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On the transcendency of the solutions

of a special class of
functional equations

Kurt Mahler

3) and b(w) Dbe two rational functions in 2z or w

cbraic coefficients, where a(0) = 0 and let

[
i
—
r

Jl for n =0,
blw, »n) =

Lb(w+l)b(w+2) ... blwtn) for =n

IV

n)
2
. p . ) N 2 .
Assume that 0 7 |z! <1 , that 2z 1is not a pole of alz | for
J
n = 0 , that w is neither a pole nor a zerc of h(w, n) for
1, and that the series

flz, w) = % aﬁ‘lﬂw,m

n=0
for fixed w is a transcendental function of 5 . Then, if 3
and w are algebraic numbers, f(z, w) 1is a transcendental

number.

In several :rs of almost half a century ago (Mahler [17, [27, (31

i &
see also Mahler [+4]) I studied the transcendency of the solutions of o

general class of functional equations In one or more variables. In the

case of ¢ne variatle, these functional equations were of the form

Received 1 Soptember 1975.



520 Kurt Mahler

ao(z)+al(z)f(zg)+...+ap(z)f(zg)p

bo(z)+bl(z)f(zg)+...+bp(z)f[z‘)p

flz) =

where ¢ = 2 and r are integers such that 1 = » = g-1 , and the factors

aj(z) and bj(z) are polynomials in 2 with algebraic coefficients. By

way of example, the results of this work implied the transcendency of the

series

n o \k

for all algebraic numbers 2z satisfying 0 < {z{ <1 , hence for =z =

the transcendency of

where Fm denotes the mth Fibonacci number.

Recently, Mignotte [5] has proved that also the series

© -1
5? (n!.F n]
n=0 2

is transcendental. His proof is based on Schmidt's deep generalisation of
Roth's Theorem (Schmidt [6]), and this new result of his is mot contained

in my old theorems.

I have therefore recently extended my old method, but in the present
paper I restrict myself to a special case. The new method can almost
certainly be much generalised, and it would have interest to investigate
such generalisations and in particular to work out the extension to an

arbitrary number of variables.

I deal here only with functions f(z, w) which satisfy the functional

equation

flz, w) = alz) + blw)f(s, wa) .

Here alz) $ 0 and b(w) ¥ 0 are two rational functions in =z or w
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with algebraic coefficients, and the method requires that a(0) = 0. On
putting
p(w, 0) =1 , b(w, n) = blwsl)b(w+2) ... blwtn) for n =1, 2, 3, ... ,

the functional equation has the convergent solution

flz, w) = %

OVL
Y a[z"' }b(w, n)
n=0

2]

n
whenever 0 < |zl <1, z 1s not a pole of any function a[zL ] , and w

is not a pole of any function b(w, n) . If w 1is a zero of one of the
functions b(w, n) , the series breaks off after finitely many terms;
this trivial case is therefore also excluded. Let now (z, w) be a pair
of algebraic complex numbers satisfying these restrictions, and assume in

addition that this pair is such that f(z, w) 1is a transcendental function

of the variable ¢ . Then the new method allows to prove that the function
value f(z, w) 1is transcendental. In the special case when
1
a(z) = 2 5 and b(w) = =
1-2 v

and when 2z and w have the algebraic values

-5
z=125 and w = 0 ,

this result immediately gives the theorem by Mignotte.

1.
Throughout this paper, 2 and w are two complex variables, and
alz) £ 0 and bw) f0

are two rational functions which, for the present, may have arbitrary
complex coefficients. We define a sequence of rational functions b(w, n)
by

blw, 0) =1, blw, n) = bw+l)b(w+2) ... blw+m) for =n =1, 2, 3, ... ,

and a function f(z, w) by

. o0 N
(1) fla, w) = ) a[z ]b(w, n)
n=0
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The convergence of this series will be assured by the following

assumptions.

