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Abstract

Euler considered sums of the form

m—1

=1 1
stzﬁ

m=1 n=1

Here natural generalizations of these sums namely

o0

[p,q] == [p, ql(s,1) =

X, (m) T”Z Xq(n)
— mr nt
are investigated, where X, and X, are characters, and s and ¢ are positive integers. The
cases when p and ¢ are either 1, 2a, 2b or —4 are examined in detail, and closed-form
expressions are found for ¢t = 1 and general s in terms of the Riemann zeta function and

the Catalan zeta function — the Dirichlet series L_4(s) =17° =37 +57°5 =7+ ...

Some results for arbitrary p and ¢ are obtained as well.



1. Introduction

In 1742 Goldbach wrote to Euler posing the problem of finding a closed form for the

double sum

>

m=1

— 1

— 1.1
S o
in which the first sum is unrestricted, whilst the second is bounded. We refer to [la]
for a description of this exchange. We shall refer to the first sum as the U-sum and the

second as the B-sum. Any double sum so constructed will be referred to as an Euler or

E-sum.

The motivation for this investigation is an attempt to generalize the E-sums such that

the U- and B-sums are general Dirichlet series, i.e. to consider E-sums of the form

0o m—1
) = [prals, ) = 3 2y el (12

where X,, and X, are characters. Elementary Dirichlet series are given by

Xp(m)x™
Ly(s:z) =) & (1.3)
m=1 m
and we write Ly(s : 1) := Ly(s). In Appendix A some properties of characters and

Dirichlet series relevant to this communication are summarized. A reflection formula is

immediately accessible for (1.2). Write [p, ¢](s,t) as

(st = 3 2l Xa(n) (1.4)

ms nt

Then

@it s) = 3 el 2ol (15)

Adding (1.4) to (1.5) we get

m#n m>1,n>1 m>1

and since X, (m)X,(m) = Xpq(m) we have the reflection formula

[P, q)(s,t) + 4, pI(t; 5) = Lyp(5)Lq(t) = Lpg(s +1). (1.7)
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When p =g =d and d is odd and # 1, it is simple to show that
Lap(s) = (1= d=)C(s). (1.8)

If d is even and d, is the odd factor > 1 of d then

Laz(s) = (1 =27°)(1 = d,*)¢(s), (1.9)

and if d = 2" then

Lgz2(s) = (1 —27%)((s). (1.10)
Now consider (1.2) and first rewrite it with dummy indices (m,n) replaced by (k,m),
and then interchange the order of summation, thus

k—1

[p,q](s,t) = Z X];{;sk) Xq(m) _ Z Xq4(m) Z Xp(k).

k=1 m=

3
i
bl
i
3
t

Replace k£ by m + n and we obtain

p.al(s,t) =Y > Xolm) Xp(m + 1) (1.11)

Such representations will be referred to as unrestricted double sums or UD-sums. This
form of E-sum is most useful as it allows us to represent it in many cases as a single

integral. For let us write

(m+4n)"% = %/{) (log z)* ta™ " 1da, (1.12)

then

p,q](s,t) = i/O (logz)*~* Z Z Xq(m) Xp(m +n)z™ " . (1.13)

If X, (m+n) can be split multiplicatively, the summations may be done and [p, q] found
as a single integral. Sadly, however, we are only able to do this for a few cases, and
in the first instance we concentrate on these. The E-sums we shall consider are those
involving the primitive characters X1 and X_4, and two imprimitive forms of X1, namely

X2, (counting odd terms) and Xgp (counting all terms alternatingly).
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The four series considered here in detail are

(1.14)

Ay = 30 Xzelm) ST sm L g ) - (- 27 L)

pis) =3 2 5~ EU ) (-2 L),

; X_4(m . sin(mn/2 = (=1)m1
B(s) = 2—1 m(s : - Z_l (ms/ ) - 2—1 ((2m)— 1)s = L_4(s).

(1.15)

(1.16)

(1.17)

Thus, we will consider double series with any one of the four above as the U-sum or

B-sum yielding the following 16 E-sums to be considered. These are shown in Table 1.

Table
[e%e] m—1
1 1
[1,1](s,t) = Z — vl
m=1 n=1
L= 3 LS )
al(s,t) = —
9 9 ms nt
m=1 n=1
[e’e] m—1
1 (_1)n—1
1,2 = e
L= 3 -3
m=1 n=1
[e%s) m—1 .
1 sin(nm/2)
1, —4|(s,t) = — B S s
[1, —4](s,?) mz::lms 2

[2a,1](s,t) =

m=1 m? n=1 n!
>, sin?(mm/2) s sin?(nm/2)
[2a,2a](s, t) = mzzl w2
=, sin?(mm/2) e (—=1)nt
2a,2 = .
[2a,20)(s, t) mZ: w2
2. sin?(mn/2) e sin(nm/2)
2a, —4](s,t) = Z e P
m=1 n=1
0o (—l)mil m—1 1
26, 1)(s,t) = ) pevall) S S
m=1 n=1
= (=1)mt e sin?(n/2)
2200 = Y "



20, 20](s,t) = i (—1)m=172

[2b, —4](s,) = é (_;):_1 él Siﬂ(zzrﬂ)_
=
Cats = 3 AR L
[—4,24](s, t) = mf:l Sm(:z_ﬂﬂ) = sin2(:t7T/2)_
BT SE Ly S
[~4,~4)(s,1) = mfj inim/2) s n(on/2)

The first 8 E-sums, of the form [1,¢] or [2a,q|, are convergent for s > 2, ¢t > 1. The

second 8 E-sums, of the form [2b, q] or [—4, ¢|, are convergent for s > 1, ¢ > 1.

