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Part I: Algebralc pnreliminarics

Toes» ~wanilininas - r-veoynlinmue -~ nyA T N g ol Py

1. Netation.

Let kﬁ the cconztant field,
arkbitrary constant (1.e. an element
ringz of all polynomials,

be any field of characteristic O,

Z an indeterminate, and 2 an
of k). As usual, klz], and k(z), denote the
and the field of all rational functions 1in z with coefficients 1n

k, respectively. Further k% (z) denoctes the subset of k(z) consist-

ing of those rational fmwmﬂnxnwﬂ1?:m¢%%§% where z) and q(z) are
polynomials that are relatively prime and wheore, moreover, a(c)#£0.
t k,(z) is a ring. The transformation z — C maps

t ig clear that

the elements of Mc(z onto the elements of k, but looses 1ts meaning
for the other clements of k(z).

Z ) will be defined ag the sum of the de-

The degree of r = -7
grees oi the polynomials p(z) and g(z) which are again assumed O

, ,j h Dz p h
be relatively prime. For polynomials p(z)= L%ml*thlg agrees with
the rational function 0O which vani-

e

——

the usual definition., However,

shes identically 18 not given any degrce,
NexT we denote by Kc thie set of all formal power serles
”»

& = a _+a, (‘Z“C )+aﬂ(z'”g>w+“ ©°
C 1 .

defining additicn and multiplication in
ring. This ring con-

with coefficients in k. On

I% as 1s usual for power seriegs, Kc becomes a
tains all polynomials in k{z] and al all rational functions 1in

hc(z); I'or the elements of kr( ) may be developed 1nTO such power

series by simnle division, or by using the formal analogue of

formal differentiation in £ DYy

"
N’

Taylor's serics. For we may define

o . s
T T ! o= ﬂ#aq + E_ag(zmﬂ) T j.as(zmc) T o o o

and then the usuval rules of differentiation remain valid. Naturally

differentiation is also possible for the elements in k[z] and k(z
and agrees for the elements in k[zl and kc(z) with that 1in K,

The power series « 1s said to be of ordzr n if
= O, but a_ £ 0,

el
]

= . v e = O
=¥ g -]

and we then write
ord ®= n.



The power serieg O with all coefficients ecual to zero 18 not

given any order.

2. wystems of formel linecar differential equations.

Let
(1) A &eﬁi%mézﬁyn. (%=1,2,...,m)
¥, ==

be a system of formal homogeneous linear differential ecuations
where the coefficients

qkkﬁz) = Yy ko T qk.ﬁﬂ(zmc> T Yy Slz=c) T

1

.,,-m.,‘.

(K}Kﬂ mxijif-*:’.guuujln>

are given gsaries in Kea Lt 1s not dif'ffacult te find 211l sclutions
o1 This system of eguations in terms of series in K_. For shortness
L

of notation we introduce the column vector

oy y |
f J’,.r] &,l

yﬂi yl
o . . . : , o

Yy = : Nith The derilvative y' =] .

4 -
\ Yin Ym

and the sguare matrix
Z ) e o e Z
alz) ={ 2 ;

thus (1) becomes the matrix equation

(17) y' = a(z)y.

The problem 1s then tc find all vectors vy of the form

¢
‘)

(2) y = yw>+*y</])(z--c)+y<”>(z~~~¢)‘:“:-1-mun

o) g > ,,

where y( 3y( )3y< )ﬁﬂun are constant vectors (i.e. their components
lie in k) that satisfy (1%). The matrix a(z) has the analogous
development

(3)

T

(2) :=(3“O>+£A 1>(zmc)Awg(“>(zywz)g+aa¢
2)

A

G
O f .
where q( >ﬂq(q)3q(“ s .0 are the constant matrices
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Here we comparce on hoth sides the coefficients of equal powers
1

z-C and sc ind the {ollowing system of relationsg:

Thrwrery—

a.(“:"')‘y

v o L2 G [ w & L o > o @ = L o » &

'hese recurslve formulae allow to determine successively and

B

unliguely the congstant vectors W(q)ﬁy“£>ﬁy<:)}‘ga Wen y<o) 13 any

\
v/

o) ) (3 Oy T (e

-\
L

L)

e A

, S PR . . 0 . e Vo 4 s “y e r ™ — . o L 13 - .
n substituting the sceries (2) and (%) in (17), we get the

eyt @) (zoe)

Iy

glven constant vector, and there are clearly no other solutions.