(A) a(0) =0, and =z is not a pole of any one of the functions

(B) w s not a zero or a pole of any one of the functions
b(w, n) (7’121, 2, 3, "-)

By the first assumption, a(z) can be written as a power series

(2) alz) = ¥ Az
j= Y

which converges for |z] < |g] where ¢ 1is a pole of a(z) closest to

the origin or is the point at infinity if a(z) is a polynomial. From

this representation it follows that if |z] <1 and »n > o ,

) - o]

On the other hand, by the restriction (B), b(w, n) remains finite for all

n , and as 7 > © does not become larger in absolute value than a constant

n
power of »n . It follows that the series (1) converges in a neighbourhood

of 3 =20

Now, from (1), f(z, w) satisfies for every positive integer N the

functional equation

-1 N

"n
(3) flz, w) = ¥ a(zg ]b(w, n) + blw, N—l)f(zg

, w+N]
n=0

By means of this equation, f(z, w) can be continued into the whole of

|z] < 1 as a meromorphic function, with poles at the poles of the
M
functions a{z ]

Since w by (B) is not a zero of one of the functions b(w, n) , the
series (1) does not break off after finitely many terms, which would have
meant that f(z, w) was a rational function of 2z . We require a stronger

restriction.
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(C) If w satisfies the condition (B), then flz, w) is a trans-

cendental function of =z

2.

By means of the series (2), it follows from (1) that

ﬁ x on'
flz, w)y = % Y 4.2 7.b(w, n)
n=0 j=1
and hence that
(4) flz, v) = % F.w)z |
=1 7

where the new Taylor coefficients Eﬁ(w) are rational functions of w

given by
Faw) =) A pw, &),
with the summation extending over all pairs of integers r, S8 such that

r>1, =20, o%p = J

K

More generally, let K be any non-negative integer. Then f(z, w)

can be written as a power series

fla, 0= T F )
j=o 7
Here, for k =0 ,

F (w)y=1, F.(w) =0 if J=>1;

00 J0
for k=1 and 0= J = k-1,
Ejk(w) =0,
and for § = k=1,
(5) Ejk(w) = V\Apl e Apkb(w, 31) ... bw, sk)

with the summation extended over all sets of 2k integers rl, ey rk )
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S,y eues Sk which satisfy the conditions

o
=S

v

=

3

>1 , 8, = 0, «uu, Sk =0,

2 r, + ...+ 2 1
k

Thus all Taylor coefficients Fﬁk(w> are rational functions of w
It has advantages to define ij(w) also for J < O by putting

(7) Fﬁk(W) =0 if j <0

3.
Next let m be a positive integer, and let

c = {chk} (h, k=0, 1, ..., m)

be a set of (m+l)2 unknowns which will soon be selected.
We form the polynomial
m m
(8) r(z, w) = % Y epafla, )
h=0 k=0

in z and f(z, w) with C as the set of coefficients. It can be

written as a power series

(9) rlz, w) = 3 R.(w)ad

. k
Here, by the power series for f(z, w) ,

m

3
8

rlz, w) = hz Y E: chkfﬁk(w)zh+j ;
=0 k=0 j=0
whence
m m
(10) Rj(w) = hgo kgo chij_h’k(w)

In the sum on the right-hand side, the convention (7) is applied for

h>g
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These formulae show that the Taylor coefficients Hj(w) of r(z, w)

are linear forms in the (m+l)2 elements of (¢ , with coefficients that

are rational functions of w
2
Consider now the system of (m+l)” - 1 homogeneous linear identities
. _ . 2
(11) ]?j(w) =0 for J=0,1, «.., (m1) =2

Since the number of identities is smaller than the number of unknowns
. 2 .
, we can find (m+1)° polynomials

“nk

c = C

ALY
of w not all identically zero so as to satisfy all the identities (11).

llow, by hypothesis (C), f(z, w) 1is a transcendental function of z
This implies that »(z, w) as Jjust chosen cannot vanish identically in

% . Hence not all the coefficients Rj(w) are zero identically in w
There exists thus a smallest suffix M such that

(12) R (w) ¥ 0,
and here necessarily

(13) M= (m+1)2 -1
With this definition of M ,

© .
vz, w) = B ()5 + Y R.(w)s’

M j=&41

4.

From now on let =z and w have fixed values where

and where z and w satisfy the conditions (A) and (B).
Denote by [N a large positive integer and by e 09, c%,

positive constants which are independent of /¥ , but may depend on 2z, w ,

o

anc m
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The preceding formula for r(z, w) implies that

SN Sy o0 .y

(1k) r[z , w+1vJ =R (wtl)z= "+ Y R.(wtm)s” Y

M . J

J=+1

Here, by (10),

%7\ m
(15) Rj(w+N) = o kzg chk(w+N)fj_h’k(w+N) ,
and by (5),
(16) ij(wﬂv) = YAPI Ar_yb(wﬂv, sl) . blwn, sk) ,

where the summation is as in (6).