The sum [1,1] is the original E-sum considered by Euler. Euler [2] responded to Gold-
bach’s query (somewhat tardily) and wrote a memoir on the topic in 1775. He showed
that [1,1] could be evaluated in terms of the Riemann zeta function for all s+¢ < 6, and
s+t < 13 when s+t is odd. He then extrapolated his results to obtain a general formula
for all s+t odd. He also proved a formula for [1,1](s, 1) for general s. Some 130 years
later Nielsen [5] extended Euler’s investigation to consider [1,2b], [2b,1] and [2b,2b], and
derived a formula for [1,2b](s,1). More recently Sitaramachandrarao [6] found general
formulae for [20,1](2s,1) and [2b, 2b](2s,1). Borwein, Borwein and Girgensohn (see [1b])
also investigated [1,1], [1,2b], [2b,1] and [2b,2b]. They proved Euler’s general result for
[1,1] with s+t odd and also Nielsen’s and Sitaramachandrarao’s results. Jordan [3] in a
paper unconnected with E-sums per se gave formulae for modified forms of [1, 2a](2s,1)

and [2a, 2a](2s, 1), defined by

=1 1

[1,2a]%(25,1) = — g1 (1.18)
m=1 n=1
> 1 LR |

2a,2a]*(2s,1) = . 1.1
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These last results have been starred to indicate they are not true E-sums in that they

do not satisfy (1.7). For whereas

= sin®(mr/2) | o 1 d = sin(mr/2) o (=1)™7!
Z s - Z oIm — 1)5 an Z s - 27m — 1)s’
m=1 m m=1 ( m ) m=1 m m=1 ( m )
it is important to note that
m—1 m—1 m— m— 1
sin (n7r/2 sin n7r/2
d .
Z n 7 Z 2n —1 an z:: 7 Z 2n —1

n=1

Otherwise, we have found very little on general E-sums in the hterature.
2. Integral representations of E-sums

As indicated previously, we may use (1.11) and (1.13) to turn the E-sums here into inte-
grals, and we show now how this may be done. Throughout we proceed formally—noting
that the sums in question are all absolutely convergent for s > 1 and do not explicitly
mention the routine justification of rearrangements. We start with the simplest case as
a first example. From (1.11) we have

[17 1]<57t) = Z Z mt m+n (2.1)

m=1n=1

Then using (1.13) we have

[1,1](s,t) = ( Fl()s) / (log z)*~! Z Z 2™, (2.2)

mlnl

The summation over n gives 1/(1 — z) and the summation over m may be written in

several ways
> m

> T =(ltia) = La(t:x) = Lir(a), (23)

m=1

where Li;(x) is the polylogarithm of Lewin [4]. Thus we have

(=1 /1 1 Lig(2)
1,1 =T [ (ogz)® : 2.4
1) = S [ osa) (2.4
In further examples functions similar to Li;(x) appear and we list them below:
[e%) me—l . . -
m=1 (2m — 1)t - )\(t : 33) - L2a(t : 23) - Thzt(x) - ith(x) - ELZt(_z):(2'5)
© -1 m—lxm ‘
Z ( )mt = n(t : .CU) = L2b(t : {,C) = —th(_w), (26)
m=1
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Ti:(x) is the inverse tangent integral of Lewin [4]. Lewin calls Thi;(x) Legendre’s chi-
function, denoted by X;(z). However, just as arctan(x) is the progenitor of T'i;(x),
arctanh(x) plays the same role for Thi;(z), and the latter seems a more apt notation.

The following properties of these functions are noted:
Liy(x) = —log(1 —z), Tii(x)=arctan(z), Thij(x)= arctanh(z). (2.8)

All these functions obey the general rule

. * fa1(y)
)—/0 Y dy, (2.9)

and
Lin(1) =¢(n), Lin(=1) = —n(n), Tin(1)=B(n), Thin(1)=A(n).  (2.10)

As a somewhat more complex example of producing an integral representation for an

E-sum consider [—4, 1](s,t). From (1.11) we have

sin((m +n)mw/2)
mt(m +n)s

NE
WE

[—4,1](s,t) =

3
[
LN
S
[
N

_|_

sin(mm/2) cos n7r/2 i i cos(mm /2) sin(nm/2)

o
Mg

m=1n=1 mt(m + ’I’L m=1n=1 mt m T n)
© X —1)ym-1 1 x© X 1)1
33 G T 20 2 B =T
m=1n=1 m=1 n:l
(2.11)
Then using (1.13) and performing the separate sums over n and m we obtain
(_1)5—1 /1 . 2_tLit(—ZE2) let(-T)

—4,1)(s,t) = ——— 1 s — dx. 2.12
[ Y ](87 ) F(S) 0 (Ogm) 1+x2 1+.T2 €z ( )

In this way all 16 E-sums of Table 1 can be converted into UD-sums and integral

representations can be found. These are exhibited in Table 2
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Table 2
E-sum UD-sum Integral Representation
1,1](s, 1) ni:l g:l m (_Pl();_l /0 llog x)s—l%(?dx
1, 2a] (5,1 mj’; n: e (—Fl():)—l /01 gy Z0)
[1,20](s, t) miz g n;t(;)i‘;)s 3 (—Fl():)‘1 /O 1(10g )51 %—;) de
(1, =4)(s,) 2 :1 (2m - 1()1(12);+1 n—1) (_rl():)1 /Ol(k’g 5")8_1%(?‘1‘”
2 el(e0) mi:l ni (2m — 1)t(2;1 +2n — 1) (—Fl():)_l /ol(log 2)*!= fﬁzi;(j da
SO TS YT TR TI TR TS
[2a, —4](s, 1) mi; g:l G 1)(1;;7)::% mE)E (_Fl():)_l /O 1(log z)* xlT_itif) dz
26,1](s, 1 mij i:j i C [ gy i)y,
[2b, 2a](s, 1) miz g:l G 1)5(_22; m—T —% /Ol(k,g )51 Tlhit(;f) da
126, 25] (s, 1) g:l g:l mtémlfn)s —% /O llog x)s—llftT(?dx
2 ) | 33 o _(1_)3();::; 5 —% /0 (1og py g,
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Table 2 (cont.)

E-sum UD-sum Integral Representation
oo 00 )m—l—n 1 (_1)8—1 /1 1 2_tLit(—x2) — .I‘Tlt(.’lf)
—4,1](s,t ~—~— [ (logz)*
[—4,1](s,1) lel(Zm—l )H(2m +2n — 1) ['(s) 0 (log ) 1+ 22
co oo )m+n 1
+Z:1n¥1 2m)t 2m+2n—1)
oo oo 1)m+n—1 (_1)5_1 1 71.I‘Tit(l')
—4,2 t AN 1 T ad
2l mz::h; 2m—1 )(2m +2n — 1) I'(s) /0 (log z) T+a?
o0 00 1)m+n 1 (_1)3*1 1 1 27tLZ't(—.fC2) + .fETZt(lb)
—4,2b](s, t — o [ (logx)*”
=4, 205 1) z_:lnz_:l(Qm—l )t(2m + 2n — 1) I'(s) /0 (052) 1+ 22
> oo
Koo 1 (2m)? 2m—|—2n—1)
00 oo 1)n (_1)3_1 1 _1xThit(:E)
4, —4](s,1 - logz)™™ ———5d

It is apparent from these representations that the E-sums displayed in Table 2 are not
independent of one another. Indeed 8 relations may be deduced which can be arranged

in 4 pairs, namely

[1,q] + [2b,q] = 2[2a,q], and + [gq,2b] = 2]g,2a], (2.13)

[q,1]

where ¢ = 1, 2a, 2b or —4. Within each pair the two relations are equivalent as can be

verified by means of the reflection formula (1.7) and the relation

Li(s) + Lop(s) = 2La4(s) which is equivalent to ((s) (2.14)

+ n(s) = 2X(s).

