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Matematica. — A remark on algebraic differential equations.
Nota di Kurt Manregr, presentata @ dal Socio B. Suari

Riassunto. — Sia / una serie di potenze formale in un’indeterminata z, a cocfficienti
in un qualsiasi campo di caratteristica zero. 51 dimostra che, se / soddisfa ad un’equazione
differenziale algebrica (alle derivate ordinarie rispetto alla

e coefficienti 1 un campo di
caratteristica zero, allora / soddisfa di conseguenza ad un’equazione differenziale algebrica
a cocfficientt interi.

Consider an analytic function @ == f(z) which satisfies an algebraic dif-
ferential equation

o ay A (7)) — -
J‘ (S yW o, W, "gg/\’")) == 0.

Here I' denotes a polynomial in 2z, e ', - @« with coefficients that
may depend on any set of parameters independent of 2, and the order 7 may
be any non-negative integer.

It is clear that w - / (z) satishies not only I' = o, but infinitely many
other algebraic differential cqn(muns as well.  We shall prove in this note

that «w == / (s) in particular satisfies an algebraic differential equation

Gile w o .. _’ﬂ,{,(?\a)} .

{ o }
& sw,w,

-0

where G is a polynomial in z 70,2, -, ™ with constant rational integral
coeffictents, but of an order M which possibly may be greater than wz.  This
is a rather surprising result because there exist only countably many distinct
algebraic differential equations (¢ == o of this kind.

The proof is purely algebraic. It applies without change to formal power
series with coefficients in any field of characteristic zero. Therefore only this
more general case will bhe considered.

1. Let L be a field of characteristic zero, and 2z an indeterminate.
Denote by L™ the ring of all formal power serics

oo o0
Wl % |
. pw3 / ot
S=X AT g Dmt et
fe=0)

Jr==0)

in z with coefficients /; , g, , cte.,, in L. Here the sum and the product of such
series are as usual defined by

S s Z‘Z/f" g /&Z(ﬁf,{s", —Ag)ﬂ",

Nella seduta del 17 aprile 1971,
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and the elements @ of L oare identified with the special power scries

o0
N % 3 7
a=ca - 2 0-z"
Jre= g

in I." and play the role of constants.

Differentiation in L7 is defined formally by

It satisfies the usual rules for the derivatives of sums, differences, and pro-

ducts, and the equation

-0
implies that /=« is a constant, i.c. an clement of L.
I
fe)
6
f= 2 fis
A0
is any series in L7, we denote by

(,2 (f() 7;/‘41 :r/ng 3t >

the ficld which is obtained by adjoining all the coefhcients /,

of / to the

rational number ficld Q. Thus K, is a subficld of I and depends on the parti-
cular power series / which is studied.

To shorten the text, the term Ziguation with a capital £ is always to

mean ‘< algebraic differential equation’’

2. PFrom now on let

be a fixed power series in L7 which satisfics an IEquation
|
(B ' (zy00, 0w - ) == 0

of arbitrary order » > o and with cocfficients in L. On differentiating this
‘LCqU;ltim; repeatedly and applving algebraic operations to the results, we
can obtain infinitely many other Equations for f over L, 1.e. with coefhicients
in L.

Whenever the polynomial I' can be factorised into a product of polyno-
mials with <‘(><tﬁi<jicm's in L, at least onc of the factors vanishes at w = f.
If suffices therefore to consider only those Equations (F) in which I' is an
drreducidle polynomial over 1. We are, in addition, allowed to assume that
(I) is of lowest possible order s, and that among all Equations for / over L

of this order #z, it is also of lowest possible degree in wt™, the degree 2 say.
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The Equation for / so defined is unique up to a factor in L. For if there were
two such Equations, F = o and I'* — 0 say, we could eliminate the terms
in ™ * from them and obtain a new Iftquation F** = o for f over L which
has either lower order m or lower degree 7 than I' == o.

The Equation (I) for / over L fixed by these two properties of being
irreducible and having smallest 2 and 7 will be called the defining Fouation
for foover L.

To simplify the notation, we write from now on

s, w e wt)

F ((w)) = F (2

and put

F; (w)) = — fm Flzw,w, - wm)

o7

s 1 ’.,,}ﬁ/)’

and similarly for other differential polynomials. If (1) is the defining Equation

for f over L., then evidently
F{f) = but I7, ((f))-

For IV, (2)) does not vanish identically and has cither lower order, or the same

order but lower degree, than T ((w)).