Since af(z) 1is regular in a certain neighbourhood of 2z = 0 and

vanishes at this point, there exists a positive constant ¢ independent

1
of z, w , and m such that the Taylor coefficients Aj in (2) satisfy

the inequalities
(17) la | =e! (G=1,2,3, ...)

The summation conditions (6) imply that in (16),

(18) L R < 4 and max(

) ., sk] < J-1

8>
where J is the function of j defined by

- |log J)
7 {log 2} .

Further the number of terms in (16) does not exceed

k

(4"
because each of the suffices Pl, ey rp has at most J possibilites and
each of the suffices 8 at most J .

IEIEREEIE )

These properties enable us to determine an upper estimate for the

right-hand side of (16). Firstly, by (17) and (18),

A ... 4,
Il )k

J
<
,Cl.
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Next, there evidently exist two positive constants 02 and 03 such
that for all »n = 0 and for all sufficiently large positive integers N ,

e
|B(wsli4n) | < e, (N+n) 3.

Since
b(w+l, n) = b(w+V+1)b(w+N+2) ... b(w+N+n) ,

this means that

" eqn

[bwsl, n)] < e (1n) R

and since in (16) all the integers 5.5 . Sk' are less than J , that
e kd
[b(w, s ) ... blwsy, s,)] = K () 3

1 k 2

It follows therefore from (16) that
e kd

ok J kJ, 3
(19) [ij(w+N)[ = (G e, ()
Since (16) was proved under the restriction that J = k = 1 , to begin with
the same restriction holds for this estimate. But in fact it holds also in

the excluded cases since then ij(w+N) is either 0 or 1

5.
An upper estimate for the coefficients Rj(w+N) in (14) is now easily

obtained. 1In the formulae (15) the coefficients (w+N) are fixed

“nk
polynomials in w + N which depend only on m . Hence two further

positive constants ey, and ¢ exist such that for all sufficiently large

5
N,

CL‘
< 2 -
e ] <o (h, k=0,1, ..., m)

On combining this with the formulae (15) and (19) it follows then that

c.md

> 3

LGN ()

&4
(20) |7 ()| = (m+1)2.chN Il
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This upper bound will be used only for suffices J at least equal to
M , hence, by (13), not less than 3 . For such values of g, J is at

least 2 , so that
N+ = NJ

c_mJ c.ml c_md
<y g3

Further, by definition,

and therefore

Hence (20) can be replaced by the simpler estimate

. CYlogj
(1) [Rj(w+1\/)| < c‘éZV it j =M

for all sufficiently large N ; here s and ¢ are two further

7

positive constants.
In particular, the rational function RN(w+N) of w + N is known not
/!

to be identically zero. It follows that there exist another pair of

positive constants cg and ¢ such that also

9

08 +c
(22) v o= !RM(wHV)I =

9
for all sufficiently large N

6.

We apply now the estimates (21) and (22) to the successive terms on

the right-hand side of (1L). Tt follows immediately that

o . o . e logi N,
| L st s vy T2
J=+1 J=+1

whence, on replacing J by M+ 1 +n ,
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[

»
e N
O

Here

log(L+(n/(M+1))) = o=,

M+
and therefore

V+1)
CYH/(H+L/ A

c
o

N

o
L
n=0

as soon as N 1is so large that

c

Now increase N still further such that also

og(M+1) qIVM 1 g
HEEE e

, c.,1
2cg+lN 7

n |

Then from (1b4) and from the last estimates,

QN
r|z

is sufficiently large.

ENM

< <

(23)

o] =2

1| )
E-kRM(w+N)z

provided N

In this formula,

2

2 2
M=z (ml) =1 =m +2m=m

Further by (22), for all sufficiently large N ,

N

A

N e -
‘RW(ww)gZ'Z ‘ = 9}2}2“"
: |

and therefore

2 N c N
!m .2 N 9!212.2 <

M
R (w+N)z

M

I

w

Hence the inequality (23)

¢ log

l F{M( w+l) z s

|no

599

(1+(n/ (1))

+c

QNM

leads to the following basic estimate.
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There exists a positive integer v, depending on  z, v , and m ,
0

P
such that

(24) 0 <

So far, the method used was analytical, and
2, 0 5, and f = f(z, w)
could assume arbitrary complex values. From now on we add an arithmetical
restriction and make use of number-thecretical ideas.