3. Exact expressions for E-sums

We first must make explicit what is meant here by ’exact’. For the E-sums considered
previously in [1], [2], [3], [5], [6], it clearly meant expressing the result in terms of the

constants of classical analysis ((n), A(n) and n(n), i.e., essentially the zeta function at
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integer arguments. However, since we have now added (3(n) as an extra factor in the E-
sums considered here, it would be expected that 5(n) should appear as an element in any
solution. Hence, if we are able to express a general E-sum in terms of the four functions
given by (1.14)—(1.17) — or by like quantities — the expression will be termed ezact, and
said to be given in fully closed form in terms of well-known (WK) constants of analysis.
If less familiar constants of analysis such as Dirichlet series evaluated with argument
x # 1 appear, and this enables us to express hitherto unknown E-sums ’exactly’, these

will be said to be given in semi-closed form.

Our initial attempts at finding E-sums not previously evaluated were concentrated on
evaluating their integral representations as given in Table 2. This was haphazard at best,
and generally only for very small values of s and ¢ could the evaluations be accomplished.
With the aid of considerable experimental mathematical insight, however, a method was

subsequently developed for finding the integrals for general s and ¢ = 1.

A generating function G|[p, ¢](w) is introduced for the E-sums [p, ¢|(s,1). In general our

generating functions are defined by

> pd(sHw (3.1)

s=lor2
Here, the lower limit in the summation is s = 1 or s = 2 dependent on whether [p, ¢|(1, 1)
is convergent or divergent. An integral representation for G readily follows from the
integral representation for [p, ¢|(s,1) in Table 2. The even and odd parts of G(w) (even
or odd in w) are denoted by

Gelp. al(w) =5 {Glp. al(w) + Glp,al(~ Z .25+ 1, 1w, (32)
Golpal(w) =5 (Clpd(w) ~ Glp.al-w)} =D fpalzs w33

One method of evaluating [p, ¢|(s, 1) is illustrated below for [1,1](s, 1), [1,2a](s,1) and
[1,2b](s,1). These E-sums are represented by the integrals

[1,1](5,1):_(_F1<>; /0 (lolgf);_ log(1 — ) da, (3.4)
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= (_1>S 1 1 (logx)571 arctanni{x X

1.20)(s,1) = = [ arctanh(@) o, (35)
LD gt

120 1) = s [ B tog(1 42 e, (36)

convergent for s > 2. Since arctanh(z) = 3 log[(1 4+ z)/(1 — )], one has the relation

[1,2a](s,1) = = ([1,1](s, 1) + [1,20](s,1)). (3.7)

N | —

Introduce the generating functions GJ[1, 1](w) and G[1, 2b](w) defined and given by

G[L 1J(w) =Y [1,1](s, 1) w*! :/0 11__:'7: log(1 — ) d, (3.8)
= 1 L
G[1,2b)(w) =) [1,20](s, 1) w* " = —/0 ——— log(1 +2)du. (3.9)

The integrals in (3.8) and (3.9) are convergent for R(w) < 2 and define G[1,1](w) and
GJ[1,2b](w) as real analytic functions of w for $(w) < 2. The series in (3.8) and (3.9)
are convergent for |w| < 2. The integral (3.8) for G[1,1](w) can be expressed as the

derivative of a beta function:

G, 1) (w) = diq {/01(1 C ) (1 — )it dx] .

Al T(-w)I)
= 10
Expand the latter expression between square brackets in powers of ¢:
1 Td-w)I(g)
q T{A-w+q)
2
= gD — w1 w) + G )+ ')
= 20(1)p(1 —w) +¥*(1 —w) = ¢'(1 = w)] + O0(¢")},
where ¢(z) =I"(2)/I'(z). Then G[1, 1](w) is found to be given by
Gl 1)(w) = 5 (1 —w) ~ g + 5 W1 —w) ~ /(). (311)
We establish the auxiliary expansions
Pl —w) =) %QN)( )= ((k+ 1w (3.12)
k=0 ' k=1

Y(l—w)=>" 1) D (1) w 1)+ (k+ 1)k +2)wk, (3.13)
k=1
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which are used to expand G[1,1](w) from (3.11) in powers of w. Then the E-sum
[1,1](s, 1) is found as the coefficient of w®~! in the expansion of G[1,1](w):

1,1)(s,1) = %s((s - IS ks - ). (3.14)

2
k=1

The integral (3.9) for G[1, 2b](w) can be reduced to

GI1, 26 (w)
[l "t a)(l—zv) 2
—/0 T log(l—m)dx—/o a2 log(1l — z°) dx
1 _ pmw/2 o p=1/2 _ —1/2-w/2
:G[1,1](w)—%/0 ! Ul log(1 — z) dz
— G[1,1](w) — %G[l, 1(w/2) — % GILUL +w/2) + LG 1}).  (3.15)

By inserting the value of G[1,1] from (3.11) and simplifying it is found that

G[1,1)(3 + w/2) + 3 G[1,1)(3)

(5 —w/2) = (3 — [¥(3 —w/2) —(3)] log?2

W' (5 —w/2) = ¢'(3)]. (3.16)

»&IHN"'—‘

A

We establish the auxiliary expansions

Y ;
(3 —w/2) =) %zp“ﬂ(%)( /2)F = 9(3) 22 Mk+1)w (3.17)
k=0
¢/(% —w/2) = i (_k—l,)klb(k“)(%)( /2)k % +4Z (kE+ D) Ak +2)w”, (3.18)
k=0 ’

which are used to expand the expression (3.16) in powers of w. Then the E-sum
[1,20](s,1) is found as the coefficient of w*~! in the expansion of G[1, 2b](w) from (3.15)

in powers of w:

[1,26](s,1) = (1—27)[1, 1](s, 1)—3)\(s+1)—|—210g2)\(8)+822 Ak+1) Ms—k). (3.19)
k=1

