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Let

\
f(w) = ?122[;3):—*- At t et aaxi+ 2haoxs + 2basar + 2 by 1w
Ny 02 03
be a positive definite ternary quadratic form of determinant
D=maas— a1l — a b} — a3 b5 + 2 b1 bha bs.
The adjoined form

F (x) = ;)1,111;; ég)’—‘ Arad + Ao + A305 + 2 Bivoas + 2 Boazan

+ 2 B3xiae
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of coefficients Y

Ay =aras— 7, A= azm — b3, Ay = arar — b,

By=bybs — a1 b1, By = b3y by — ar by, By = b1 by — a3z b3
is also positive definite, and its determinant is

D2 = Ay As A3 — Ay Bf — Ay B3 — A3 B2+ 2 BB Bs.
One shows casily that
arazaz = D, Ay As A5 = D3,

but that ajasay/D and A; A2 Ay/D? are not bounded above.

Let, however, f(x) be restricted to the reduced forms in the sense of
Seeber and Minkowski, ic. let it belong to the set R of all forms satisfying

V<m=wza, 0=sh<P. |hl<G. 0sh<G,
(R): .
h— by + b3 = -(’1,'2", a2
Then
(h: maaz =210

by the theorem of Gauss', and this is the best-possible result since the equality
sign holds if f(x) is, e.g. the form

1T 1 1
o) = | 1 1 of determinant D=1/2.
2 0

In this note, I prove an analogous inequality for the adjoined of a
reduced form, namely

UD): Ado ds< ) D0

Also this inequality is best possible, because the equality sign holds, c.g. for
the form Fy (x) adjoined to fo (x),
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3 3
Fo (a0 + M fd i D?2=1/4
o (v) = 11 1 of determinant D?=1/4.
T2 4 T2

The assertion is equivalent to the statement that if f(x) runs over all
clements of R, then the rational function

0 = Ax 1'1)2213 o (as a3z — /)1) (az a1 — /’U ((11519 — /)3)

((11 aazy — a1 b — a = hi + 2 b b /y;)

of the coeflicients of f(x) has the wupper bound S/4, and that this upper
bound is attained, hence is the maximum of Q(f). To prove this assertion,
we shall first show the existence of the maximum, and we shall then evaluate
the maximum by studying the cases br = 0 and b, < 0 separately.

§ 1. THE EXISTENCE OF THE MAXIMUM.

LemMa 12 Let £(x) be a reduced form, and let
—1= 0 h=1—"% s that L=0, 1,=0.
Then
avaxay = 5L
Proof: Put

A= 0%+ a b3+ as b5 — 2 b1 ko bs.

I have shown elsewhere that’

N (]

) < ard + atas

=

for every reduced form. Hence, by the hypothesis,

)< B (A —/2) a3 +4(11 (A —Tya-a _ 2— Ii — Iz .

whence

2—11—1 2+ i+ 1

D=aaa—V = aiea— ——y  aaa= *'““4’—’** a1 a2 a3,

as asserted.
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LemMva 2: Denote by QF the upper bound of Q(f) extended over all
reduced forms ((x). Then there exists at least one such form such that

QN =Q*.
Proof: By the homogencity of Q(f) in the coefficients of f(x),
suffices to prove the assertion for reduced forms of determinant

D=1;

for these forms,
O ) = (aas— ) (asar — b3) (ara0 — B3) .

Denote by ¥ the set of all reduced forms of unit determinant satisfying
the inequality

a; < 16 ar,
by =, the sct of all such forms satisfying the inequality
(Ix 16 ai .

If, firstly, f(x) belongs to =y, then by (R) and (1),

3
2= maray = diay = ( %% >2 a3 = 2?6 ,
1 <maras < ard < a1 (16 @) = 256 43,
whence
2B <y <ar=a3 <8, 0=h=4, bl <4, 0=bh=4.

