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Matematica. — On formal power series as integrals of algebraic
drffercitial cquations. Nota di Kurr Manver, presentata @ dal Socio

B. SEGrE.
Lie peciitory of ey dear friend Jan Poples.

RiiAsso Nt Stostabilisce Pesistenza di due costantt reali positive ~ v, siffatte che
i1 i 4
[av)
per una qualsiast serie formale di potenze },f,{ o cocthicienty f} complesst che sia soluzione
i !

diuna qualche equazione  differenziale algebrica,  debba risultare f/; : Yl{// Y per

Vi [S TN B

The following result will hie proved.  Let
oo

roN

;

)
be a formal power series with complex coefticients which satisties any alechraie differential

equation.  Then two positive constants vy, and v, exist such that

7

. Yo for all /4.
This estimate 15 the best possible. For af s any positive integer, the series

o0

pIRVANERL

Lo
15 known to satisfy o hnear differential equation with coctfleients that are polvnomials m z,

1. Denote by Koan arbitrary subheld of the complex number field ¢

and by K* the ring of all formal power series

o0 (e V)
4 o 3
o o N
VAR Ly et cte,
AN /]

with coefheients /7, ¢, - in K. Here sum and product are as usual
RE RG] |

defined by

[a¥) ok A
W Ol ul
R N )
JET SRS S DN e
0 0V ,
and the clements @ of Koare identified with the special series
fa )
Nl
a -t L SR

i

and play the role of constants,

4y Nella seduta det 20 tebbraio 1971,
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Differentiation in K* is defined formally by

( ~(2) N, N sy N '
A Y P Ry R
dz" Joh '
a notation used also for £ — o when

() -

VAR
In particular,

ds

L O if and only if f =ac€K.

The usual rules for the derivatives of sum, difference, and product hold also
in K7
An important manping from K into K is defined by the formal substi-
] Pt tal J

tution z = o. For this substitution we use the notation

.
f‘O,} f 0 Jo-

More generally

(o) = f“ kS

2. This paper is concerned with power series

oo
o 1

o

in K* which satisfv anv algebraic differential equation

NPV (),
F G - e O .
Here T (250w, 20y, -+, w,,) %= 0 denotes a polynomial in the indeterminates

Ly 10y -y ae, with coefficients in some extension field of K. By a

well known method from lincar algebra f can then be shown to satisfy
also an algebraic differential cquation (I7) with coefficients in K; only this
case will therefore from now on be considered.

Put

F (z 0,0, t@,) — Flogwy,wy, -, w,) WO, L),

and

1 (20 — F (g2, w -, w”) (L O, 1, -, ),

1‘, N
(1)

where 2o denotes an indeterminate element of K*. There is no loss of gene-

rality in assuming that both

(1) 40
and
(2) N6
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The integer m = o is thus the exact order of the differential equation (F);
when 72 = o, (F) becomes an algebraic equation for f, a case which nced

not be excluded.

3. ‘The differential operator F((ze)) has the explicit form

P
S

F(()) = g Piwylz) P O

Here the summation

S

()
extends over all ordered systems
(7)== (e ey %)
of integers for which

(1) Oy e, 0 A o A Ay ey O N =,

where 2 is a fixed positive integer, and the py () are polynomials in K[s].
The integer N mav vary with the system (%), and there is just one improper
svstem (%) denoted by (@) for which N =~ o, The term in (3) correspond-
ing to (») == (@) has the form

D (2)

and thus has no factors ¢, hut is a polvnomial in 2 alone.

4. An explicit expression for the successive derivatives

FO ) = { o | Pl 12,3,

dz
of F((z)) can be obtained by means of the following simple lemma.
TEMMA 1: Lot o 1 and N >0 be arbitrary inlegers, and let
Ty T, T

be any N-b1 elements of K*. Then
3

Chgy) (hy) (hy)
. d 2 i . W E Wy 0 W, 1 W N
z B N [ap { e LT . — e e o —
(3) ((LJ (o 2y W) Ty Rl Ml It