\”

T ~ ~ " ; r . O ) .
~hoose, 1n UaPtD?WL?PﬁIHN?ixi) that vector which has

Ke-Th compenent 71 and has all other components eaqual to zero.

The resulfting solution »f (17) will be denoted by

L/
AWA
.I.. ‘_,--'l .E}{*
Ll-ﬂ
~
i "':‘\l'] =

. L‘ﬁ'" T © ’
NV &
9
s
'i_
,1. 1]}...
o i

and we also intrcocduce the gaouare matrix

7 %
177 T dm

Y ] > -
V= “ . = { Y Y )
. . R IR A 11|

-

Y ew.X

m-| mm

of which The vectors Yk form the different columns.

as 1TS

>

-

T e o o

Of

From the linearity of the rccursive formulae (4) it is evident
that 1f, explicitly, thc conssant vector y<o) nas the components

)



; ey
A \‘ O ) e o i
“m
Wwhere Crsees,C B3 arpitrary =2lements of k, the corresoondling
o il

>,
soluticn y of (1%) Tecomes

- 7 . A
(Hj) :117 ~ C/]Y m{—ﬁﬂ#»‘lﬂr‘:‘ -I-

This is therefcre the most general solution of (17%) if CaseensCp
run lndernendently over a2ll clements of k.,

The vectors qup..ﬁYm are linearly indepondent over K. For
1in the matrix Y the geries of all diagonal elements tegin with tne
constant term 1, while the constant terms of the elements outside
the diagonal all vanish. Therefcre the determinant of Y is a power

geries of the form

and so dces net vanish ildentically. But then all the components
of chﬂ+,a.+chm can only vanisgh 1if eﬂm,n.m*mmoy a3 asserted.

3 . . . | . ) R

We call Y Y a fundamental system of solutions of (17)

R R 1!

and say that ¥V 18 a fundamental matrix solution. Evidently Y anad

1Ts derivative Y'!' satlisfy Tthe matrix eguation

o . .
(17 7) 71 = a(z)Y.

L

The most general matrix Y satisfying thils equation 1s of the

orm .y W
{ = Y O
where ) .
et Ai /{ P ® ® ,1 ITl \
“m1° " T mm

c . . ¥
18 a constant matrix. This follows Ttecause the columns of Y are
sclutions of (1%) and hence are of the form (5). We also see that

% : ,
Y " 1s Tthen and only then non-singular if

aget C # O,



4L, A lemma on crders.
Lemma 1: Let s @ oy o9 Le finitely many elemants of KC.
| i i

L i1l

., . t

[ - — - da 11 * - \ " ~ 1 1 - I 7 i T
Ihere exists a positlive Integer Nﬁ as ollowseT7T¢ L. ...,0. are

cments of ko osuch that

N
L

agoes not vanish 1dentaically, then

™

o~ T.
Oraer s

o

Froof: We assume the agecrtion s falase and deduce & contradiction.

