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AN INCULSION THEOREM FOR DIRICHLET SERIES

BY
DAVID BORWEIN

ABSTRACT. It is shown that under certain conditions the asymptotic

relationship
! E dnSne % ~ | E ane™ " as x — O+
n=1 n=|

between two Dirichlet series implies the same relationship with A, re-
placed by log M.

1. Introduction. Suppose throughout that A := {An} is a strictly increasing un-
bounded sequence of real numbers with A, = 0, and that g := {a.} is a sequence of
non-negative numbers such that

o0 [s.4]
Za,, = 00, and ¢(x) := Z aye™™" < oo for all x > 0.

n=1 n=|

Let {s,} be a sequence of complex numbers with 5o = 0. The Abelian summability

method Ay (see [3, p. 71]) and the Dirichlet series method D ra (see [12]) are defined
as follows:

S HAL) B ) (5, — sp_p)e ™

n=1

is convergent for all x > 0 and tends to / as x —s 0+;

e ¢]
S0 == 1(D30) i ) aysue ™

| n=l1

[ee]
. 1 "
1s convergent for all x > 0 and —3 E ausne M — 1 as x — O+
X

n=|]

When A, := n, the method A, reduces to the Abel method A, and the method D Aa
reduces to the power series method J, (as defined in [1], for example). Denote by
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3 the method Dy, with ) = X, @n =Xy — Mgy forn 2 2. The method A} also
reduces to A when A, := n. Further, it is known (see [2, Lemma 2]) that, under the
additional hypothesis Api1 ~ Ans

(o o]
x Z(An —MAop)e Mt — 1 as x — O+

n=2

Thus, when Aper ~ An,

o0
5» — I(A}) if and only if x ) (A, — N 8™
n=2
is convergent for all x >0 and tends to / as x — O0+.

The exact relationship between A and A} for general X remains to be investigated.
From now on we assume that A; 2 1 and that p = {pn} where p, :=log A The
following inclusion theorem for Abelian methods is known [3, Theorem 28]:

TueoreM A. If s, — I(Ay), and E;’il(s,, — Sp_1)A;* is convergent for all x >0,
then s, — [(Ay).

The purpose of this note is to prove the following analogous theorem for Dirichlet
series methods:

Theorem D. Suppose that s, — (D 4), and that Yoo @n ik, and R BB =
are convergent for all x > 0. Then s, — (D)

2. Proof of Theorem D. Suppose that x > 0, and let

o0 o0 oo '
¢x(x) = Za,,s,,e_)‘""', ¢(x) i Za”)\;;’ and "p.\'(x) g Z arzsn)\nj .
. n=1 n=1 n=1

Then the hypotheses of Theorem D imply (3, Theorem 30] that

R S P __L/mf‘—l ()t
woo= s [ rtwdand i = 5 0T

Hence
%) | 1 f " e,
T Eek |
where
s 0
F(x) = fo £ g(e)dr and o(1) := o0

Suppose without loss of generality that | =0, ie., that o(f) — 0 as t — O+. Since

$2 a, = 00, we have that ¢(1) — 00 as 1 — 0+ and hence that F(x) — 00 as
n=

x — O+ Further, % a,s,e*~*" is uniformly convergent for = § > 0 (see
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[3, p. 76]); so that |¢.(r)] < Hze ™" for + 2 § > 0, where Hs is a positive number
independent of ¢. It follows that

L [ f co@owdr+ [
o F(x) \ Jo 5 bttt

lim sup
x—0+

(x)

. H, 02
= sup |or(r)l+]1':"rl"¢.£.1+1pgﬁf‘5 e_’\"dz

0<r<é

= sup |a(1)] — 0 as § — O+,
0<1<s

and hence that ,;(x)/y¥(x) — 0 as x — 0O+. a

ExamrLe.  With A, := n,a, := 1 /n, Theorem D yields the following interesting
result concerning the Riemann zeta function:

. I S s
if —— E — " 1 as s
—log(1 —y) s ny FTE

%) et 1 00
and Z — 1s convergent for all w > 1, then — o —lasw-— 1+
n=1 G C(w) n=1 it ;

The first of the above hypotheses can be stated as sn — (L), where L is the loga-
rithmic power series method of summability; and, because of the familiar result that
(w— 1)(w) — 1 as w — 1+, the conclusion can be simplified to

00
Sn
(W_I)ZF—*I":%SW—)]-{»_

- on=]
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