Insert the value of [1,1](s,1) from (3.14) and simplify by means of the relations
1
5(1 —279)sC(s+1)—sA(s+1)

= sl 27 =201 = 27 )]s+ 1) = — g Cls o+ 1),
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_ %(1 C 2 (k£ 1) Cs — k) + Ak + D) A(s — k)

=—[-1+27%+2(1 -2 (1 - 275 ¢(k + 1) (s — k)

l\Dlr—‘[\')Ir—*

=5 (1= 271 = 2 R) (k4 1) C(s — k) = 5 m(k + 1) (s — )

On setting log2 = (1) in (3.19), we obtain as our final result

\V]

S—

n(k+1)n(s — k)

MH

[1,28](s, 1) = —%sg(s 1)+ 20(1) A(s) +

»
I

n(k)n(s —k+1). (3.20)

S SRR L OLCRE D)

The E-sum [1,2a](s,1) is evaluated by means of (3.7). By addition of (3.14) and the first
line of (3.20) we find

s—2
[1,2a](s,1) = n(1) A(s) — i [C(k+1) (s = k) = n(k+ 1) n(s — k)]
k=1
= (1) AGs) - Sk 429l (k1) C(s— K). (3.21)
k=1

[1,2a)(s,1) =n(1) A(s

=n()A(s) =Y 2751k +1)A(s — k). (3.22)

The E-sum [2b, —4](s,1) is evaluated in a different manner by finding its generating
function directly from its UD representation. From Table 2 we have

oo o0 )m+n 1
—4](s,1) = . 2
(26, ~4](s, Z_Z 2m—1 )2m +n —1)* (3.23)

The generating function G[2b, —4](w) is then given by

0 © 1)m+n 1
G[2b, —4|( [2b, —4]( . (3.24
Decomposing the summand in (3.24) according to
1 1 1

2m—-1)2m+n—1—w) - 2m—1(n—-w) @Cm+n—1—w)(n—w)
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and using the result

it follows that

1)m+n

G[2b, —4](w) = —B(1) Y % +> > o n(:l e Te—y (3.25)

n=1 m=1n=1

Denoting the double sum in (3.25) by D(w), we split D(w) into a double sum over all

m > 1 and even n > 1, and a double sum over all m > 1 and odd n > 1:

o0 oo (_1)m

D(w) = 2 Z:: 2m+2n—-1—-w)(2n —w)
i (—1)m _ 3.26
mZ:u; 2m +2n -2 —w)(2n — 1 — w) ( |

Introducing the new summation variable £ = m + n we obtain

00 1 k k—1 _1)» 00 1 k k—1 _1)»
D(w) = Z 2]{;(— 1)— w ; Z(n —)w B ];2 2]{;(— 2)— w 7;1 Zn(— 1)— w (3.27)

k=2

By interchanging the order of summation, the second double sum in (3.27) is reduced

to

o0 (_1)71 B [e’e)
_ZIQn—l—wk_Z 2%k —2—w Z2n—1— z_:
n= =n—+1 =
Z

_ZQk—l—

where in the final step the letters n and k were interchanged. By combining (3.28) with
the first double sum in (3.27) we find

3.28
D" o)

e _1\k 0 _1\n
D(w) = ; %(_ 1)_ ” Z:l 2(n i)w , (3.29)

which is to be inserted into (3.25). Expand the single series occurring in (3.25) and

(3.29) in powers of w:

X _1\n—1 0 00 ws_l 00
DR 3 G DR g Oy
n=1 n=1 s=1 s=1
9] (_1)1: B 0o 0 ws_l B 0 -
;2k—l—w_;(_1)k;(2k—l)s _;B(S)w ’
- (_1)n _ o n - ,ws—l _ = —s s—1
2w ;(—1) ; = ;2 n(s)w
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Thus we are led to the following representation for the generating function G[2b, —4](w):
G[2b, —4](w) = —B(1) Y _n(s)w* ™"+ > Bm)w™ 1Y 2 "p(n)w" . (3.30)
s=1 m=1 n=1

Finally, the E-sum [2b, —4](s, 1) is found as the coefficient of w*~! in the expansion in

the right-hand side of (3.30):

S

[2b, —4](s, 1) = =B(L)n(s) + Y 27 Fn(k)B(s — k + 1). (3.31)

k=1

(We are indebted to Larry Glasser for his implicit suggestion to base the derivation on

the representation of the generating function by a UD-sum rather than by an integral.)

The methods just described are somewhat limited in their approach. Next, a more

illuminating scheme has been developed which is illustrated below by an example.
4. E-sums that can only be evaluated for either even or odd s

It may be observed that pairs of the 16 E-sums in Table 2 have similar structures which
are reflected in their generating functions. Thus consider the E-sums [2a, —4](s, 1) and

[—4, —4](s, 1) whose generating functions are

1w
G[2a, —4)(w) = / :1;1—:1:21 x arctan(x) dz, (4.1)
o 1-—
1 w—w—i—l
G[—4, —4](w) = —/0 T 22 arctanh(x) dz. (4.2)

Let C' be the contour made up of three parts: the line segment z = x, 0 < x < 1; the
quarter circle z = €, 0 < § < 7/2; and the line segment z = iy, 1 >y > 0. We start

from the contour integral

—w
Z—z arctan(z) dz = 0. 4.3
2
c 1—=z

Evaluation of this integral along the three parts of C' yields

1 ™/2 —twb . 1 .
G|2a, —4](w)+§/0 (1—e ) [cot 8 + 1] [7r/4+§Zlog(tan(7r/4+9/2))] dé

— i e ™2 G4, —4](w) + i [-4,—4](1,1) = 0. (4.4)
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Let w be real. By successively taking real parts and even parts in (4.4) we obtain

1 [7/? 1
Gel2a, —4](w) + 3 /0 (1 — cos(wh)) [(w/4) cot O — 2 log(tan(mw/4 +0/2))] d6

— sin(mw/2) Go|—4, —4](w) = 0. (4.5)

Likewise, by successively taking imaginary parts and odd parts in (4.4) we obtain
1 71'/2
5 / sin(wd) [(7/4) cot § — 3 log(tan(r/4 + 6/2))] d6
0
— cos(mw/2) Go[—4, —4](w) = 0. (4.6)
The integrals in (4.5) and (4.6) are reduced as follows:
7T/2 1 71'/2 1
/ (1 — cos(wé)) cot 0 db = 50(w/2), / sin(wf) cot 6 df = ES(w/Q), (4.7)
0 0

where C'(w) and S(w) are defined by

Clw) = /O "(1 = cos(wd)) cot(8/2) b, S(w) = /0 " sin(wd) cot(8/2)d6;  (4.8)