The assumption mzangs that theore exist infinlitely many systoms

i ) S R B
‘\lj'i.«-""/l L 8 e o Yy 1 1,.::11’1) (1{—‘*‘ ] ¥ }‘_.m} S 9 e e w )

ol elements cf k and an infinite seguence of integers 0, catisfying

Y

L N,<Ny< Dy <L,
‘. )

such that, »nr all suffixes k,
m

- ") ¢ - ,, 8 e - ...,!:3 - )
A > Im{’ P e %: O, but ord Ry 0,

ey Sl S gl

}g.:ﬂ

Py

We consider the Rw a3 linear forms in qﬂj.pﬁﬁym, Assgume that
certalin L, but not mors than 1, of the forms Rl are linearly in-

-
L,

dependent over k: let this be the forms

R sy see e sl where 1k, < K, < ... <K,
b 4 | -
’ 2 1 |

>ilnce these forms are independent, every other form Rk can be

Written a8 a sum 1.

wnere tha coefficients Sy, ATE 1n Kk an? do not all vanish., Let,

/ . - ] Y LY LB "3 - - .y
8aY, <y, 0 where XN 1s chosen as the gmallest suffix of this kind.

Then evidently
ora R, = ora R, = n,. = In,

4 1 :
be arcitrary elements in Kcﬁ and let

Ay

Lemma 2: Let Posoves
nz0 be an arbitrary Iinteger. There =xists a positive integer Nn
as follows:If Pﬂja,ajP are arvitrary polynomials in iz}l of degreecs

m
nNot exceedling n such that

and 80 a contradiction arisgses 1 k> 0y .

R = Pq Pt oo Pm%m



does not vanish identically, then

ord R < N,

Proof ¢ The assertion follows immediately on apprlying Lemma 71 TO
the m(n+1) elements of Xk

iphl_{ R— E CP.L{ (hmo'yr,]‘gnqu)]:—]; 1{:/]3P§uu¢;fn1>a

5. A lemma on guotients in K .

TI*--..-n"'

While K, 1s only a ring, 1t can easily be extended TO &

r"‘h
W, ot

field’K£ by allowing Terms in negative oowers of PwCibe CONS1sTS

o~

of all gseries of the orm
: oo £ D
am(zmc)f )l4q+a ”)f+“

| e O 2 e
f T8 g v f-—»:z("’*

/.-—-——«.\

With coef'ficients in K; here  can be any 1lnteger
egual to or less than zZero. The field’xé 50 deline
kiz] and k(z) as subsets.

e

For functions in K, the following property holds.

oreater than or
ed ¢

ontaing both

Lemma 3: Let Prsae o s PgaWys oo s¥y be elements of iKQ, There
exlsts a mnositive integer N as follows ., LT &qﬁ.aujmsg/sﬁjnuaﬂet
are elements of k such that

" o SRR ¢/ S SR W O and At e o)
1P °*°+“s

(11) w= 1 277
;Gﬂya .vgheﬁyf

.0 1s a rational function, then the

degree of w does not exceed N,

Proof': The prooil 1g again rect. We shall assume there are
f

inf'finitely many sets

(Cqujnﬂaj{x?us ‘./B'ln{q_smaujﬂl{t) (k‘mﬁ]ﬁ‘gﬁz}ﬂ*““)

of" k, and an infinite sequence of 1ntegers 0y, satisfying

Tan,, <N _ <N, <, ..

l £ b
such Tthat, for all k,
(i") {Nk/l (!6’/\.1..“ o 0+C{]{c§ (f:., ?}é Oﬁ /3 L{,}‘}'}f,,~§+n 0 u"*‘ﬁktqﬂ‘t # Q
Pat.. . +%0a Pq
(11) aadl} ﬁﬁﬂ$§¢ﬁmwmwﬁémw*is an element of k(z),
kA YT P ¥y
(11i) w, has the exact degree n, .



A v - - . > ! . b
Of the SETLES Wy eV let vy, but not more, Lo
R

jwﬂ

dependent over k(z); without loss of genorality

The numbering may be choscn such that

3 U 3 et L
V/‘{ 9 e o2 » 4 1}'{/]:-;.

are linearly indepcndent, whilc any remaining W, arc

denenuent on these r series.
It follows then that th.ore crist r(t - -r) clements

-,
t

- fw o=

ﬂt })? \
- i 'IA') - “"‘"l
Yo ‘52.& SRR N

of k(z) such that

<
4"‘?.
i

Denote by D the lecast common aenominator of =2l

Ty
[EL ]

