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``intuition comes to us much earlier and with much less outside influence than formal
arguments which we cannot really understand unless we have reached a relatively
high level of logical experience and sophistication.
Therefore, I think that in teaching high school age youngsters we should
emphasize intuitive insight more than, and long before, deductive reasoning.”
George Polya (1887-1985)
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I will argue that the mathematical community (appropriately
defined) is facing a great challenge to re-evaluate the role of
proof in light of the power of current computer systems, of
modern mathematical computing packages and of the growing
capacity to data-mine on the internet. With great challenges
come great opportunities. I intend to illustrate the current
challenges and opportunities for the learning and doing of
mathematics.
“The object of mathematical rigor is to sanction and legitimize the conquests
of intuition, and there was never any other object for it.” – Jacques Hadamard
(1865-1963)
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OUTLINE
 Working Definitions of:





Discovery
Proof (and Maths)
Digital-Assistance
Experimentation (in Maths and in Science)

 Five Core Examples:






What is that number?
Why Pi is not 22/7
Making abstract algebra concrete
A more advanced foray into mathematical physics
A dynamical system I can visualize but not prove

 Making Some Tacit Conclusions Explicit
 Three Additional Examples (as time permits)




Integer Relation Algorithms
Wilf-Zeilberger Summation
A Cautionary Finale

WHAT is a DISCOVERY?
“discovering a truth has three components. First, there
is the independence requirement, which is just that
one comes to believe the proposition concerned by
one’s own lights, without reading it or being told.
Secondly, there is the requirement that one comes to
believe it in a reliable way. Finally, there is the
requirement that one’s coming to believe it involves no
violation of one’s epistemic state. …
In short, discovering a truth is coming to believe it
in an independent, reliable, and rational way.
Marcus Giaquinto, Visual Thinking in Mathematics.
An Epistemological Study, p. 50, OUP 2007

• Leading to “secure mathematical knowledge”?
“All truths are easy to understand once they are discovered; the point is to
discover them.” – Galileo Galilei

WHAT is a PROOF?
“PROOF, n. a sequence of statements, each of which
is either validly derived from those preceding it or is an
axiom or assumption, and the final member of which,
the conclusion, is the statement of which the truth is
thereby established. A direct proof proceeds linearly
from premises to conclusion; an indirect proof (also
called reductio ad absurdum) assumes the falsehood
of the desired conclusion and shows that to be
impossible. See also induction, deduction, valid. ”
Collins Dictionary of Mathematics
“No. I have been teaching it all my life, and I do not want to have my ideas upset.”
- Isaac Todhunter (1820 - 1884) recording Maxwell’s response when asked
whether he would like to see an experimental demonstration of conical refraction.

Not to Mention
Formal Proof
Often quite far in ambit from my
own preoccupations
Coming of age as December
Notices of the AMS make clear:

“We can assert with utmost
confidence that the error
rates of top-tier theoremproving systems are orders
of magnitude lower than error
rates in the most prestigious
mathematical journals.
Indeed, since a formal proof
starts with a traditional proof,
then does strictly more
checking even at the human
level, it would be hard for the
outcome to be otherwise.”
[Hales, p. 1376]

WHAT is MATHEMATICS?
mathematics, n. a group of related subjects, including algebra,
geometry, trigonometry and calculus, concerned with the
study of number, quantity, shape, and space, and their interrelationships, applications, generalizations and abstractions.
 This definition--from my Collins Dictionary has no mention of proof, nor the
means of reasoning to be allowed (vidé Giaquinto). Webster's contrasts:

induction, n. any form of reasoning in which the conclusion,
though supported by the premises, does not follow from them
necessarily.
and

deduction, n. a. a process of reasoning in which a conclusion
follows necessarily from the premises presented, so that the
conclusion cannot be false if the premises are true.
b. a conclusion reached by this process.
“If mathematics describes an objective world just like physics, there is no reason why
inductive methods should not be applied in mathematics just the same as in physics.”
- Kurt Gödel
(1951 Gibbs Lecture)
-echoes of Quine

WHAT is DIGITAL ASSISTANCE?
 Use of Modern Mathematical Computer Packages
 Symbolic, Numeric, Geometric, Graphical, …
 Use of More Specialist Packages or General Purpose
Languages


Fortran, C++, CPLEX, GAP, PARI, MAGMA,…

 Use of Web Applications


Sloane’s Encyclopedia, Inverse Symbolic Calculator, Fractal
Explorer, Euclid in Java, …

 Use of Web Databases


Google, MathSciNet, Wikipedia, MathWorld, Planet Math, DLMF,
MacTutor, Amazon, …

 All entail data-mining


Clearly the boundaries are blurred and getting blurrier

“Knowing things is very 20th century. You just need to be able to find things.”
- Danny Hillis
- on how Google has already changed how we think in Achenblog, July 1 2008
- changing cognitive styles

Changing Cognitive Styles?