3. Let again (I) be the defining Equation for f/ over .. In explicit
torm, I' ((z)) 1s a finite sum

.
F (('Zf/)» o Z I, s ’ZU\"") 7' Vo1, - 7)) e
o=l

of monomials where the coefficients I, lie in 1. and the v's are non-negative

integers.  On substituting z = f, the monomials take the form

Yo uO (’"> Yo 0\; T A Ve R
f / Z‘ l\)/l"':',v 1\9"'[:2)*"'91}3
h=0)

. . . S * . .
of power series in K;, and the one LEquation

0

changes into the infinite system of homogencous linear equations

,
Z{ F, Y=o (h=0,1,2,"-)
Q

for the coefficients I, of I'((w)). Since F((2)) is not identically zero, these

equations possess a solution [5,---, F, distinct from the trivial solution
0,-++,0. On the other hand, the coefficients Y, of the linear equations lie
in K. It follows then from linear algebra that there exists also a set of elements

K % ~ - . .
Fy,--o, F, of K, distinct from o,---, 0 such that

s

,
UK e p

Zl'qlqb*“o (h=0,1,2, -
p=1
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¥ . N .
Denote by ¥ the new differential polynomial
POy
- v
F¥((w)) == E Y2 ez el et
o

Then also F* is not identically zero, and f satisfics the Equation
() o

over K, The reduction process of § 2, with L. replaced by K, may now
be applied to this Equation and leads to the vesult that

S has a defining Fquation over K.

From now on we shall assume that (1) itsell is already this defining Equation

over K.

4. On differentiating the formula I (/) == o repeatedly, afterwards
making use of the inequality I, (/) =0 and putting & -~ o, it can be proved
that the coefficients f, of / satisfy a recursive formula

<2> A (ﬁ>Jf/I =9, <f() 7f] y T "f/l,,_1>

as soon as the suffix /% is sutficiently Targe. Tlere A (2) is a polynomial in /
with cocfficients in K, which does not vanish identically.  Further, for cach
suffix /o, 0, (f,, /- ./, ) is a polvnomial in /., / -+, 7, |, with coeffi-
cients that are linear forms in the cocthicients of I 7)) with rational coeffi-
cients, hence also lic in K, This result secms to be due to AL Hurwitz (1889).
Detailed proofs can be found, c.g., in the Pho Do thesis by Jan Popken (1933),
or in my recent paper (Mahler 1971).
Denote by /7 the smallest integer such that both

Ao for ol

and that the recursive formula (2) holds for Z-/,. This formula allows
then to express successively all coetficients /& with /22 /iy rationally with
rational coctficients in

(i) the finitely many cocfficients of F ((e)) and A (%), and
(if) the coefficients /o, /), -/, ;-

Since K, -0 (fo JioSe ), we deduce then immediately the important
consequence that

The field K, is a finite extension of Q.

This extension naturally may be algebraic or transcendental.
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5. From general field theory, the relation between @ and K, can be
described in the following more explicit forn.
The field K, can be obtained as a jinite extension

Ky Qlsy,o,8,7)

of the rational number field Q. Here sy .-+, s, are finitely many elements of
K, which are algebraically independent over O, and t is a further element of
K, which is algebraic over the intermediate extension field | = Q (51,0, 5,0

The integer » is the degree of transcendency of K, over @ and is a non-
negative integer. 1t may have the value » — o, in which case K, is an alge-
hraic number field of fnite degree over Q.

The element # of K, can always be chosen so as to be entire over the
polynomial ring P = O sy ,---, 5], The irreducible algebraic  equation
for 7 over this ring has then the form

7 P [ o
(3) Z*S*(ZICS'I,"',S,)Z‘ ‘l"""f’("u,’(*yl5"':Sr> == 0.
Here the degree o is some positive integer, and the coefficients
. ) o
41 ksj [ ',J,,) y o ')"’z/K‘cls' ° '757>
are polynomials in the polynomial ving P Let

A

be the & roots of this equation (3).

6. By hypothesis, IF (7)) is irreducible over K, and has cocfficients
in K. Any non-zero factors of I'((z)) not involving iy, w e w
are irrelevant and may be omitted.  Therefore, without loss of generality,
we can write

F (@) == ® (z;0w, 0w, - w5y, 5,,8) == O (w LSt S, 1),
where @ is a polynomial in z,ew @', w5y, 5, and ¢ which is

not identically zero and has rational coefficients.
Iere we can remove ¢ by forming the norm

=1
1}:"(3;70770”. . ','ZU()’O;Sl,' . "‘Yr) e t{ﬁ<<?ﬂ[‘\.17' Sy 5,>> e DIIO @((wisl,' . ',S,,,l(m))).