-y ) ey ™ M. o, ~ o ) A ' . - ) g A _ v o o~ W O o~ ¥
functions o , and by o Ttho maximum of the angrees Of

- 'B P

P
L

Vie can now wiprlte

where, for shortness,
C ;oY= Tye I’"‘\

o
J

J T =1+

- . 3 S SR R R = a2 T
Also these sums B,  are in k(z), and it ig obvious thit

)
, KJ
ducts

does nct vanilsh.
By the definition of w,

l"’]

Ll

- ‘ S
| eX, P = ) IE _ (1&?:ﬁ‘jxﬁwgﬂﬁﬁ e o
J;i; Ke'le - K K ?}

L""'l
s (T =po+i,0+2, ...,T).

'f:t — - :.!_j | "‘
Brrp = FPrp 2 Puw e Nko= 1,2,3,...10.

#g--vl Ty, TR
b}it:

N -
1 IS NS l Bﬁ

linvarly

B b "i i "“'"‘ il «r - -
- the ratctLlLons b

a

RS -
:L." e 0l
oy ey
&-uj .-t El-.ﬁ -
5 LA
O TS



Hore the expregsion

13 a lincar form in Poseees @ with coefficicnts in k. Let 1 but
.

not more of thﬂ~lirmﬂr*fknmwalujﬁlyﬂjigﬁg.uw be independaent over
(- )

var’

K; without logss of generality,

12 1=8,

and 1t may be agsumed that the swpnecial forms

ﬁI"k 3 ¢ o 03 *L-Jl 3 where 1< ik, < Ly X s 00 K | 2¢
. Lo

-

L

e | .
T Ko ‘1 |
are linecarly independent over k., Hence, for every ki, there are
clements )
‘\:‘ £ w ¢ O '::
K- 7 Tl

of k such that

1T follows then that

1 %

rl

% Py ' ot ; B ; » 1

p =" - l{Bl{ F 17"”!:7 o ] Tlen L Pk bl«:’-‘” Vo
— W —— -

Fi

In this 1d@nt1tyj“wﬂﬁ,apﬁgyp arc, by hypctheslis, lincarly indewnen-
I

dent over k(z); mcreover, the factors

are all in k(z). The identity thorefore implies tha r separate

relatlions
1
4 w, B = 2, w. B o =1, 5
( ) 1’{ L{ {:’ *’.{'M- | 1{7\. L{ "’“’k p "“‘*'rl wP ‘ -9 ® v 9 4 4 @
-' A=) NN

Since not all rational functions

B

47 o P

vanish identically, we can choose a suffix

p=plk) =R
sSucCh that



B = I AON
KR il P (k) :’é

Consider the equation (7) corresponding to this suffix P =R,

L
w ., B == Z C,. W, B .
K I{R N WA K« ¢ kR

Y A

¥

-

On the left-hand gide w, 18 2 rational function cf Tegree nkﬁ

1
anda BkR is # 0 and such that the polynomial EBKR 18 at most of degree
d., On the right-hand side the Cio Are constants depending on K;
the w, are 1 fixed rational functions; and the B n are again
rationai f'unctions such that DBK - are all polynomiglﬂ at most of
degree d. Denots by £ the 1&agth50mmon dencmination of

W s Wy s Wy

7 < 1

e e 1
Then 1
Iﬁjl'zz ﬁkmﬁﬂ{ EM:F
A =" . A\

18 a polynomial at most of degrece d+J , and hence

o

:

1
-1, - )
C‘J st —Q». & D - o D C U»..) -
R (DByg ) %Z} kx“k Pl R

1s clearly a rational function of bounded degree, ccentrary to

N, — 00O as kK -—+co.,
4

This concludes the prcof.,

o~

©O. First properties of sys

tems of linear dlfferential equations
With rational coefficient

From now on we deal with a fixed system of linear differential
equations

m-
(.,/‘) yii: = Z le{}t(Z)ym (1{x/].92_9'“".91n>
H, ==~
where the coefficients
anﬁz) (K,w=1,2,..,,m)

are assumed to be rational functions, i.e. elements of k(z). We
consider an arbitrary set of m polynomials



. ) P
N |

| - “Tm-

L.¢. elements of kiz] : let only the casc ke cxcluded when all
these vanish identically. We then form the linesr form
T3 R
no= . vy, 4+...+P ¥
Y T mYm

whera

[y}

is any vector satisfying (1).