where the swmnation extends over all ordered systems of N -1 integers

Koy ALy« sy AN Satisfving

o0, 0, AN 220 7\0Jf“)\lfIL_'.'Mgi)\N::/L'
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Proof. The assertion is evident when / 1. Assume it has already been estabhished
for some 42 - 1. We now show that then 1t holds also for 4 - 1 and henee s always true.
On differentiating (5),
N (hegy) CNERS)
(4o - ¥ AR “
‘ i o Wy &N /l ot N R
baz hgrhps by ve=0 Ay Foy /N
N 14(“) ) ’(u‘) ’(u )
S AN w, ey Tt
/! e e ) . . .
Bgeligs sy V=0 Yo Uy IAN
where the new summation extends over all ordered systems of N oy
satisfying
Lo 2O, U1 om0,y 0O b g b U e
Since thus
N
w
2t 2 v / 1!
AU §
the assertion follows.
5. Apply Lemma 1 to all the separate terms
. 7“(7‘\’
in the formula (3) for 1 then that
(7y) N (g -+ hyq) (% )
) . 0Ty g by RGN
-~ SU’)//, N A \ﬁ Al /)k"’) = w ks
(6 FO () = 2! 25 D, iy o
" 0 1
2y 4]
Here the inner summation
y 1
e
1]
extends over all ordered systems (4] == [ho, 21, -, Ax] of N-—1 integers
p ’ 3 { =

for which

[N ) - /;

\7) VA ,‘(),‘/\} . '(),“"}\f\f O N 70 AR 7N /L,

and N denotes the same integer as for the svstem (%), There is exactly one

term

in the development (6) for which N == o. This term does not involve 2o, and

it vanishes as soon as /% exceeds the degree of the polynomial p 0

6. From its definition, F¥((z¢)) is a polynomial in = and 2,20, - 70

U

We next show that, for sufficiently large 4, 1
tive w'®.
Let 7 be any integer in the interval

I i
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laol

and define £ in terms of /2 by
b=l — .
Further denote by
PG )

L

the sum of all terms on the right-hand side of (6) which have at least one

factor ' and denote by

(R g s () . . .
to ey ee™ which are obtained from

the sum of all those contributions to

the 4 ¢ derivative

o ( d Y .
° \d:) I

£ the term

(

R E A = Ly Say,

i the representation (3) It is then clear that

. WY B
¢ «3 1 ({7¢r))
9 A_‘IM) Lw ),

{(n)
and that further
7)) o .

Henee there are non-zero contributions only from those terms /¢, for which

) 10y and therefore 1 - N <2,

7. Let now v be any element of the set {1, 2+, N}, and let v be

anv clement of this set which is distinet from v, It is obvious that the binomial

cocfficient

vantshes 1t either
koon, L0 or ke—n, o /.
[t suthces therefore to consider those suffixes v for which

O h——n, < /.

Such sufthxes widl be said to be adwiissible.

~

To every admissible suffix v there exist systems |
of N1 integers satisfying both

7 Jo O LA O, AN O Ay b A AN e
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and
(10) P W -
Hence, by the definitions ot 7 and 4,
e e 0 Al B B U OV R TN B/ Ay A /; )
and therefore
T < /2[ I Y SR /21 oo == fo o g - /j o=k
It follows that the corresponding term
/)i'/; () ot CNEN -
e PN = Teyn say,

on the right-hand side of (8) has one and only one factor @',

Henee the

. . . . AE g e
contribution from 1('/3,[&] to l*w {(z)) is equal to
L (hy), - (= )
T Le o
J'U(’{) 7l 7*0 ! N ryr !
On the other hand, by Lemma 1, also
. (hy) .
—kin f ‘. [CE ]
d N o Gty ) . N /’( ) \~) !
) pH (s .y /- ! ‘*s o
Lz ) (p(‘/v)\ ) ];,I “ ) ( ) 2! H v a

. A - .
where the summation Z is extended only over those systems [7] which have

inl
both properties (7) and (10).  Therefore
Z‘/ ol O ( /A R / (1) .
: B ) ((1'7 ) / ><3> H?U ) rrrrr
[l L w v < v
7 d b i, 3 ) )
o S R (-
=07, j e ey (BB,
’ e Saw Y
whence, on summing over v o= 1,2, -, N,
N b s
(/, 5 o [k d voood P IR CRN
E ((er)) = 2‘1 k/ _/'v\) ( o ) e \P(»/.)<"’/ 2 W
- e

Here

of the factor ( }:: 0.