User Experience:
Expectations

11

What is attention? (Stroop test example)
1. Say the color
represented by the word.
2. Say the color
represented by the font
color.
High multitaskers perform # 2
very easily. They are great at
suppressing information.
http://www.snre.umich.edu/eplab/demos/st0/stroop_program/stroopgraphicnonshockwave.gif
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Exploratory Experiments and
Wide Instrumentation
STEINLE goes on to explain that exploratory experimentation typically takes place in
phases of scientific development in which no well-formed conceptual framework is
available (Steinle 1997, p. 70). Thus, STEINLE'S exploratory experiments in science
are open-ended and highly important and influential in the processes of concept
formation.
Drawing on examples from research in molecular biology during the last decades, the
philosopher L. R. FRANKLIN adds an interesting dimension to the notion of "exploratory
experimentation", namely that of wide instrumentation. The availability of highthroughput instruments that can simultaneously measure many features or repeat
measurements very quickly has, so FRANKLIN argues, made it feasible (again) to
address the enquiry of nature without local theories to guide the experiments. In the
process, experiments have gained another quality to be measured by, namely efficiency
in bringing about new results (Franklin 2005, p. 895).
These aspects of exploratory experimentation and wide instrumentation originate from
the philosophy of (natural) science and have not been much developed in the context of
experimental mathematics. However, I claim that e.g. the importance of wide
instrumentation for an exploratory approach to experiments that includes concept
formation also pertain to mathematics.”
• H.K. Sørenson, What's experimental about experimental mathematics?" Preprint, October 2008.

“The Crucible”

What is Experimental Mathematics?

Experimental Mathodology
1. Gaining insight and intuition

Science News
2004

2. Discovering new relationships

“Computers
are
3. Visualizing
math principles

useless, they can
4. Testing and especially falsifying
only give answers.”
conjectures
Pablo Picasso

Experimental Mathodology

5. Exploring a possible result to see
if it merits formal proof
------------------------------------------------------------------------------------------------------------------------

6. Suggesting approaches for
formal proof
7. Computing replacing lengthy
hand derivations
8. Confirming analytically derived
results

Comparing –y2ln(y) (red) to y-y2 and y2-y4

Example 1. What’s that number? (1995 to 2008)
In I995 or so Andrew Granville emailed me the number

and challenged me to identify it (our inverse calculator was new in
those days).
I asked for its continued fraction? It was

I reached for a good book on continued fractions and found the answer

where I0 and I1 are Bessel functions of the first kind. (Actually I knew
that all arithmetic continued fractions arise in such fashion).
In 2008 there are at least two or three other strategies:
• Given (1), type “arithmetic progression”, “continued fraction” into Google
• Type 1,4,3,3,1,2,7,4,2 into Sloane’s Encyclopaedia of Integer Sequences
I illustrate the results on the next two slides:

“arithmetic progression”, “continued fraction”
In Google on October 15 2008 the first three hits were
Continued Fraction Constant -- from Wolfram MathWorld
- 3 visits - 14/09/07Perron (1954-57) discusses continued fractions having
terms even more general than the arithmetic progression and relates
them to various special functions. ...
mathworld.wolfram.com/ContinuedFractionConstant.html - 31k
HAKMEM -- CONTINUED FRACTIONS -- DRAFT, NOT YET PROOFED
The value of a continued fraction with partial quotients increasing in
arithmetic progression is I (2/D) A/D [A+D, A+2D, A+3D, . ...
www.inwap.com/pdp10/hbaker/hakmem/cf.html - 25k On simple continued fractions with partial quotients in arithmetic ...
0. This means that the sequence of partial quotients of the continued
fractions under. investigation consists of finitely many arithmetic
progressions (with ...
www.springerlink.com/index/C0VXH713662G1815.pdf - by P Bundschuh
– 1998
Moreover the MathWorld entry includes

Example 1: In the Integer Sequence Data Base
The Inverse Calculator
returns
Best guess:
BesI(0,2)/BesI(1,2)

• We show the ISC on
another number next
• Most functionality of
ISC is built into “identify”
in Maple

“The price of metaphor is eternal vigilance.” - Arturo Rosenblueth & Norbert Wiener
quoted by R. C. Leowontin, Science p.1264, Feb 16, 2001 [Human Genome Issue].