From the form of the equation () for Ay (2| sy, -+, 5,)) is then a poly-
nomial in #,ew 2, 2w, s, -+, s, with rational cocfficients which does
not vanish identically, and / satisfies the Fquation

ks ((Zé/ ‘1 Sty 51’)) O

This is an Equation for f over the field | = O (s, -+, s,). The reduction
process in § 2 enables us to derive from it also a defining Equation

(4) Nz w,w, - w5, 5,) = X ({(w/|sy, -+, 8)) =0



[170] KURT MAHLER, A remark on algebraic differential equations 407

for f over J. Here X is an irreducible polynomial in z , w, @', - -, 0™ |5y - - -5,

with rational coefficients, of smallest order p and smallest degree v say,

7

which vanishes for w =

7. The Equation (4) may still involve the » quantities sy ,---. 5, in K,

which, by hypothesis, are algebraically independent over O or one or more
of these quantities may have disappeared in the process of forming the
Fquation (4). Let us assume that there exist a positive integer o and p suffixes
7y, 7, satisfying

I~ o~ 7r , D<oy <l7g < <y
such that there exists a defining Equation for / over the field Q /?'1 Sy ),
o/
but that there is no such defining Iquation over any subfield Q (s, ,---, s, )
containing at most g — 1 of the quantities Seat s Sy

The defining Equation for f over Q{x,l,- -+, s, ) has the form

0/

R 7/ O S Y (e | s C 8 )) =

i

where the differential polynomial Y, say of order e, is an irreducible poly-

nomial in =z, w, w, - @ ettt Sy with rational coefficients.  From
the definition, Y contains the quantity s, —explicitly,

<

—+=0

oSy,

We form the further partial derivatives

[ N FTPE I RS
LS ' Sr, )) A Y ((wls, , \,J)) ,
\/;/\ « ‘; V,] ’ ’ \]J\") ?7(»(j) \ <‘{‘A' i 5"1 ’ T ‘»’\)>/} ,‘] =0,1, » 7}7))
and put
e
' \ f Rl
S yS)) T Y, (s, -, ?V“» Y, ((ze | 5
b N =0
I'hen
| R d I | . . ; o
NS S ) = 2 Y ()5, , ‘s,,Q)) identically in zo.

By hypothesis, w ==/ satisfies the Kquation

" 7 (e | e
(3:) ¥ WSy ‘er,)) Y

and hence also the ILquation

P %
(6) Yo (s, 8)) = 0.

On the other hand, since (5) is a defining cquation for / and is of order m,
necessarily

(7) m\\jgs,lf»~,5,u)}-§z 0.
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This property holds in particular in the special case when the coefficients

7, are complex numbers and / has a circle of convergence, hence when f == /(

defines an analytic function of =
0. We had found that

I{/ ”0\/J'/«1/_>7/\ o (,) ‘»i“’lw »""‘Sf’f:}'

Here sy,---, s, are finitely many elements of K, which are algebraically
1) y V7 > 2

independent over Q, and # is a root of the irreducible equation
p d , N g1 " Vi N .
(3) Loep Sy, )2 Feeemey Sy, 8) =0

In terms of sy, -+, s,, and £, cach coefhicient £, of / can be written in the form

(O» 2_‘7/16\19 Ty

e

= R, sy, 5., 2) say,

where the 7,y are rational functions of s, -, s, with rational coefficients.
Denote now by s, ,---, 8, a sct of 7 independent indeterminates over O
J L 7 ] P

{

and by ¢ the aloebraic function of s, ,---, s, defined by the equation
J o 1 ) Sy h i

(10) t b (s, st boorbegls),oo8,) 0.
Further put

N\ \ ! N / N h 2] . N
(\II/‘V f/zr ) Z//?h ‘/\SJ"'-’ST;’ 0 1\/1(&} gty S, ),

L)

and denote by f the formal power serics

e Lf,

s

This series is associated with the algebraic function field
'Cﬁ)(.f();fl “f'l y 1 ',‘; - 7(;:)"’\81 YUy 8, t,/

which, for » = o, becomes an algebraic number field.

By hypothesis, the Equation

Glzrw,w, - . 7o o

for the series 7o = / has rational coctficients which are independent of sy, -« - s,
- I 1 y Dy
and # It is also clear that the isomorphic mapping
’\SI :"'x\\ﬂraf) :;(\Sl s Sy, t)’
prvm‘-r\‘&ﬁ all rational relations over Q. It follows therefore that not only
= 7, but also
w == f satisfies the liguation () .
We say that f is an indeterminate solution of the Equation, to distinguish it
from the determinate solution f from which we started.
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1o.  An advantageous way of sclecting the indeterminates sy, -+, s
of 7/, and correspondingly the indeterminates s, -+, s, of f, is as follows.
Take sy = f;, where /Z; —- 0 is the smallest sutix such that £, is trans-