i~

2
po-

the terms belonging to non-admissible suffixes v

vanish on account

The formula so obtained may also he written as

B

£

(kY o Rl /2 [ d K4 i J
F9 (o)) — }zﬂ(\,&n%)\ o y

(2y) ()
e \p()v’/“’ ey
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because
0 7,,(‘1\)\‘ — \1‘ ¢ (7 [aY ,( 1 /</\)\
- iIuj\ & J T d N (/\) ‘\/)(M\N/ (e pei
W v S

. Y o - . .-
where v in >_‘ runs over all suthxes 1,2 ,---, N which satisfy », == u.
-

Finally, by

and ‘i‘);’;

P ok N d Ve
SRy o ,ﬂ L s ) NONCIY)
poo AT as
where, as in § 2, 17, enotes the partial derivative of F((ze)) with respect

to @', This formula is due to A. Hurwitz (1889) and S. Kakeya (1913).

8. The basic identities (6) and (11) hold for all elements w of K*

We apply them now to the integral £ of (). We so firstly obtain the equations

Sty /(-/.\ ) ’
() FO) v 0 UEnzs),
- P . A1 -
and secondly, for all /Z-1,2,3,--+ and all j-—o,1,---, © ~, find that

1 —k+n

\ C Hys SN
MRV Fa (7)),

. . . P ~ ,k (b m—g) - 3\
a formula which gives the coefficients of f% -~ f in (12).

In (12) and (13) we finally put z=o0. Since

(%)
(7)

(o) and f(/” } =il f,,

(h
/)\

e .+ (0)
, N I \*\ AR
(I4) /! “d }_{ W

= 1

e

J

(/]:,::132‘5’.../».

Furthermore, the coctheient of 41/, on the left hand side is given by

y: 2

¥

BBy s e s </ AN d kb
I<‘ [t b} — \) { N | 1
D) o lf-‘lj\w‘,”)t([g)

Here the expressions IF,, (/) are clements of K* hence have the explicit
form

n S N Al ~ o/ _ y
Foo(F) = X Fyi (0,1, m)
fo= )

with certain coefficients I, , in K. Thus

Jo—f )V Eo s for all 2 and w.
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Therefore further

R
SR oY S - B
OOy = 200, e e L w s
i} wo el
whence, on replacing @ by 2z - poand remembering that £ 2 w o /,
oo S ‘ N 7 ;o . -
(\I:)) b \\f)) i 0 2{) (] '-IL) /\_/ T {*1') ! }mr—q(,j«-p B
= Mo :

All these expressions are polynomials in 2 with cocfficients in K. We
can easily prove that they do not all vanish identicallv. For by hyvpothesis,

w2 Fony (D) 420

Henee the coctficients 19, do not all vanish, and so there exists an integer
Lo,

such that

I:U/,() - Flu,l T l“w,lnl, S0, I)Ut 14‘7’}/./ ER NN

Thus, on choosing j -7 and £ | w1,
s

N R IR

ot I

IR
is a polyvnomial in /2 of the exact degree 7 and certainly does not vanish iden-
trcally.

It follows that there exists a smallest integer s satistfyving

I 4
such that the polyvnomial (13 vanishes identically in 4 for /=0, 1, 5 — 1,
but that the polvnomial

A
WA o /i . .
v )\'\j ) . Z (\‘7 4;,) ool where 4 ey
ER wo R
is not identically zero. On changing over from /7 to £, put

i

(A [ .
)\/\f)> "’ )M; Z;) (\/‘ \y,}// U‘J \) S M) ! bmw TR

L o

I3

- . NGESIZA RN
(10) alk)y - FUT
Then ¢ £ is now a polynomial in £ which likewise does not vanish identically.
% pory )
With s, 4, and @(&) as just defined, we can now assert that for
o= f—— s 25 -1

and hence for

O A S S
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the left-hand side of the cquation (14 involves at

,/Vu /I y T T

of /, but is free ot

Furthermore, on this left-hand side, 21/, has the

0. The result just proved will enable us now

febbraio

most

exact

to find

equations and inequalities for the coefficients f; of £

Put, firstly,

AV ’ and B(4)

and, sccondly,

A& aky o k)
so that evidently all three

CXPressions
n £

a2 (k)

which do not

Thirdly,

vanish identically.
denote by

D G So S e 0

the double

SU
. . % M)l P S !
) N ¥ \ 1 “ N N/ .
— P FA 5
17 ? 12 \7) }_,‘ . hl ! ,/;:
() [A] 0

where the asterisk at )