I'o '1x the 1deas, let T he the loast common denominator of
all the m™ rational functlions S S ancg let, for the present,
be any element of k, such that

T(c) # 0.

" T
[ N o

b
v

We can then assume that the vector ¥ has comnonen

\J

o

1

e 1
The results in 2 give the full descrivtion of all solution of (1)

W

1n vectors of this Wwind.,

LeT The dash ba again the sign of formal differentiation, Ve

form successively the system of further linecar forms

R,=F, R.=TR}, R,=TR!,.... .
ol P o

i
i-r"“
--“"""

It is then clear from (1) that all thess forms become

T a—" T 7 . L i
e = Fpa¥atee

where the coefficiente

are agaln polynomials, In fact,

I = P (x =1,2,...,m),
and the definition, togethcecr with the differential couations,
clearly imply that

M
' = = 2 , f i all ¥ and w

This construction of the forms R{?in ngﬂaaﬁym'naturally‘

b
does not depend on the spccial vector y satisfying (1).




~ 1 -

Our hypothesis imnlics that the linear forms

| — F R " A " )
Rl,‘: M L 11.#1 —f:?? ,] "{ﬂ ® © o +P]F1..rl ,.n (]:"Lu-—“ ‘} 5 - g ...-) 9 © v » )

Lly, 1n fact, zlrea’y the first one is
not the zcro form, Asoume that the 1 forms

_‘-

R45RQj¢¢ﬁ3FH;; cut not the 1+1 forms

(o) R O ‘ .
) \ A= P ot o, . L
.1 +- /( } | o .1.

1

where 4sL ﬂauggPl ars certaln rational functions ( lements of
k(z)). On differcntiating repcatedly and multiplying each time by

T and usirg again (9) and the general formuls R. =TR,', 1T 18

+ 1 K7
cvident that, for every suffix kz 1+1,

}“i — i\ T e e o 1
i< Pkﬂj{W{ *fﬁcrﬁln

where ¢4 ol Are araln rational functions., Our hypothesis
mellC% therefore that

the rank over k{z) of the inf'initely many linear forms
R.,R~R. ... 1 exactly 1.

| ﬁ... )

venversely, 1if this rank 18 1, the {irst 1 forms R\ﬁ.agﬂilanwe

Linearly indepcecndent, for otherwise the last remarks would lead
to a lover ranl:.

]jaunkl*}]ng nOt

nawve rhecn ffixed, and that the rank of the

From now on we assume that the polynomials P
all ldentically zero

o

linear*fkmmmaIlqﬁgqoijim crxactly 1 clearly
1

The forms Hﬂyan.yPﬁﬂﬁ1uuxﬁ1Jmnn‘wrlﬁc;ﬂ by an identity (9) with

y - P o T I ' L8 - ,
rational ccocofliciencs . DI NICC =

| -

R, =R . R, =TR!, R, = TT'R]

1t follows then that R=P
equaticn of the form

+ . . o +F Yo satilisfies a linear differential

(10) R<1)+p F(l q)+qu(1”2)

4 +.,¢+p1RmO

where PisPos...50y are ertain rational functions,.

1



7. A lcmma on linear differcential ccouatlons.

LetT Prs Pose.-s P be m clements of I that are linvarly 1n-

\_

dependent over k., I agscert that the2 Wronsklian determinant

I {',Pf’] (P > s . : {P "

! ' !

| | ) i 1 P s SR Il
'Mbwﬂqg"‘%m) =1 - , :

is not identically zaro.