The new restriction is as follows.

(D) =, w, £, and all the coefficients of alz) and b(w) are
algebraic numbers.

Now each of the raticonal functions a(z) and b(w) has only finitely
many coefficients. Therefore (D) requires only that a certain finite set
of numbers are algebraic. Hence the operation of adjoining all the numbers
of this set to the rational number field @ {is equivalent to a simple

algebraic extension of 0 and leads to a certain algebraic number field

d over O . Denote by ( +the ring of all

K , say of the finite

algebrate integers in K .

For every element o of K let

0 , and as

be the set of its real or complex

usual put

iy
ol = max o

The functional equation (3) can be sclved for fla” w+NJ and allows

us to express this function value in terms of f = flz, w) as
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2N 1 N-1 9IV
f{z s w+N} = b(w, N-1)"(f = Y a(z“ Jb(w, n)l .

We combine this formula with the definition (8) of »r(z, w) , but

N
replace in the latter 2z by 2°  and w by w + N . Since Ch in (8)

are now polynomials chk(w> of w , it follows that

2N m o m SN k
(25) r[z ,w+zv] = L Y epplwmz” "blw, 1-1)7 X
h=0 k= ]
N-1 ?n k
x|\ f - Y a[z" Jb(w, n)
n=0

This representation together with the new arithmetic assumption (D) allow

N
to establish a lower estimate for P{z2 N w+N}? which by a suitable

choice of m and N can be made Zarger than the upper estimate in (2&),

so giving a contradiction.

For this purpose we first replace (25) by an equivalent formula in
which the rational functions that occur have been replaced by polynomials,

all with coefficients in O

Since af(z) and b(w) 1lie in K(z) and K(w) , respectively, these

rational functions can be written as the quotients

alz) = gm(—ji— and blw) = Lt

of polynomials in 2z and w , respectively, with coefficients in O
Denote by A the maximum of the degrees of a'(z) and a'(z) , and
similarly by B the maximum of the degrees of b'(w) and b"(w)

Further put

N-1 2n
Cl”(Z, [V) - T"I’an{g J s
n=0
and
p'(w, 0) =1, b'(w, n) =b"(wsl)b (w+2) ... b'(wn)

for n=1, 2, 3,
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b"(w, 0) =1 , b"(w, n) = b"(w+1)b"(w+2) ... b"(wn)
for n =1, 2, 3, ...

so that for all =n = 0 ,
bw, n) =

These definitions mean that

N
a”{za } is a factor of a'"(z, N) for 0 =<wn < N-1 ,

and similarly that
p"(w, n) 1is a factor of b"(w, N-1) for. 0 <n < N-1

Further, by the hypotheses (4A) and (B) all the values a'(z, N) and

b"(w, N-1) are distinct from zero.
In this new notation, the formula (25) is now equivalent to

v

(26) a"(z, M)"p"(w, N—l)mr[zg , w+N} =

n
chk(w+N)22 ha"(z, N)m_kb'(w, N—l)m_k x
k

V-1 n " "
a"(s" ) ’

We have not yet made any statement about the coefficients of the

polynomials Chk(w+N) of w + N +that occur in this relation. Now, since
r
alz) belongs to K(z) , its Taylor coefficients 4. lie in X .

Therefore, by (5), the coefficients of the rational functions F. (w) and

gk

so in particular those of the rational functions F. P(w> that occur in
Sk

J=7

the system of homogeneous linear identities (11) for the polynomials

<

chk(w) are elements of K . We are thus allowed to assume that the
coefficients of these polynomials chk(w) and hence also those of the
polynomials

(27) (wll) (B, k=0, 1, vvvy m)

c
hk
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lie in O , Jjust as the coefficients of a'(z), a"(z), b'(w) , and b"(w)

For shortness denote by ( the maximum of the degrees of the poly-

nomials (27); this number ( depends on m , but not on N .

9.