(w)  [A]

Jeslie v Sen
are to be omitted.
With this notation, we arrive at the basic
) Ak Sy s Sos S See) -

Here the polynonial

Ak s

large integer,

not identically zero,

any sufhciently then

\l()/ \ /’ O if /L A’();

Thus, whenever £ £q, then the recursive formula
nomial in fo, /1, fh -
establish an

upper estimate for |/ .

and henee,

1971

the cocfhicients

factor

recursive formula

we shall

[44]

FCCUrsive

i% L - n 1 . - ~
od Z significs that all terms having one of the factors

i £y denotes

(17) expresses f, as a poly-
By means of this representation,
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o0
(St

10.  For the moment, denote by %y, %, -, %y arbitrary non-negative

integers, and put

{7y, +1)
PR IS v (
w, = %, ! (1—2) (v
so that
(ha,) (i hy+1)
v \ \ Vi v
7wy ) b z) 2
and also
I ( d ‘\;’ py N
) V(e 2o - e e 2
At Ldz ) VO N/
% %y ey AN —rgtrg
DT T ! N - ’
= %o ) %y ! NS . o | (1
Ko T A AN T
On the other hand, by Lemma 1,
1od \/’" .
A ((}ﬁ | LWy - wWy)
E %o 4 ho)! (>t -1 g gty
g ks ok, Mo A

fu A+ NET)

N

where the summation again extends over all systems [3] with the properties (7).

On comparing these two formulae, we obtain the identity

20 2"‘ (%o + ro)l (b A !
N/ ! );‘!

%] 0 -

r) ! (Aot+ng - by AN

oty ey BN

Here assume that

%y O ;O w0y ;1 <. N
Then
O < wg %y - Fuy N we 1)
and so the binomial coefficient
[ %o 'f‘xl = o] Ay w// =N . . N (e -1y n
( s , L= {A e D) e
E S S SR S

The identity (19) implies therefore for all systems

L ~ (g g (v +2) . . NOES Y
(21) P ARV T S O FS
. ISR Al A ’

L&

S

) as before that

11. The operator F((a)) depends on only finitely many polynomials

), and these together have only finitely many coefficients

Oy
" (o)

/)(,f)'

Y]
A“ .
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The maximum

()
| 7 (O> |
Co == MAX |~
0 N
(), [A] 0

of the absolute values of all these cocfficients is then a finite positive constant
which, naturally, does not depend on 4.
On the nght-hand side of the formula (17) for ¢,, the double sum
Z* is a subsum of the double sum X, 3. It follows then from (17) that
Gy el [ESIRYS
(22) VA Sl < 18- e - m™ {le -+ (m -+ 1)y — - s 3D

1w K 4 ..
s g fen .

where max™ is extended over all pairs of systems (%, [A] for which

(23) P N<m ; o<y -+ <h—1, 1,0 ny+hy<h—1.

The estimate (22) can be slightly simplified.  Let £ be the same constant
as in (191, There exist then two further positive constants ¢; and ¢y, both
independent of 4, such that

P S ‘ =
iA(/-“)ﬁ”“‘k for £ = Ay,
and hence also
LBAY 2 | I m LA X2 ~.
(24) | ‘\E/)\ R R U S T R S O e R B Sy for & /.

Next, with any two systems () and [1] we can associate a further ordered
system of Nointegers {v} == {v;,- -+, v} by putting

(25) K SRS TERRFRINE AN RSN
Then, by (23,
(20) 1< N<n;, o<y, < k-1, -,0<v <<hk—1.
Further, by the properties of () and [a],
Vi by (g ) ek gy e sy

and hence there exists a further positive constant ¢y independent of £ such
that

(27) Vi vy A ey
It follows therefore finally from (22) and (24) that

(28) ¥ S/ZQ"?%X [ foy o] for /£ kg,

where the maximun is extended over all systems {v} with the properties (26)
and (27).
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12, We mav now, without loss of generality, assume that
; )
20 Ry o Cy I
Choose any Ay positive numbers g, 2, 2y, 1 such that
(30 Oty ty e iy, and L et for koL, Ry
and then, for cach suthx £ - 4y, define recursively a number #; by the
cquation
31 7 oy log £ AN ff//\,‘ 2, ).
, AN N
(v

[Here (vl s to run again over all svstems of integers with the properties
and 27,

For use below, denote by S, the set of all such systems {v].
We assert that with this definition of 2,

L
&9

for all suffixes £ ~o0.