The ISC in Action

Input of 

• ISC+ runs on Glooscap
• Less lookup & more
algorithms than 1995

Example 2. Pi and 22/7 (Year · through 2008)
The following integral was made popular in a 1971 Eureka article

• Set on a 1960 Sydney honours final, it perhaps originated in 1941
with Dalziel (author of the 1971 article who did not reference himself)!
Why trust the evaluation? Well Maple and Mathematica both ‘do it’
• A better answer is to ask Maple for

• It will return

and now differentiation and the Fundamental theorem of calculus
proves the result.
• Not a conventional proof but a totally rigorous one. (An ‘instrumental
use’ of the computer)

Example 3: Multivariate Zeta Values
In 1993, Enrico Au-Yeung, then an undergraduate in Waterloo, came into my
office and asserted that:

I was very skeptical, but Parseval’s identity computations affirmed this to
high precision. This is reducible to a case of the following class:

where sj are integers and σj= signum sj. These can be rapidly
computed using a scheme implemented in an online tool:
www.cecm.sfu.ca/projects/ezface+. They have become of
more and more interest in number theory, combinatorics, knot theory
and mathematical physics. A marvellous example is Zagier’s (now
proven) conjecture

Example 3. Related Matrices (1993-2006)
In the course of proving conjectures about multiple zeta values we
needed to obtain the closed form partial fraction decomposition for

This was known to Euler but is easily discovered in Maple. We needed
also to show that M=A+B-C was invertible where the n by n matrices
A, B, C respectively had entries

Thus, A and C are triangular and B is full. After messing around with
lots of cases it occurred to me to ask for the minimal polynomial of M
> linalg[minpoly](M(12),t);
> linalg[minpoly](B(20),t);
> linalg[minpoly](A(20),t);
> linalg[minpoly](C(20),t);

Example 3. The Matrices Conquered
Once this was discovered proving that for all n >2

is a nice combinatorial exercise (by hand or computer). Clearly then

and the formula

is again a fun exercise in formal algebra; as is confirming that we have
discovered an amusing representation of the symmetric group
• characteristic or minimal polynomials (rather abstract for me as a
student) now become members of a rapidly growing box of symbolic
tools, as do many matrix decompositions, Groebner bases etc …
• a typical matrix has a full degree minimal polynomial

Example 4. Numerical Integration (2006-2008)
The following integrals arise independently in mathematical
physics in Quantum Field Theory and in Ising Theory:

We first showed that this can be transformed to a 1-D integral:

where K0 is a modified Bessel function. We then (with care) computed
400-digit numerical values (over-kill but who knew), from which we found
these (now proven) arithmetic results:

Example 4: Identifying the Limit Using
the Inverse Symbolic Calculator (2.0)
We discovered the limit result as follows: We first calculated:

We then used the Inverse Symbolic Calculator, the online numerical
constant recognition facility available at:
http://ddrive.cs.dal.ca/~isc/portal
Output: Mixed constants, 2 with elementary transforms.
.6304735033743867 = sr(2)^2/exp(gamma)^2
In other words,

References. Bailey, Borwein and Crandall, “Integrals of the Ising Class," J.
Phys. A., 39 (2006)
Bailey, Borwein, Broadhurst and Glasser, “Elliptic integral representation of
Bessel moments," J. Phys. A, 41 (2008) [IoP Select]

Example 5: A Simple Phase Reconstruction
Model
Projectors and Reflectors: PA(x) is the metric projection or
nearest point and RA(x) reflects in the tangent

A

x
PA(x)
RA(x)