1 Sy { 7y

2 1
Continuing in this manner

cendental over . Next take sy =/, where /4, = /. is the smallest suffix such

that 7, is transcendental over O ( , finally select

a smallest suffix 4, = /2,y such that £, is transcendental over Q Uiy 5T
but that 7, for /2 >~ /7, is algebraic over O (Sa, s+ /s, This construction

/
fixes the algebraically independent quantities

SL==Sag s S =y where 0 <y <y <<+ << 4,

r

of K, and ¢ in
Ky=Q oy /a08)

y
can then be chosen so as to satisfy an irreducible equation (3) with polynomial
coefficients.
For the indeterminate solution f we find similarly that
(12) s =Lus, =0, and Ke=Q U, - f,, 0.
The ordered set
WAy =0y R}

is called the suffix set of both / and f, and » is its dimension. Both {4} and »
vary for the different solution of (), and {/} may have infinitely many
distincet possibilities.
To give an example, the Equation
ww' w' A w?w' — 2ww'? = o

has amongst others the special solutions

f ’f/w” /‘7 SO, L, 2,

~—

which belong to the suffix sets {o}, {1}, {2}, -, respectively.

By making use of the indeterminate solutions and choosing the indeter-
minates sy ,- -+, s, as in (12), it can be proved that

o<r-<M

for every Equation (G) of order M. This generalises the classical theorem of
analysis that the general integral of an Equation of order M depends on M
constants of integration.

1. Let as before

Glzyw,w, - w)=o

be the defining ILquation for both / and f. The derivatives

7

(M NOW
), = G
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are polynomials with rational cocthicients in 2w @', -« @M and f

and f satisfv the relations

Gy e M A
G o fof o f "o and

(M - 7)

,,f‘ ‘ ) = O

(o=0,1,2, ).

. * .
Here substitute 2 = o so that /% and £ become £ f, and £ f,, respectively.

We obtain then the two infinite systems ol algebraic equations

fom ~ () i 77 N 7 o N
(13) Go s fy, v fp 2y (M) L ) =0 he=0,1,2,00)
and

G" (o fo s VU2 e (M) Ve ) =0 (h=o0,1,2, ).

[t is convenient to interpret these formulae geometrically by considering
7/ and f as points in an infinite dimensional space S, with the coordinates
fordisSoand fo fy fy e, respectively. By (13) and (14), these points
lie on a manifold, M sayv.

This manifold is essentially finite dimensional and algebraic.  I'or by
means of similar considerations as in § 4 it can be proved that there exists
a positive integer A, , and that for cevery suffix £ > £y there is a polynomial

Yalty , Wy ey Weoq)

with rational coefficients, such that

(=2t

Vo Se (S e and fr= g (e ) for & = 4.

Thus the first 4, coordinates of the points / and f determine all the others
rationally, entirely, and with rational coefficients.  However, the integer 7,
and the polynomials ¢, may depend on the particular solutions f and f.

12, One special type of Equation is of particular interest.
Let us assume that in the defining Equation

GGy, w0

for £ and f the polvnomial G does not involve =z explicitly and has rational
integral coefficients.  Also let this Equation have the exact order M so that
the partial derivative

: [ 7 ) 2o (MM
Gy (2o, w - ')

does not vanish identically. Let us consider the first M cocfficients f0 S Sy .
of f as independent indeterminates.  The algebraic cquation

Gfo, tf o, MIf) =0
St

o M/
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defines then f,, as an algebraic function of these indeterminates, and the higher

coefficients fi \ fyr o S n oo become rational functions of f, f -+, fy.

It can in fact be proved that

”1; fo‘f fl\I)

Iver T g L ML (o1,
(M (‘\I \fn xV' f\l

~

A

N2
'~

[\]

Here the H, are polynomials in fo S at most of the total degree

.
/e,
and with rational integral cocfficients at most of the absolute value

Here ¢, and ¢, are two positive constants which do not depend on 4.

The solution f of (G) so defined is of maximum dimension M and belongs
to the suffix set {o, 1,---,M-——1}  On substituting for f,fy, -, fy |
any special complex or p-adic values /), /1, -+, /y

7y from

respectively, determining

-1’

G fy v s ML

and assuming that

(\1\ 0 fl""’M!fM)

we obtain a determinate solution of (G). By the estimates for the degree and
|
|

the height of H,, t h:x formal power series is in fact convergent if |z | in the

complex case and 1, in the p—adic case is not too large.

Since (G) does not involve z explicitly, exactly analogous results hold
in the neighbourhood of any other complex or p-adic point 5 = ¢. We may
consider simultancously these solutions for aH valuations of (. There is
thus something like a global theory of the manifold M, which involves also
the analytic mappings of the neighbourhoods of different points == o and
z == ¢ into cach other.
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