW\�RI�:HVWHUQ�2QWDULR��&DQDGD��DQG�$��0(,5��8QLYHUVLW\�RI�$OEHUWD��&DQDGD�

7KH�REMHFW�RI�WKLV�QRWH�LV�WR�SURYH�WKH�IROORZLQJ��

7+(25(0��/HW�I�EH�D�FRQWLQXRXV�UHDO�YDOXHG�IXQFWLRQ�RQ�WKH�XQLW�(XFOLGHDQ�Q��
EDOO�%� ^[�� O,[O�����̀�� OHW�WKH�ILUVW�RUGHU�SDUWLDO�GHULYDWLYHV�RII�H[LVW�DW�HYHU\�SRLQW�
LQ�WKH�LQWHULRU�RI�%��DQG�OHW�,I�[��,������ZKHQHYHU�O[LO� � ���7KHQ�WKHUH�LV�D�SRLQW�Y�LQ�
WKH�LQWHULRU�RI�%�IRU�ZKLFK�,�JUDG�I�Y�� �����

7KH� IXQFWLRQ�I��GHILQHG�E\�I�[�� D� [�ZKHUH�,_DOO� � ���VKRZV�WKDW�WKH�ILQDO�
LQHTXDOLW\�LQ�WKH�7KHRUHP�FDQQRW�EH�VKDUSHQHG��7KH�7KHRUHP�WKXV�SURYLGHV�WKH�
DQVZHU�WR�+��6��6KDSLUR
V�TXHVWLRQ�FRQFHUQLQJ�WKH�EHVW�YDOXH�RI�WKH�FRQVWDQW�LQ�
3UREOHP�(� �����>WKLV�0217+/<������������S�����@��,Q�DGGLWLRQ��WKH�7KHRUHP�
VKRZV�WKDW�WKH�K\SRWKHVHV�RI�WKH�SUREOHP��WKDW�I�EH�GLIIHUHQWLDEOH�RQ�DQ�RSHQ�
VHW�FRQWDLQLQJ�%��DQG�WKDW�,I�[����"�� IRU�HYHU\�[�LQ�%��FDQ�EH�UHOD[HG��

3URRI�RI�WKH�7KHRUHP��/HW�

J�[�� �� LL[L���I�[��� ;� � PLQ�J�[���

7KHQ�J�[��!�� ZKHQHYHU�O[LL� ��� DQG�;BJ�2���2�� 7KHUH�LV�WKXV�D�SRLQW�Y�VXFK�
WKDW�O_Y,,�����DQG�J�Y�� ;��&RQVHTXHQWO\�

JUDG�J�Y�� � �Y��� �I�Y��JUDG�I�Y�� ���

DQG�VR�

I�Y���I�JUDG�I�9����� � �LYLL�� � I�9����� ;� I�Y����

7KH�UHTXLUHG�FRQFOXVLRQ�IROORZV�HLWKHU�LI�
?����� RU�LI�;� �� DQG�J�Y�� ���IRU�VRPH�
SRLQW�Y�VXFK�WKDW����,Y,,�����

This content downloaded from 142.58.52.103 on Wed, 6 Nov 2013 18:21:54 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


����@� 0$7+(0$7,&$/� 127(6� ����

,Q�WKH�RQH�UHPDLQLQJ�FDVH�ZH�KDYH�J�[�!; 2� ZKHQHYHU�2�_,[,_����� VR�WKDW�
I�[��,�����ZKHQHYHU�O__[L� ,�� DQG��FRQVHTXHQWO\��WKHUH�LV�D�SRVLWLYH���IRU�ZKLFK�

PD[� ,I�[�� �(� �� ���
M[8� ����

6HWWLQJ�

K�[�� � ��[������ ^I�[�� �� (���� B� PLQ�L�;���
��MO��"����

ZH�REVHUYH�WKDW�K�[��!2�ZKHQHYHU�,[�,_���� DQG�$�KK�2�� ������� +HQFH�WKHUH�
LV�D�SRLQW�Z�VXFK�WKDW�W_Z,W�����DQG�K�Z�� ��W��$V�DERYH�ZH�GHGXFH�WKDW�

^I�Z���� �`�� �JUDG� I�:�,,��  � ��:_��� � ^I�:�� �� ���� �� �S� �� ^I�:�� "� ���

IURP�ZKLFK�LW�IROORZV�WKDW�__JUDG�I�Z��,,������

3,927$/�52/(�2)�7+(�75,3/(�&5266�352'8&7�

)5$1&,6� 3��&$//$+$1��3HQQV\OYDQLD�6WDWH�8QLYHUVLW\�

7KLV�SDSHU�JLYHV�D�SURRI�RI�WKH�IROORZLQJ��

7+(25(0��/HW��5�� ��� EH�D�UHDO�LQQHU�SURGXFW�VSDFH�DQG�OHW��[�R\�� EH�D�YHFWRU�
SURGXFW�GHILQHG�LQ�5�� ,I�5�LV�DW�OHDVW�WZR�GLPHQVLRQDO�DQG�LI�WKH�YHFWRU�SURGXFW�
VDWLVILHV�WKH�LGHQWLW\�

���� �[�R\�� R�]�  � �[�]�\� �� �\]�[�

IRU�DOO�[��\��]�LQ�5��WKHQ�
�$�� �[�R\�� LV�OLQHDU�LQ�ERWK�[�DQG�\��
�%�� �[R\���\R[� �IRUDOO[�\LQ5��
�&�� 5�LV�H[DFWO\�WKUHH�GLPHQVLRQDO��DQG�
�'�� LI��L��M��N��LV�DQ�RUWKRQRUPDO�EDVLV�IRU�5��WKHQ��L�R�M�� �FN���M�R�N�� FL��DQG�

�N�R�L�� �FM��ZKHUH�F�LV�HLWKHU�����RU�����

%\�D�YHFWRU�SURGXFW���[�R\��� LV�PHDQW�D�QRW�QHFHVVDULO\�OLQHDU�IXQFWLRQ�GH��
ILQHG�IRU�DOO�RUGHUHG�SDLUV���[��\���RI�HOHPHQWV�RI�5�DQG�KDYLQJ�YDOXHV�DJDLQ�LQ�5��
7KH�LGHQWLW\�����LV�WKH��WULSOH�FURVV�SURGXFW�LGHQWLW\��DQG�WKH�FRQFOXVLRQ�RI�WKH�
7KHRUHP�LV�WKDW��[�R\�� FDQ�RQO\�EH�WKH�XVXDO�WKUHH�VSDFH�FURVV�SURGXFW��HLWKHU�
ULJKW�KDQGHG�RU�OHIW�KDQGHG���7KDW�LV��WKH�WULSOH�FURVV�SURGXFW�LGHQWLW\�LV�VXIIL��
FLHQW�WR�VLQJOH�RXW�WKH�XVXDO�FURVV�SURGXFW�V��IURP�DPRQJ�DOO�SRVVLEOH�YHFWRU�
SURGXFWV��DQG�LW�HYHQ�IRUFHV�WKH�GLPHQVLRQ�RI�WKH�VSDFH�RQ�ZKLFK�LW�RSHUDWHV�WR�
EH�WKUHH��

7KH�SURRI�RI�WKH�7KHRUHP�PDNHV�XVH�RI�VRPH�OHPPDV��

/(00$����[�R\ \� R���[�� IRU�DOO�[�\�LQ�5��

3URRI��/HW�[�R�\�X� DQG�\�R���[� X
� DQG�DSSO\����� WR�VKRZ�WKDW�X�R�Y�
8O�R�Y�IRU�DOO�Y�LQ�5��VR�WKDW�

This content downloaded from 142.58.52.103 on Wed, 6 Nov 2013 18:21:54 PM
All use subject to JSTOR Terms and Conditions