Since W(%H)ﬂqH3 the assertion is certainly truc for m=7;
agsume it kas alrcady been proved for the Wronskian cf m-1 1unc-
tions where m 2 2; the following procof «stablishes 1t then also
for m functions.

The hypothesis implies that none of the ¢’s vanishes
identically; so, without loss of gencrality, let P he that

function which has lowsst order. It follows that all guotlents

'jQ& Lﬂvmﬂagﬁ»uu;mmﬂﬁm) are again in K . PFut

Y -
! (ﬁ CP — "y
Y, = s (ﬁ> (e="1,r,...,10).

Then the v, are likewlise 1n £, , and

1
S

7 m
R i

I
K becausce an ldentlity

with ccocefficiecnts not 2all zoroe in k would, on intecgratlng, 1mp iy
that

(7 { * { (
':'j {v - { /{ n +‘ - f) IT]. . 1 ) —— O C‘i ......f...].. ""I“ ..}_. -CI HPmm%mij — o 3
E Z W~ ,/1 T e e ¢ St n'l . ,---“l R p—mr e 7 ""‘ ) =t m - f.l i o i rr].

where ¢ & k, leading tc a contradiction.

[ T g

We have then, by the induction hypothesig,

Al © 0 YVim-
*1}/% e o e 1;/1;,1__.,.] |
w(%/‘*-*lﬁ"mmq)ﬂ a | = O.
(m-2 ) (m-2 ) |
|

¥ SR P

g Tunctilons ), arae lincarly indepenaent ovoer
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iy el
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Froof:

| &3=

On thnc

and the determinant of these is W(wqﬁ,“uj¢

would

other hand,

her

Lemind

O

‘- Ao 3 o
OUTCLN =

P, = ) Wwl=cp! J_ 4 Y ol sy Y
fﬁ{ Pm.ﬁlﬁ9 PH fhl“”’fﬁk%ﬁ KiRre “fm,ﬂlih“@m ﬁ”:

( 7, o
1{ fon ke (791 1
| :

nle
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.

clearly

crtlion follows

2an NoOw prove

e Tt 1
w Jed e Q

-

n »

Tri =

daiiam ‘Iﬂ

cther hand,

(1),
P ; +Pﬂif

(p
) |

all vanish identic

then

ntia l
)

,, g LU
- -
| C Tl |
o Iipes T \ an
= Y
¢ J | i

)=1{ -
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let
St

a1

Llinocarl

Y
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(7). We found then that R satisficd o Jdif -

arly independent over Kk
ferentlial couation (10) where the coefficients are rational
tunctiocone.

This differential cousntion i3 satlisfied howaver the vector 7
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We found, that the general solution of (1) could be exvpressed
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1 which all columnn vectors are solutions of (1), hence =2lsgo all
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SO that also Y@ ig a fundamental matrix solution of (1),

Then, for L <m; the first m-1 expressions
e & - 3
R.,., = P . ¥V 4+, .+ Y (K=1,2, ..., .m
Tk 1511 m- mic 23 )

vanish identdically.

rrcetr’: We found already that if l<m, we could find the first

o

column of T such thot the COrresponding R;ﬂ was zZero., Assume now

that m-12> 2, and that, savy, H11¥O this does not restrict the

problem as we can, if necessary, change the order of the 1 functions
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that is ngmﬂo Naturally the first two columns of ¢ are linearly
independent over k.

In this way we can continue ecxactly m-1 times and obtain the
asserted result.
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AP o ) . N

amental matrix sclution Y =YY" be chosen

Then put

accordlng to this lemma.