/2
/0 (1 — cos(wh)) log(tan(mw/4 4+ 6/2)) dO

/2
= —/O [1 — cos(mw/2) cos(wb) — sin(mw/2) sin(wh)] log(tan(6/2)) dO

/2 /2 : T/2 9
_ / ‘0 40— cos(mw/2) / sm.(wH) 49— sin(mw/2) / 1 c.os(we) a0,
o sinf w 0 sin 0 w 0 sin 0
(4.9)
/2
/ sin(w@) log(tan(w/4 + 6/2)) d0
0
w/2
= —/ [sin(mw/2) cos(wh) — cos(mw/2) sin(wb)] log(tan(d/2)) dO
0
: /2 . w/2 9
_ sin(mw/2) / sm.(we) 49— cos(mw/2) / 1 c.os(wH) a0, (4.10)
w 0 sin 6 w 0 sin 6
by the substitution § — 7/2 — 6, and the use of
/2 /2 0
/ log(tan(6/2)) df = — / Y 9= —2p80), (4.11)
0 o sind

w sin 6

/M2 cos(wh) log(tan(0/2))d0 = 1 /W/2 sin(wh) de, (4.12)
0 0
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/2 7r/2
/ sin(wh) log(tan(8/2)) df = — - / L= cos(wh) 4y (4.13)
0 © sinf

found by integrating by parts. The evaluation of all the integrals involved in these

formulae is given in Appendix B. Also in Appendix C a list of generating functions for

the set WK of constants ((m), n(m), A(m) and S(m) is given.

The integrals in (4.8), (4.12) and (4.13) are given by B(1.3), B(1.5), B(1.10) and B(1.12)
of Appendix B, and substituted into (4.5) and (4.6). Then by solving (4.5) and (4.6)
for Ge[2a, —4](w) and Go[—4, —4](w) we find

1 7 (12— w2 qw/2
2a, —4](w) == B(2) — = log2 — =
Gel2a, ~4)(w) =7 B(2) ~ = log2 — - b
n T 1 / w/2+x“’/2d 1 lx_w—xwd
— r— — ——dz
16 cos(mw/2) l+x dw J, 1422 ’
(4.14)
w/2 w/2
T T +x
Gol—4, -4 =t 2 _d
o[—4, —4](w) 16 an(ww/)/O 2 T
1 Lyp—w 4 qgw _9
- — dz. 4.15
dw J, 1—2x? v (4.15)

By use of C(1.2), C(1.5), C(1.8), C(1.9), C(1.11) and C(1.12) from Appendix C, we ex-
pand the right-hand sides of (4.14) and (4.15) in even and odd powers of w, respectively,

and we obtain

2a,—4](2s +1,1) = — %ﬁ(?s +2) + 27271 B(1)¢(25 + 1)

+) 27 2k + 1)B(2s — 2k + 1), (4.16)
k=0
and
[—4, —4](2s,1) = ——>\ 25 +1) 22 2k=1p)(2k 4+ 1)A(2s — 2k). (4.17)

Other pairs of E-sums which may be found in a similar fashion are [1,1](2s,1) (al-
ready known) and [2b,1](2s,1); [1,2b](2s,1) (already known) and [2b,2b](2s,1); and
[2a,2a)(2s,1) and [—4,2a](2s + 1,1).

The E-sums [2a,—4](2s,1) and [—4, —4](2s + 1, 1) are not expressible in terms of WK.
Instead it has been found that
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2

441 1) = 5.
[—4,—4](3,1) = —% + éK[Qa, —4](2),
7T6 7T2
4, ~)(5,1) =~ 1+ o K20, —4](2) — oo K2a, ~4](9),
2a, —4)(2,1) = iK[Qa, —4(1),
7T5 T
20, ~4](4,1) = ==+ 1= K[2,~4](2) - i K[2a, —4](3),

expressed in terms of the typical integral
/2
K[2a, —4](n) = / 6" cot 0 Tog(tan(r /4 + 0/2)) 6.
0

Generally, the E-sum [—4, —4](2s 4+ 1,1) is expressible in terms of K[2a, —4](2n), n =
1,2,...,s, while the E-sum [2a, —4](2s, 1) is expressible in terms of K[2a, —4](2n), n =
1,2,...,s—1, and K[2a,—4](2s — 1).

The examples given in the previous section and those given here illustrate what has
been obtained for the 16 E-sums in Table 1, namely that 4 E-sums can be found for all
s with t = 1, whereas the remaining 12 E-sums can only be found in terms of WK either
for even s or for odd s as above. In the cases where only even or odd s E-sums can be
found the analysis yields integrals which can apparently only be evaluated in terms of

WK for either even or odd s.

To summarize our findings, we have found analytically the exact results for [1,1](s, 1),
[1,2a](s,1), [1,2b](s,1), [2b,—4](s,1), as described in Section 3. In the present sec-
tion we detailed the evaluation of [2a,—4](2s + 1,1) and [—4, —4](2s,1). Using the
same procedure outlined here we have found [2a,2a)(2s, 1), [2b,1](2s,1), [2b,2b](2s, 1),
and [—4,2a](2s + 1,1). Again using the quarter-circle contour, the linear combination
[—4,2b](2s + 1,1) — [—4,1](2s + 1,1) was found analytically. The remainder of the 16
E-sums not mentioned can all be found using the relations given in (2.13). In Table 3

all the general results found have been displayed.
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Table 3

[1,1](3,1)——8Cs+ ——Zg C(s—k+1).

[1,2a](s,1) = 22 FCR)A(s — k +1).
[1,2b](s,1)-——3§(s+1)+77 Zn n(s —k+1).
[1,—4](2s +1,1) = —3(2s + 2) + B(1)¢(25 + 1) — 2i1(—2)‘kn(k)ﬁ(23 —k+2).

o
2a,1](2s, 1) = %(23 A5+ 1) = S A@E)C(2s — 2k 4 1),
k=1
2a, 2] (25, 1) = —%)\(25 1) 4 (1)A(2s) — S 2-2k=1¢(2h 4 1)A(25 — 2k).

=

[y

[2a,2b](2s,1) = —%(28 +1DA2s+1) +n(1)A(2s) + i A(2k)n(2s — 2k + 1).
k=1

[2a, —4](2s +1,1) = — %B(ZS +2) + 27271 B(1)¢ (25 + 1)

+ ) 272k + 1)B(2s — 2k + 1),

s—1
[2b,1](25,1) = —=A(2s + 1) + s7(25 + 1) = > n(2k)¢(2s — 2k + 1).
k=1

s—1

[2b, 2a](2s,1) = (1)A(2s) — A(25 + 1) Z A2s — k4 1).