The set ¥, is therefore bounded, and it is also closed; moreover, Q(f) is a
continuous function in this set. FHence, by the theorem of Weierstrass,
Q(f) assumes its maximum value in %j. Since the form

V2 v2 v

of unit determinant gives
0 (/v =94,

this maximum value cannot be less than 9/4.
Sccondly, let f(x) belong to 2. Then at least one of the inequalitics

!
az

1 ‘ az
<4 or <

a3

EN
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is satisfied, hence also at least one of the inequalities

) 3

a1 3 1 A
I = /*‘(]2/\»4 or lr=1- 413>4'

Therefore by Lemma 1,

4 16
ayasay < 3= i"
24+ + 0

whence

0) <(mara)’ < ( %? )2 < Z

On combining the results for 2 and 3,, the assertion follows.
Dermnition: A reduced form f(x) satisfving
0f) = 0*
is called a maximum form.
§ 2. THE casE b = ().

LemMa 3: If £(x) is a reduced form with b, =0, then Q(f) < 9/4.

Proof: By the hypothesis, all three coefficients 41, b2, b3 are non-
negative, hence

Bi=bbs—aibhh= —a1b, Ba=1bshh— azbe = — a2 b2,

By =bibr —a3bs = —asz bs.
At least one of the coefficients By, Ba, Bs must be negative, since otherwise
bobs= a1 b, bab1 = a2 ba, biby = azbs,

and

az di1 a1 a1 a2 a3
arazaz < bbby < 5 2 2 < AEE

which is impossible. Hence at least one of the three inequalities

|Bil < a1br, [ Bel < ag ba, | B3| < a3 bs

is satisfied, say the second one. Then
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Ay Az Az = A0 Ax A5

I

(azar — b3) (D az + B3)

(azar— 03) (D az + a* b3)
5 b3

IA

= (mazas— a2 V3) (D + ag b%)
<Q2D—wh)(D+ a )

—_:,2, 2___‘( [)»"2[12/15 2/
D |2 } <

as asserted.
§ 3. THE case by < (. FmrsT SIMPLIFICATION.

In this and the next paragraphs, only reduced forms
f(x) = ( a1 a2 az
s b1 bz by )
with f, < 0 are considered; hence

by = — be

, hence by (1),

is positive. 1f no reduced form of this kind is a maximum form, then (II)
follows at once from Lemmas 2 and 3; there is therefore no loss of generality
in assuming from now on that a maximum form with f < 0 does exist.
We shall study such maximum forms and show that their coefficients satisfy

certain restrictive conditions.

Lemma 4: Let

. gy dz 43 4
rey= (G ). whee >0,
/)1 — [)2 /73

be a maximum form. Then
(1D): an = az, b+ /721 + by = —
Proof: Assume, firstly, that

a + a
/71+/7;+!73<'1'2 2,
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so that at least one of the inequalities

a1 a
<5, by < 5, h< S

is satisfied, say the first one. On solving
I 4
D=amaas— a1b? — a by — az b — 2 by by by
for as, this coefficient becomes the function

2 7, ’
a1 /71 + a2 /122 + 2/71 /72 /73 + 0
SRS T el T et L
a1 az — b3

(a): ag = , = & (a, a2, b, boy b, D)

of a1, 2z, by, by, by, D, and Q(f) may be written as

Oy = 1+ DV b+ abh?+ 2hbyby)

(b): ; 7 ’ )
4 e Lo Wby + anbol by + Caran + 02 bibo + D hs)?
a1az — b3
Consider now a ncighbouring form
‘ @ ar a¥ . ,
/* (.x) = ( £l (13 = cp (als a3z, /);kv [72 []3; ])))

/Iik - (’); ['73

say,

of determinant D in which by is replaced by a number bf > b sufficiently

near to by. By (a),
ay > a3,

and so f*(x) is also reduced. Since further, by (b),
0* > 00,

f(x) cannot be a maximum form.

Assume, secondly, that

ay < az, h + /;g + hy=—— 5
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Then denote by t>1 a number sufficiently near to 1, and by

tay  tax a¥¥

fEE (p) = ( ), ¥ = (Lay tas, £ byt byt bs, 1),

th —tbh th

a neighbouring form of determinant D. By the continuity of ¢ and by
(a), this form is still reduced, and is it clear from (b) that

OU**) > 0).

Hence f(x) is also in this case not a maximum form. On combining the
results of the two cases, the assertion follows.