Example 5: Phase Reconstruction
In a wide variety of problems (protein folding, 3SAT, Sudoku) B is nonconvex but “divide and concur” works better than theory can explain. It
is:
Consider the simplest case of a line A of height α and the unit circle B.
With
the iteration becomes
For α=0 proven convergence to one of the two points in A Å B iff start off
vertical axis. For α>1 (infeasible) iterates go vertically to infinity. For α=1
(tangent) iterates converge to point above tangent. For α ∈ (0,1) the pictures
are lovely but proofs escape me. Maple (Cinderella) pictures follow:
An ideal problem
to introduce early
under-graduates to
research, with
many accessible
extensions in 2 or
3 dimensions

Dynamic Phase Reconstruction in Cinderella
Consider the simplest case of a line A of height α and the unit circle B.
With
the iteration becomes
For α ∈ (0,1) the pictures are lovely but proofs escape me. A Cinderella
picture follows:

A Sidebar: New Ramanujan-Like Identities
Guillera has recently found Ramanujan-like identities, including:

where

Guillera proved the first two using the Wilf-Zeilberger algorithm. He
ascribed the third to Gourevich, who found it using integer relation methods.
It is true but has no proof. It seems there are no higher-order analogues.
“Why should I refuse a good dinner simply because I don't understand the digestive
processes involved?” - Oliver Heaviside (1850-1925) when criticized for daring to use
his operators before they could be justified formally

First Conclusions
 The students of 2010 live in an information-rich, judgement-poor world
 The explosion of information is not going to diminish
 So we have to teach judgement (not obsessive concern with plagiarism)
 that means mastering the sorts of tools I have illustrated
 We also have to acknowledge that most of our classes will contain a very
broad variety of skills and interests (few future mathematicians)
 properly balanced, discovery and proof can live side-by-side and allow
for the mediocre and the talented to flourish in their own fashion
 Impediments to the assimilation of the tools I have illustrated are myriad
(as I am only too aware from recent teaching experiences)
 These impediments include our own inertia and
 organizational and technical bottlenecks (IT - not so much dollars)
 under-prepared or mis-prepared colleagues
 the dearth of good material from which to teach a modern syllabus
"The plural of 'anecdote' is not 'evidence'."
- Alan L. Leshner, Science's publisher

Further Conclusions
 New techniques now permit
integrals, infinite series sums and
other entities to be evaluated to high
precision (hundreds or thousands of
digits), thus permitting PSLQ-based
schemes to discover new identities.
 These methods typically do not
suggest proofs, but often it is much
easier to find a proof (say via WZ)
when one “knows” the answer is
right.
For more details of the examples see Mathematics by Experiment (2003-08),
Experimentation in Mathematics (2004) with Roland Girgensohn, or
Experimental Mathematics in Action (2007). A “Reader’s Digest” version of
the first two is at www.experimentalmath.info with much other material.
“The future has arrived; it's just not evenly distributed.” - Douglas
Gibson (who coined the term ‘cyberspace’)

Three Extra Examples
1. Zeta Values and PSLQ
2. Reciprocal Series for π and Wilf-Zeilberger
3. A Cautionary Example

David Bailey on the side of a Berkeley bus

“Anyone who is not shocked by quantum theory has not understood a

single word.” - Niels Bohr

Example: Apéry-Like Summations
The following formulas for ζ(n) have been known for many decades:
The RH in Maple

These results have a unified proof (BBK 2001) and have led many to hope that

might be some nice rational or algebraic value.
• Sadly (?), PSLQ calculations have shown that if Q5 satisfies a polynomial
with degree at most 25, then at least one coefficient has 380 digits.

Apéry II: Nothing New under the Sun

 The case a=0 is the formula used by Apéry his 1979 proof that
“How extremely stupid not to have thought of that!” - Thomas Henry Huxley
(1825-1895)
‘Darwin's Bulldog’ was initially unconvinced of evolution.

Example: Use of the Wilf-Zeilberger Method
As noted two post 2000 experimentally-discovered identities are

To effect a proof Guillera ‘cunningly’ started by defining

He then used the EKHAD software package to obtain the companion

Example Usage of W-Z, II
When we define

Zeilberger's theorem gives the identity

which when written out is

http://ddrive.cs.dal.ca/~isc/portal

A limit argument completes the proof of Guillera’s identities.

A Cautionary Example
These constants agree to 42 decimal digits accuracy,
but are NOT equal:

Computing this integral is nontrivial, due largely to difficulty
in evaluating the integrand function to high precision.
Fourier transforms turn the
integrals into volumes and neatly
explains this happens when a
hyperplane meets a hypercube
(LP) …

More Self Promotion