Since the three numbers 2z, W , and [ are elements of K , there

exists a smallest positive rational integer D such that the products
Dz, Dw , and Df
are algebraic integers in 0

With this definition of D , all the factors in (26) become elements
of K with denominators that divide certain integral powers of D . Upper
estimates for these powers are tabulated in the following table; the

numbers on the right-hand side are the exponents of D

I

?2 2n
a'(z) 4
n
a'{ze } a2.0"
)
an(z) A
a'(z, W) Alr + 2+ R 20_1) = A(Qy—l)
L i
e (“’i> where 0 < n = N-1 A(Ed—l)
a” {Zzb}
b'(w) B
b'(w, n) Bn
p'(w, N-1) B(N-1)
p" (w) B
p"(w, n) Bn
p"(w, N-1) B(N-1)
p" (w,-1)

iy vhere 0= = -1 B(-1)
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chk(wﬂ\l) c
n
a"(z, W) (w, 1-1)" am(2721) + Bm(m-1)
M nek, , nek W w
e (wi)z= "a" (2, 1" (w, W-1) o'm o+ am(2" 1) + Bm(w-1) + C
for h, k=0, 1, ..., m
" : v Vo
a'(z, M)b"(w, V-1).f a(2") + Bw-1) + 1 24.2" + 2N
- RNy A p"(w,N-1) v N
a' |z | T2l l by, ) Syttt 4.2 + a(2"1) + B(W-1) + B(N-1)
o7 b (w,n)
n -4
“ [Z } on. 2" + 2w

for 0 =n = N-1

By the last two lines,

N 7 N-1 1 ' n
p4-2 +23N.[a”(z, W)b'(w, H-1).f = Y a'[zg | 2l p, Qzﬁ%éﬁiél

L n=0

is an algebraic integer in O .
Further for h, Kk =0, 1, ..., m ,

(2 meam (V1) +Bm(-1)+0) + x(24. 2 +omH) < sam. oV

for all sufficiently large N , and then naturally also

Am(ZN—l) + Bm(N-1) < SAm.EN .

It follows therefore that the two expressions

vy mom N ;
er) v =0 Y Y e wna® e (s, 1) (w, )™
=0 k=0
N-1 n k
W= n n
% \a"(z, Wb (w, F-1).f = % a'(z2 } @ (5.0) 4y, ) Dl
- n b (w,m)
n=0 n[ 2 J
a 2
and
54 2N
(28) p" = 0?2 gz, W) (w, w1

are algebraic integers in (O and that
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N

’34 3.

(29) l‘[zz , w+1v] =

Here the assumptions (A) and (B) ensure that

7t 0.

10.

As before, we are only concerned with the case when 2, w , and m
remain fixed, while N Dbecomes very large. But now 2 and w are

elements of K , and therefore the new letters will

102 cll’ Cips e
denote positive constants which depend on the d algebraic conjugates of
z , the d algebraic conjugates of w , and on m , but which still are

independent of N . 1In particular, 010 and cll are the constants at

least equal to 1 which are defined by

elg = max (1, ﬁﬂ) and ey = max(1, ﬁﬂ ) .

If x 1is any element of K and p(x) any polynomial in K[xz] , then

(7) denotes the Jth conjugate of the value p(x) 3 1t is obtained

(4)

plx)

by replacing x by « and all the coefficients of p by their jth

conjugate. Hence

plx)] = max |p(m)(J)[
0<j<d-1
In this notation, the following estimates are easily obtained. In

them, J runs from 0 to d -1 and n from O to N -1 .

R G-
s el -
]w(j)+N[ sV if Nze . .
- - 11
a' 22n c cA'Zn
- 712710

<<
°13°%0
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vooaEl

°13°%10
a"(z,N R cA(zN_l)
oM 137710

B

=, 1] < -1)

IA

]
=)
i
I

clh(EN)

50w, 7Y < czh(2N)Bn

< N1 B(N-1)
b (w, ¥-1)| = )~ (2N)

(QN)B b if N=ec

o

B
3
i

015 11
n

Bn
oo (21

oy
I
-
S
A

uCRE cf;l(gw)B(”'l)

b (w,N-1)| . -1 B(N-1)

o) | - C§5 (2m)

chk(w+n) < 016(2N)C if N = el
[f]l =e

17’
Hence, for all sufficiently large N , by (27),

N N N
_ 54m.2 2 c m.2" mn Am(2"-1) Bm(N-1)
[»"] =D .(m+1) [cl6(2ﬁ) ©16 *%15%10 1), X

v
v A(e"-1) mN-1,,.\B(N-1)
X [cl3clo e (2m) .017 +

N-1 N .
+ N(0120§62 .ci§2 _l)'Ofil(2N)B(N_l)-0¥;1(2N)B(N"l)] ]]

and
7 = D5Am.2N cmNcAm(ZN-l] =1 gy Br(-1)
- 713710 "1k

In these estimates the constant ¢ does not depend on m or N .