[2b,2b](2s,1) = =A(2s+ 1) —sn(2s + 1) + n(1)n(2s) + 28: C(2k)n(2s — 2k + 1).
k=1

20, —4](s,1) = =B(1)n(s) + Z 27 (k)B(s — k +1).

[—4,1](2s + 1,1) = s B(2s + 2) — 27>~ 13(1)n(2s + 1) Zg2k+1 (25 — 2k + 1).
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[—4,2a](2s +1,1) = — %ﬂ(2s +2) +n(1)B(2s +1) — 2727 1p(1)n(2s + 1)

=) 272k + 1)B(2s — 2k + 1).
k=1

[—4,2b](25 +1,1) = — (s + 1)B(2s +2) + 2n(1)B(2s + 1) — 272571 3(1)n(2s + 1)

+) n(2k+1)B(2s — 2k + 1).
k=1

s—1
1
[~4,~4](25,1) = =5 A@2s + 1) + > 27 g (2k + 1)A(2s — 2K).
k=0

5. E-sums likely not to be expressible in terms of WK

The five sums [1,—4],[2a, —4], [—4,1],[—4,2a] and [—4,2b] — we refer to this set as
A(s,1) — seem to be expressible in fully closed form only for odd values of s when
t = 1. This was borne out by our experiments with Integer relation methods (see [la,
1b]). By attempting to solve the integrals involved for the particular case A(2,1) it was
found that a semi-closed form solution (as defined in Section 3) could be found with

just the addition of one further constant of analysis. This extra constant is Z(3), where

sty =i () =924, (S2) <oy (D) ¢ L (s L)

(5.1)
With this extra constant it can be shown that
73 ™ 9 1
[1,—4](2,1) = —2Z(3) + 6 + Elog 2 — 55(2) log 2,
33 T
2a, —4)(2,1) = - =4 log?2
4,12, 1) = ~Z(3) + o 1 T log?2 — L5(2) og 2
A= 128 T 32708 27 Qa8
—4,20](2,1) = —2T(3) + " + T log??
J— a — — _ _—
2l 32 16 & =
5m3 3w, 1
—4.2b](2,1) = =37 — + —log“ 2+ —3(2) log 2. 2
[~4,26)(2,1) = —3T(3) + o + S log?2+ 6(2) log (5.2)

However, so far all attempts at finding any like result for A(4, 1) have failed. It seems
unlikely that just one single extra constant, Z(3), will suffice to accommodate all the

even s in A, and perhaps higher-order examples of Z(n) will appear as s increases.
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The sums [2a, 1], [2a,24a], [2a,2b], [2b,1], [2b,2a], [2b,2b] and [—4, —4] — call this set
B(s,1) — can be expressed in fully closed form only for even values of s when t = 1,
with the exception of the case when s = 1. In this instance the first three members
of B are divergent, but the others represented by the integrals given in Table 2 are

particularly simple to evaluate and we have

26,1](1,1) =~ 3*(1) = — 5 log®2,
26,20)(1,1) = ~gn(2) =~

2

_ L o _ ™ l 2
[26,2b](1,1) = —n(2) + 517 (1) = =5 + 5 log” 2,

7.(.2

— 5 (5.3)

4, ~4](1,1) =~ (1) =

In determining B(3,1) a situation similar to that of finding 4(2,1) was encountered,
namely the addition of one extra constant allowed all 5(3,1) to be found in semi-closed

form. The extra constant on this occasion is ¢(4) where ¢(n) is defined by

c(n) = ni %(bg 2)F Lin_ (1) + (loi 2" (5.4)
pur
Thus
20,1](3,1) = —5e(4) + %
24, 24)(3,1) = —%0(4) + iig; + gg(?)) log 2,
[2a,26](3,1) = —%c(él) = ;;g; + 24“(3) log 2,
4
26, 1)(3,1) = —c(4) + 2—8,
[2b,2a](3,1) = —c(4) + i;ﬁ; + gg(s) log 2,
126, 28](3,1) = —c(4) + % + Te(3)1og2,
(4, —4](3,1) = —30(4) + 23;&2 + %g(s) log 2. (5.5)

It should be noted that for small values of n, the constant ¢(n) is expressible in terms

of WK, thus
c(1) =log?2, c(2) = — c(3) = =((3). (5.6)
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So all the results in (5.5) may be viewed as combinations of ¢(1) to ¢(4), e.g.

[2b,20](3,1) = —c(4) + 2¢(1)e(3) + —*(2). (5.7)

4
)
This suggests that B(5,1) might be various combinations of ¢(1) to ¢(6). However, as
with A(4, 1), no single value of B(5,1) has been evaluated in any form, despite much
relation hunting. It remains an open question as to whether A(2s,1) or B(2s + 1,1) is

expressible in any reasonable type of closed form.
6. Some further E-sum investigations

A crucial aspect of our investigation has been the study of an integral representation of
E-sums, and as pointed out below (1.13), our ability to form the integral depends on
whether X,(m + n) can be split multiplicatively as f(m)g(n). This is easily done for
p =1 when X;(m +n) =1 for all m,n, and for Xop(m +n) = (=1)"*""1,

So for these cases we have

[1,q](s,t) :%/0 (logx)s_ll;i(tf:;)dx, (6.1)
_ 1)s—1 1 P
[2b,q](s,t):% /O (logx)s_l%dx. (6.2)

It may also be done with more difficulty for [2a,q| and [—4, ¢]. To simplify our initial
investigations the case s = 1, t = 1 is considered. Now [1,¢|(1,1) and [2a,¢|(1,1) are
divergent, so just the three following examples are looked at. These are [2b, —3], [2b, 5]

and [—4, —3], which involve the L-functions

= X_3(n) = 1 1
Ls(s) = Z ns Z [(Sn —2)s  (3n— 1)5] ’ (6:3)

n=1 n=1

e Xs5(n) 1 1 1 1
Los) =2 = _Z[<5n—4)s_ (5 —3)° _(5n—2)3+(5n—1)5}’ (6.4)

n=1 n=1

- 00 Xlg(n) B 00 1 1 1 1
Lials) = ), == = 2. [(mn —11)°  (12n-7¢° (1Zn—5)  (12n-— 1>8} '
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Naturally in evaluating these sums we expect the set of WK has to be enlarged to

include L_3(s), Ls(s) and Lq2(s). Using (6.2) we have

1
L_3(1 : —JJ)
2b,-3](1,1) = —=d 6.6
231 = [ F (6.6
and
1
Ls(1: —x)
2b,5](1,1) = ——da. .
25)0.1) = [ 2 (6.7
The integral for [—4, —3](1, 1) is more complex and is
1 2
ZL’L12(1 . .’13) L_3(1 [ )
—4,-3](1,1) = — dz. 6.8
The following results may be established:
2
L _3(1:—x)= 7 arctan (ﬁg) ; (6.9)