Ia¥

For this is certainly true tor £

1, and it is for larger £ a consequence
of (28 and (31) because

exp ey log £ -+ max (u, cee by, ) e ek

Lot now again & - ko, hence, by (29),

# Coy oo 1

The recursive formula (30 imphies then that

WD
. Lot . . .
330 Uyt cylog MAX (7e, e by ) IAN (2 e Py )
0 i ! - Q i N -
Les, vies,

[ere S, evidently is a subsct of Sp ;5 the maximum over 5, is therefore
not less than that over S, and so (33) implics that

s
BN

Uy i, oy log

, e for £ - ky.
"

Together with the first incqualities (30), this proves that the numbers
form a strictly inereasing sequence of  positive numbers,

13. Consider now any system T T in Sy, at which
the maximum

max. (b iy )
L es,

is attained.  Since the numbers w, are positive and strictly increasing, the
suthxes T, - -

. , Ty cannot all be zero; morcover, since
T, S T £ g i1 and £ o, R
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at most one of these suffixes can be as large as £ Denote by

O

the Targest of the suffixes =, -, = ,, of one of them if several of these

sutfixes have the same maximum value.  The other suffixes

wl,“',u\, |

are then non-negative and less than £ Henee the system (07 (ol - v
defined by
0 7K N0 — — il —
N N — T C Ve T | Yoo = Toya I O
belongs to the set 5., and therefore
AN (g, L bty g et
VLo
max  (n, ey (115, Moo 1)
VRS, ! N
Here
7 a1 max  (uy —12,)
vk

Thercfore, on combining the cquation (330 with these two inequalities, i
follows that
| , .
35) gy — g = oy log T | max Uy iy i, for £ o
’ VO
rp. Iinally put
vp o wty gy and o max (o, vy L, Ua )
so that ¢ is a further positive constant independent of £ Now, by (33
Ao - ;
vyl oy log | maxoo for koo fy,
viobolo ok
or equivalently,
Yot i ) N -
e oy log ; bomax (o, o, U iy, U y) for & - /ko.
This inequality implics that
PR ) ST .
(30) v, ey log ) by for £ Ao
0

For this assertion certainly is true if £ Ao Assume then that £ o Ay and
that the assertion has already heen proved for all suffixes up to and including

£ 1. Then

Max (o, o, Uy, ) oo log ey
o]
whence
loo | | /e 1 % i
(’/ o OF Oy 1O [ ('Z_, l)(&f (‘,
£ - Ly Lo
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This proves that the estimate (36) holds also for the suffix £ and therefore
is alwavs true.
On putting
5 oy calog &y,

the inequality (36) shows that

gy g e log (k1) for & ko
We apply this formula for the successive suffixes Ao, Ay = 1, £ —1,

and add all the results. This leads to the estimate

ty <oy, booy log (R kWD) boos Uk Ry) for £ - ky,

which, by (32), is cquivalent to

If;g k o é’l%"

In this formula, £! increases more rapidly than any exponential function

ot k)

AN for & = .

of £. We arrive then finally at the following result where we have replaced
the suffix £ again by /.

THEOREM: Let
o0
Rl
i 7
e 20
=)
be a formal poweer series with real or complex coefficients which satisfies an alge-
braic differential equation. Then there cxist two positive constants vy, and v,

'y
such that

37 ol ey " =0, 1,2,

By way of example, one can casily show that if 7 is any positive integer,
then

e

S X by 2
e

satisfies a linear differential equation, with cocfficients that are polynomials
in z. It is thus in general not possible to improve on the estimate (37).

The theorem seems to be new.  In §§ 12414, its proof makes use of an idea by a
voung Canberra mathematician, Mr. AL N, Stokes. For the technique of applying the algebraie
differential equation to the coefficients /£, 1 am of course greatly indebted to Popken’s doctor
thests (1935).
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