10

An inspection of the right-hand sides shows therefore that there exists a
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positive constant E independent of both m and N such that for all
sufficiently large N ,

N N
(30) 1 =7"% ana [P <@ .

11.

Since »' is an algebraic integer in O which does not vanish, its

norm

is a rational integer distinct from O and so has at least the absolute

value 1 . Therefore, by (3.1),
, —(d-1) _ ~(d-1)m.2"
[»'| = 7 > F s
while on the other hand
N
|»"| < #"° .
It follows therefore finally from (29) that
N
2
r[z . w+N]

for all sufficiently large N .

—dm. 2"

(31) > F

In the opposite direction we found already that

ZN m2 2”
(2k) lr[z R w+1vH < |z|" - for N =N,

where 0 < |z] <1 . Here m was up to now a fixed but otherwise
arbitrary positive integer. We are thus allowed to assume that m is so

large that

Then

2 N N
|Z|m 20 E—dm.2

>

and hence the two estimates (24) and (31) contradict each other.
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This contradiction proves that the four hypotheses (4), (B), (C), and
(D) cannot all hold simultaneously. Hence we have proved the following

result.

THEOREM 1. rLet a(z) ¥ 0 and b{w) ¥ 0 be two rational functions

in z and w with algebraic coefficients where
a(0) =0 .
Put
bw, 0) =1, blw, n) = b(w)b(w+2) ... blw+n) for n =1

and

oo

n
fay w) = T a[z2 ]b(w, 2)

n=0

Assume that if 0 < |z| <1, if =z 1is not a pole of any one of the

n
functions a{z2 ] where n = 0, and if w <s neither a zero nor a pole

of any one of the functions b(w, n) where n =1, then f(z, w) s a

transcendental function of =z .

Then, 1f 2z and w still satisfy these restrictions and in addition

are algebraic numbers, the function value f(z, w) is transcendental.

12.

Let us consider one example. Choose

z
a(z) = %=,
1-2

and take
r 8 1
bw) =TT (wra-1) - TT (w8 -1)7
p=1 o=1

where r and 8 are arbitrary non-negative integers, and the constants

ap and Bo are algebraic numbers which, for reasons that will soon become

clear, are assumed to be real. Since in terms of the Gamma function,

r P(w+ap) s F(w+80-l)

b(w) = I:I.F(w+ap-l : l;l- Flw+60i >
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it follows that for »n = 0 ,

r T [w+0tp+n] s T+ BO)

b(w, n) = E—[————]—F oo . Q—F—Tr B

Here let w be fixed and not a zero or pole of b(w, n) for any n = 0 .
Then for large #n the value of b(w, n) 1is real if w 1is real, and it

has a fixed sign. This means that, if 0 < 3 <1 , then all terms of the
series f(z, w) have finally the same sign, and hence f(z, w) tends to

plus or minus infinity as =2z tends to 1 . But then, from the form of the

series, the same is true if =z tends radially to a 2kth root of unity
for any positive integer k . These roots of unity lie dense on the unit
circle and so this circle is a natural boundary for f(z, w) , and hence

f(z, w) is a transcendental function of =z .
When the numbers w, ap , and Bo are not all real, this simple

proof breaks down, and there may possibly be cases when f(z, w) becomes

rational in 2z .

In any case, on putting w equal to zero which now is not an

essential restriction, we obtain the following result.

THEOREM 2. Let r and s be non-negative integers, and let

Ups wees @y Bis vues Bs be real algebraic numbers which are all

distinct from O and the negative integers; Llet further 2z be any

algebratc number satisfying
0< |z] <1.

Then the infinite series

o pr Tf{a +n) s I'(8) o
DR o I o di
ne0 o=t T\ T g TBg) 22

1s a transcendental number.

By way of example, let us choose

3=%§,sothat “1/5 = .

Then, for n =1 ,
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where F  denotes the mth Fibonacci number. Hence Theorem 2 implies the
m

transcendency of the series

© P F(ap+n] s F(BO) . (F ]—l
¢ o

Y Tl
n=0 p=1 r OLp o=1 r Bo+n

In the special case when » =0, s=1, B

Mignotte referred to in the introduction.
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