V5 Ls(1: —x) = log(z? — wz + 1) — log(z? + z/w + 1), w=(V5+1)/2; (6.10)
V12 Lio(1: ) =log(z? + V3xz +1) —log(z? — V3z +1). (6.11)
First consider [2b, —3|(1,1). Integrating (6.6) by parts gives

2mlog 2 Y log(1 + )
— ———=dz.
3v3 o 1—x+a?

2b, —3](1,1) = (6.12)

The evaluation of the integral in (6.12) may be accomplished using a result given in

Lewin [4, form. (8.18)]. The value of the integral is found to be

1

log(l+x mlogd 1

R L)
0o l—z+z 3v3 4

Now from A(1.11) it is found that L_3(1) = 7/(3v/3), so finally we have

(26, —3](1,1) = —}l L_4(2) — L_5(1)log (g) | (6.13)

Similarly, and with much more difficulty we obtain the striking results

[2b,5](1,1) = % {Lig (5 +8\/5> — Liy (5 _8\/5) - 627; } : (6.14)
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and

[—4,-3)(1,1) = Van? s (2:2) —@Lg (2: 2) —\/—éLg (2: ﬁ)

36 4 3 6 3 18 27
(6.15)

Of these last three results the E-sum [2b, —3](1,1) is expressed in terms of WK, the
other two being in semi-closed form. Next, the sum [2b, —3](2,1) has been evaluated

yielding

26, —3](2,1) = V3 [43”3 b log?3 - 21, (3 : i)] , (6.16)

4860 ' 60 5 V3

a most surprising result containing the L_, rather than the L_3 function. However,
the fact that [2b, —3](1,1) is expressible in terms of WK, whereas [2b, —3](2,1) is only
in semi-closed form, suggests that [2b, —3] is one of those E-sums which might be found

in terms of WK when s is odd and ¢t = 1.

This has led, for odd s > 1, to the following quite complex expression, where we have
written 7(s) = Lap(s) by (1.16):

26, ~8](3,1) = 2 L_5(4) + 2 L_(3)1083 — 5 L 5(2)n(2) ~ 22 L_s(1n(3), (6.17)

which we have derived analytically. We then discovered experimentally

26, ~3](5,1) = — s L-a(6) + 5. L-5(5)log3 — 3 L_s(4)n(2)
- 52 Ls @) + 32 L) - 35 Ls(Du(3). (6.18)

The general formula, empirically derived through the intensive use of integer relation

methods and with symbolic computation, is

L 5(2s+2) 1+47°

26, =3)(2s + 1,1) = — == 77, 5

L_3(2s+1)log3

s 1_31—2k
—ZTL_3(28—21<:+2)77(21<:)
k=1

S

1—9 714475tk
L_s(2s—2k+1)n(2k+1
+;1_4k 5 3(2s =2k +1)n(2k+1)

—2L_5(1)n(2s+1). (6.19)
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Whether other such formulae for other E-sums can be found either empirically or ana-

lytically remains an open question.
Appendix A

Elementary Dirichlet series are given by

o0

Xa(n)x™

Li(s:z) =) = A(1.1)
n=1

where Xy is multiplicative and is called a character. Usually we are only concerned with

x = 1, and we write Lq(s : 1) := Ly(s). Real primitive characters — meaning that

all others may be reduced to linear combinations of scalings thereof — are defined as

follows. If p is a prime > 2 then
Xp(n) =Xp = (n|p), A(1.2)

where (n|p) is the Legendre-Jacobi-Kronecker symbol. The suffix p will be signed ac-
cording to whether X,(p — 1) = £1. Thus, for example

X_3(n) =+1 n =1 (mod 3), X5(n) = +1 n=1,4 (mod 5),
=-1 n =2 (mod 3), =-1 n=2,3(modb5), A(1.3)
=0 n =0 (mod 3), =0 n =0 (mod 5).

In addition to these, there are three other primitive characters. These are

X_4(n) =+1 n =1 (mod 4),

=—1 n =3 (mod 4), A(1.4)
=0 (nd)#1,
and
X_g(n) =+1 n = 1,3 (mod 8), Xg(n) = +1 n=1,7 (mod 8),
= -1 n=5,7(mod8), =-1 n=305(mod8), A(L5)
=0 (n,8) #1, =0 (n,8) # 1.

Further primitive characters may be formed from square-free products of prime charac-
ters, and those multiplied by X_4, X_g and Xg. Thus Xp = X, Xp,Xp, - .. and X_4Xp,

X_gXp and XgXp are all primitive characters. The character series

Xp(n)

oo

LP = LP(S) = Z

n=1

A(1.6)
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each yield an independent Dirichlet L-function. For example
o0

:Z =175 275 4 -5 A(1.8)

=1""42""4+3"°+...=((s), A(1.7)

Two other types of character are encountered in our work. These are as follows:

X;m(n) =+1 (n, k) =1, Xkb(n) =41 (n,k) =1

=0 (n,k) # 1, =—(k—1) n=0(modk). A(1.9)

These latter non-primitive characters are essentially modifications of the principal char-
acter, Xi(n)=+1 for all n. When these non-primitive characters multiply primitive
characters, the latter are modified in such a way that the character series produced are

L-series of the primitive character multiplied by a factor. Thus it may be shown that

X’““ Xe()Xka(m) _ 1y ) pys]Lp(s), A(1.10)

X’“b — 1= (k| P)k"*|Lp(s). A(L11)

i

Of these non-primitive characters two occur often in this paper, namely X5, and Xgp,
and when they multiply primitive characters the combination may be represented by

Xopq and Xapy.