30 that | m

taltes the [form

}H, = } P u% ( < ﬁqﬁfﬁ"““}l |
1 t—  “ha, “ih h =1,2,...,m

The lemma tells us now that
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ror each fixed value of h, this is & system of nomogenecus linear
ecquatlions for

with the determinant
A, 50,

1T follows therefore that
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which differs fPom.IYw?iby 2T most the sign, cannot vanish. We
can changec ) as fcollows into 2 new determinant.,

For each suffix i=1,2,...,1 multinly the fairst m-1 rows
successively by the factors

., rma = "
b
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B j e’ 0 R ﬁ T S j whoe? e ,
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show that this operation changes ) into a new determinant 3

where all elements in the rectangle formed bv the last 1 rows and

first m-1 columns vanish. If now also A =0, 21l minorsg of order m-1

43 - 5 - = - o~ " N * ¥
o the first m-1 columns of J_ would be zero, and honce 5 =0, thus

y =0, which is false,
This proves that
8 A # O

50 that the functions Diﬂ are fixed uniquely by the equations (11),
Cn the other hand, by (117), they depend only on the polynomials

Pis- AS we can now show, the dependence on the latter is rather of



1 gsilmple kind,

The equaticns (11) can be solved for the D 4 and gzive the
result that N Lo O 1
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Now, by congtruction,
(12) Vo= YOI,

and here the constant matrix ¢ depends on the polyncmials ij 
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The set of all minors of order m-1 that can e found from Y.
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LT follows then that every minor of order m-1 of ¥V 1is of the form
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where the ;'8 are elements of k; they may in fact be written as

sums of products of eclements of .

This represcntation holds in pvarticular for the minors A #£0

and A, .. Thus we obtain a representation
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where it ( 3 5 )
B o0y, #C
A= A AL
and the «'s and AB's are suitable elements in k.
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In thesz formulae (13) the rank 1 enters decisively. The

f'ormulae become void when l=m ag therec are then noiDiu; but They

are ol Iundamental importance when 1<1<m, Depending on 1, dif-
f'erent minors ¢ enter the formula; but these minors do not other-

wise depend on Pqﬁ,aanm,

We are Interested only in those Dij that do not vanish iden-




tlcally. For these lomma 2 leads at cnce to

"qpl-u

Lemma ©: Independoent of the rolynomials qu...ﬁPm and the
rank 1 (assumed <m), the degrees of all polynomials L, that dc

not vanish d1dentically are tounded,

10, A sufficient condition fior the rank of B to re m.

AN . — e o~ - LY Y 1
'nhe proof of lemme o made use of the ring L whore ¢ was supposed

CO be chosen such that T(2)#£0. However, the nolynomials Dﬁjj a s

defined originally, do not depend on ¢, So, havine voroved lemma €
Wwe o can now sgain drop thils restriction on <2 2 From now on, ¢ may or

may not satisfy T(z2)=0.

,

uticn v of (1) from now

"

"y
L

We specialize, however, the vestor so

orn., Let namely ¢ be any fixed e¢lement of k, and latg
V.. = L. 5.0, = [
M 17 e il
Le a special solution of (1) with the following two properties:
Ci) fhse..,f  @re series in K_.

(i1) f.,....,f are linearly independent cver k(z).

The secend ceondition implics, in particular, that none of quuﬁjfm
1

vanlisnes 1dentica
l.et again Fﬂjﬁaan be m polynomials not all identically zero.

Wwe now [&RS T

thus replace the y's by the f's. Then  in the same way as cefore,

=8 = } 1 {’ — 5 ..
< ottt BT k=1,2,...,m),

) has the exact rank 1 where
T ¢ 1 «m:

hlis means thus that the linear forms Rqﬁ.aﬁﬁﬁl are Linearly
independent over k(z), but the linear forms Hos...50y, 0 @are not,
4
We further nut

) »

Lﬁ == mﬁ}i(deg’; Pﬂ] Y e ¢ @ .ﬂdegg E}*rl

t

V ord R.

Our aim 1is to prove that 1 must be m if V 1is sufficiently large
compared with U.