§ 4. ToE cASE by < (. SECOND SIMPLIFICATION.

The function Q(f) is homogencous of zero dimension in the coefficients
of f(x); hence, by a3 > 0, it suffices to consider forms with a,=2. Hence,
by Lemma 4, every maximum form with by < 0 may be assumed of the
normal form

. oy 2 28 2§
(o @=(gnZeer 25 %

where, by the conditions of reduction,
(d): E=1, 0<n<1, 0<C<1, n+f=1.

It is obvious, that the second form

g(x) = (E—~nz‘?§+l E% an>

is then also a maximum form; hence there is no restriction of generality
in imposing the further conditions

(e): 0<n<E,

since, by Lemma 3, Q(f) < 9/4 if n = 0.

eMMa 5. If the form £(x) defined by (c¢) is a maximum form, and
if its coefficients satisfy the incqualities (d) and (¢), then

C=1.
Proof: For shortness, put

n+C=u, 4E+nl=v,
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so that

0y = o WE—E—ur DY —45n)
ST 4G+ D e =G+ u—1)2—=5u}

Consider & and u as constants, but allow v to vary. Then Q([)=q¢(v)
becomes a function of v of derivative

de ()

do 0a (),
where
A()=—{E+u—12+Eu v +45u2(E+u—1),

while o 1s a posttive number independent of v. The expression A (v)
vanishes at

g = .;4,75,,,{{2 (E +{( — ])

(E+u—1)0 + £
and 1s positive for smaller and negative for larger v. Now

w?(n—1) — (E+u—1)°

- 48=48 E+u—12+8u

and by (d),

IN
IN
Do
un
v
[y

hence

. (. —1) —u? w? (i — 2)
= AESAE e v e TS -1 v =0

whence
<4E<v=4E + ynC.

Therefore, for fixed & and u=n+1¢, Q(f) assumes its maximum if v, that
is, if m ¢, 1s as small as possible. Since

Pl it Vi
- 4 N

this requires that vy is as small as possible and ¢ is as large as possible.
By (¢), must remain positive; hence the assertion follows from (d).
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§ 5. Tue case by < (. ConcLusioN oF THE Proor.

3y Lemma 5, a maximum form f(x) with b, < 0 may be written as

Coon 2 28 2%
flx) = <E—-n - 1/
where
E=1 0<n<l.
Then
o WE-DUE—7) 4E - (3 —-1
) = 4E2(BE—1) + 1 — ,
hence
9 . AEW
4 O = F82(GE—1 +q—m)2’
where

AGw=98{QBE—D +n—mP—UAE—-1) UE—n) 48 — (E—?},
that is,
AGED=08-43+Dn'— Q08 + 280w — 25 —-408 +48) W +

+ (228 —~108)n + (338" — 428 +98).
Replace in this expression & by

E=1+r1, so that ©> 0.

Then
AEN =Q4t+8172+907 +337) + (12 + 4671+ 567 + 2219 n +

— (6 + 42Tt +86 +2%) WY — (12 + 227 + 10 o +

+ (6 + 141+ 912,
or
AGEW)=6n0—m) Q2—m) + (24 +46m— 42— 2n* + M) T +

£ (81 +56m—86m — 100 + 99 @ + (90 + 22 — 202) T + 337,
Since

=0, D<n<1
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this expression can never be negative; and it vanishes only if
t=0, n=1.

This completes the proof of the inequality (II).

§ 6. FURTHER INEQUALITIES.

The inequalities (I) and (II) are not the only ones satisfied by the
cocfiicients of a reduced form and its adjoint. I give here a few further
inequalities which are all best possible:

D<arazay—4 bbbz <2 D.

D<ag 4, <2D (h=1,2,3).

4 aay < A1 < aras, i aza < A < azan, i miar < A3 <aras.
A‘_‘Z Z 443, /‘112 4 1‘,3, A]Z 4 ‘42.
Bl <5 Aoy B | <% as.

In the first line, “4” cannot be replaced by a larger number.

I remark finally that the proof of (II) given in this note does not seem
to me very satisfactory; iz would be of interest to find a simpler one.
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