It may also be shown [7] that

(_1)8—122s—l7r2s p Bgs(l _ n/p)

and
B e S WL )
L_q(2s=1) = NG Z ~al (2s —1)! 7 AL-13)

where Bg(z) are the Bernoulli polynomials. As both n and d (= p or ¢) are positive

integers, Bs(1 —n/d) are rational numbers. Hence for s a positive integer

Ly(2s) =R(p)\/p7°*, A(1.14)
L_4(2s —1) =R(q)\/gm*", A(1.15)
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where R(p) and R(q) are rational numbers. It is also known that

2h(p)
VP

where h(p) is the class number of the binary quadratic form of discriminant p and €q is

the fundamental unit of the number field Q(/p).

Ly(1) = log €o, A(1.16)

Appendix B

The integrals C(w) and S(w) defined in (4.8) may be found as follows. Let C' denote
the contour that consists of the line segment z = x, 0 < x < 1; the semi-circle z =

e, 0 < 6 < 7; and the line segment z = xze™, 1 > x > 0. We start from the contour

2_ —w __ LW —w _ LW
/ T2 dz=o, / % dz=o0. B(1.1)

integrals

Evaluation of the first integral in B(1.1) yields

/1 S dz — /ﬂ(l — cos(wh)) [cot(6/2) + i] df + 21log 2
0 0

11—z
— cos(mw) /1 vt dz + i sin(7w) /1 il dz = 0. B(1.2)
0 1+2 0 1+
Let w be real. Then by taking real parts in B(1.2) we find
1o —gmw —gw Lo 4 gv
C(w) =2log2 + /0 - dz — cos(ww)/O BT dz. B(1.3)

Evaluation of the second integral in B(1.1) yields

/01 vt dz +i /07r sin(wé) [cot(6/2) + i] db

1—=z

—w _ pw

1
+cos(7rw)/ ro-r
0

1+«

1 —w w
dz —1 sin(ww)/ Tt dz = 0. B(1.4)
0 1+

Let w be real. Then by taking imaginary parts in B(1.4) we find

1, —w w

T Utz
S = si —  dz. B(1.5
(w) Sln(ww)/o o, & (1.5)

The integrals
/2 1— 0 /2 . 0
/ L= cos(wh) 4p ana / sin(wd) 44 B(1.6)
0 0

sin 6 sin 6
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appearing in (4.12) and (4.13), may be found in a similar manner. We start from the

contour integrals

dz =0, B(1.7)

e—ﬂiw/ZZw + ewiw/Zz—w )
/C 1422

dz =0, B(1.8)

e—7riw/2zw _ e7riw/2z—w

/C 1422
where the contour C' is the quarter-circle contour described in Section 4. These latter in-
tegrals vanish because the integrands are analytic inside C'; in particular, the integrands

have a removable singularity at z = i. Evaluation of the integral in B(1.7) yields

—w w

1w —w 1 B
cos(7rw/2)/0 %dx+isin(7rw/2)/o % —g
T2 9 Lyw 4y=w — 2
—z'/ Mdﬁ—i/ VY gy —o, B(1.9)
0 sin 6 0 1 —y?

where in the third integral we replaced the original integration variable 6§ by 7/2 — 6.

Let w be real. Then from the imaginary part of B(1.9) we obtain

™21 — cos(wh) Ly pymv -2 Le—w — v
—=df = — —_ i 2 ————dz. B(1.1
/0 g dé /0 — dy+sin(mw/ )/0 2 dz. B(1.10)

Evaluation of the integral in B(1.8) yields

1 —w _ w 1w —w
— cos(mw/2) /0 % dx — i sin(mw/2) /0 % dzx
/2 sin(w8) Lyw —y~w
——=df —1 —————dy=0 B(1.11
+/0 sin 0 2/0 1 —y? vy="" (1.11)

where in the third integral we replaced the original integration variable § by 7/2 — 6.

Let w be real. Then from the real part of B(1.11) we get

/2 sin(w@) Lgpmw _ gw
= 2 ———dx. B(1.12
/0 g df = cos(rw/ )/0 2 dx (1.12)
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Appendix C

We present here a list of generating functions associated with the set WK of constants

¢(m), n(m), A(m), and ((m).

/0 L () =g —w) = 3 Cm+ 1w, CL1)

m=1

2 1—x 2
= ¢(2m + 1) w?™, C(1.2)
m=1
l/1 A dz = 1 Ecot(w ) = ¢(2m) w?™ 1 C(1.3)
2o)y 1-z T 2w 2 = v '

nim+1)w™, C(1.4)

2 1+z
—(3 +w/2)] = n(2m + 1) w?™, C(1.5)
m=0
1 (tamw—gv 1 s 1 = mo1
5/0 1+ do = ) sin(rw) - mZ:ln(Qm) W ¢(1.6)
/1 v —1 Lo 1 1 - m
1 [l 2w —2 1
3| T de =7 20(3) — v = w/2) — 0l + w/2)
= 3 A(2m + 1) w?™, C(1.8)
m=1
1 1 . —w _ w o)
5/0 % dz = Z tan(mw/2) = mz_l A(2m) w?™ C(1.9)
1 —w 1 [e%e)
| e = f 6 —w/a) v —w/a = Y smpun, C(L)
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1 fla=v+av 7 1 v 2m
3] T = T = 2 S e ey
1 1 w W 1
3| e e =g G — /) = 0 — /) u(d /)
+o(: +w/H] =D BEm)w ™t C(1.12)
m=1
References

la. J. BORWEIN and D. BAILEY, Mathematics by Experiment: Plausible Reasoning
in the 21st Century. (AK Peters, Natick MA, 2003).

1b. J. BORWEIN, D. BAILEY and R. GIRGENSOHN, Ezperimentation in Mathemat-
ics: Computational Paths to Discovery. (AK Peters, Natick MA, 2004).

2. L. EULER, Meditationes circa singulare serierum genus, Novi Comm. Acad. Sci.

Petropol. 20 (1775), 140-186.

3. P.F. JORDAN, Infinite sums of psi functions, Bull. Amer. Math. Soc. 79 (1973),
681-683.

4. L. LEWIN, Polylogarithms and Associated Functions. (North Holland, New York,
1981).

5. N. NIELSEN, Die Gammafunktion. (Chelsea, New York, 1965).

6. R. SITARAMACHANDRARAO, A formula of S. Ramanujan, J. Number Theory 25
(1987), 1-19.

7. 1.J. ZUCKER and M.M. ROBERTSON, Some properties of Dirichlet L-series, J.
Phys. A: Math. Gen. 9 (1976), 1207-1214.
Acknowledgements. The encouragement and support of Geoff Joyce and Richard

Delves at King’s College, London, is much appreciated.

May 3, 2004