As before T(x) denotes the least common denominator of all
rational functions Ty Let similarly Tq he for 1l <«m the least
commen denominator of all raticnal functions Dijﬁ put for l=m D¢
equal to 1. |
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Thus Li 18 a linear form in fwjauaﬂf_ With ccoefficients that are

polynomials not all identically zero, The hypothesis (11) implies

C
therefore that no L. vanishes identically. The expression
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has then a good meaning; in the special case l=m we have instead,
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ln elther case, o does not exceed a constant indewendent of
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cthe choice of Pqﬁﬁ;ﬁﬁPm. This follows for 1l¢m from lemma & becausc

The volynomials
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are all of bounded degree; for l=m the asserti 13 obvious.,
As p cannot then ke arbitrarily large, let r_ the largest
value it 2an attain,
By our construction, the determinant
™
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| T2, " "7 T A
= 1

>
i

does not vanish identically. Further

Denote by a4, . The cofactor of P in A_. Then, on sclving for u.

AUy = 2 B R, (i=1,2,...,1)

and hence 1
Ao Ly = 1 T, &, R (1=1,2,...,1).
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In This system of equations choose the sulffix 1 such that
crd L. = nmer .
l An

By hypothaesig,

- iy ™ I ™ T
OYrd o= ore . o= V.,

}
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gy

From R wnere 1T 1s a polynomial, 1t follows that

].{ k{ . /] g
ord R, 2V - i+ (k=1,2,...,1).

e

Further all factors Tq.& are Holynomials, The eguation for ‘ﬁobi

KL
impllieg thercfore that

ord(a L. )2 V-1+7

and hence that

orcd A 2 V-1+1-0ord L;z'Vw(P +1-1).
o 1 O

This inecguality means that ao has the {form

Velr +1-1)
a, = (z-c) T

where &1 18 a second peolynomial not i1dentically zero, It also fol-
LOWS that
deg £ 2V - (r +1-1)
e
We next establish also an upper bound for deg z&o, Let 0 he the
largest of the degrees of all nolynomials

[
L

ﬁ,qum

S>incce, by agsumption,

max(deg P.,...,deg P_) = U,
d m
the recursive formulee for the P lead at once ToO the inegualities

K x.

deg P < U + (km’l)q.

Therefore, from its definition as s determinant, |
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f'rom now we shall restrict our o v to the case when K

U O
18 the complex number fi2ld, ¢=0, and all serice
1

cS are convargent for
2a1lt z, It will in fact be necogsary to regctrict the functions f(z)
still further, and this is due entircly to reagons unconnected with

tne orevious thoory.,

Let it be an arbitrary algebraic number fi2ld of finite degrec
n over ths rational ficld. The nowor series
o 0
N o=} )

-

5 salid to be an E-function if the fcllowing conditions hold:
O

1) All coefficients >, arc 1n K.
2) If & >0 ig arvltrarily smaell and{ﬁni denotes the maximum of the
{

absolute valuss of ¢ and all its conjugates with respect to K,

L}

s

N e
| 2pl= 0nT ).
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Thus, in particular, f(z) converges for all z.

3) For each n=0,1,2,... there exists a smallest nosltive integer q
such that aAll Droducts
Of O .2 e o o 5 C
n" o’ YR~ b
dre algebralic integers. We assume that also
I &
ao= 0(n" 7).
.11 k
By way c¢f example,
- S SR ¢
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18 an L-Tunction, and sc is every polynomlal with coefficients in K.
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If f{z) 1is an L-function, so disg f'{z). One further shows without
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Aifriculty that sum, differecncce, and product of I-functions are I-
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functions, and that if f(z) is an E-function and 2 is any number in

K, f(az) is likecwisc an E-function.
tnag,

Je shall i Tuture always assume that the linecar differential

eguations m
<7 1 I ’ oy - -~ 2 y
?1{ o 5:. Q"lr e ( & ) A < K=, ... -9m>
o= T
nave coefficients Q  (z) which are rational functions of z with

cefflcients in K. It would suffice to assume that the coefficients
of' these raticnal functions are algebraic numbers, as we could then

take for K simply any finite extension of the rational field con-
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