	Article Contents
	p. 648
	p. 649

	Issue Table of Contents
	The American Mathematical Monthly, Vol. 76, No. 6 (Jun. - Jul., 1969), pp. 589-732
	Front Matter [pp. ]
	Notice [pp. 589]
	How to Solve Linear Inequalities [pp. 589-599]
	Spectral Sequences for the Layman [pp. 599-605]
	The Jordan Curve Theorem for Piecewise Smooth Curves [pp. 605-610]
	Legendre's Identity [pp. 611-616]
	Notes on Topological Spaces with Minimum Neighborhoods [pp. 616-627]
	On Similarity in Functions of Several Variables [pp. 627-632]
	The Derivative as a Linear Transformation [pp. 632-638]
	On the Characteristic Roots of a Matrix [pp. 638-643]
	Compactness and Certain Subclasses of Schlicht Functions [pp. 643-647]
	Mathematical Notes
	Reflections of the Notes Editor [pp. 647-648]
	A Property of Gradients [pp. 648-649]
	Pivotal Role of the Triple Cross Product [pp. 649-651]
	A Note on a Theorem of Sagle [pp. 652]
	Note on Two Problems on Matrices [pp. 652-654]
	On the Weyl Criterion in the Theory of Uniform Distribution Modulo 1 [pp. 654-656]
	Nonperiodicity of Solutions of an nth Order Equation [pp. 657-658]
	An Algebraic Structure for Graphs on the Factorization of Groupoids [pp. 658-661]
	The Kiss Precise [pp. 661-663]
	A New Relation Between Primitive Roots and Permutations [pp. 664-666]
	Extensions of Olivier's Theorem [pp. 666-667]
	Even and Odd Permutations [pp. 668]
	An Application of Diophantine Approximation [pp. 668-671]
	On Fermat's Last Theorem [pp. 671-675]
	The Long Line as a Subset of P (R) [pp. 675-677]

	Research Problems
	Can All Convex Borel Sets be Generated in a Borelian Manner Within the Realm of Convexity? [pp. 678-679]

	Classroom Notes
	The Uncountability of the Reals [pp. 679-680]
	Another View of Rolle's Theorem [pp. 680-681]

	Mathematical Education
	From the Editors [pp. 681]
	The Effect of the Recommendations of the Committee on the Undergraduate Program in Mathematics Upon the Mathematics Curricula of the Colleges of Maryland [pp. 681-686]
	New Advanced Placement Courses in Mathematics [pp. 686-687]
	A New Graduate Degree in Mathematics [pp. 687-689]

	Problems and Solutions
	Elementary Problems: E2159,E2178-E2183 [pp. 690-691]
	Solutions of Elementary Problems
	E2032 [pp. 691-692]
	E2064 [pp. 692-693]
	E2102 [pp. 693-694]
	E2103 [pp. 694-695]
	E2104 [pp. 695-696]
	E2105 [pp. 696]
	E2106 [pp. 697]
	E2107 [pp. 697]
	E2109 [pp. 698]
	E2110 [pp. 698]
	E2111 [pp. 699]
	E2112 [pp. 699-700]
	E2113 [pp. 700]
	E2114 [pp. 700-701]

	Advanced Problems: 5677-5682 [pp. 701-702]
	Solutions of Advanced Problems
	5593 [pp. 702-703]
	5610 [pp. 703-704]
	5611 [pp. 704-705]
	5612 [pp. 705-707]
	5613 [pp. 707-708]
	5614 [pp. 708-709]
	5615 [pp. 709]
	5616 [pp. 709-710]
	5617 [pp. 710]
	5618 [pp. 710-711]

	Unsolved Problems [pp. 711]

	Reviews
	Editorial: On Choosing Texts [pp. 712]
	Review: untitled [pp. 712-713]
	Review: untitled [pp. 713-714]
	Review: untitled [pp. 714]
	Review: untitled [pp. 715-716]
	Review: untitled [pp. 716]
	Review: untitled [pp. 716-717]
	Review: untitled [pp. 717-718]
	Telegraphic Reviews [pp. 718-727]

	News and Notices [pp. 728-731]
	Mathematical Association of America: Official Reports and Communications
	November Meeting of the Maryland-District of Columbia-Virginia Section [pp. 731]
	Calendar of Future Meetings [pp. 732]
	Future Meetings of Other Organizations [pp. 732]

	Back Matter [pp. ]



