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Abstract

Let p be a prime. This paper deals with solutions of functional equations
PP
fEP+fE)r + 2 2 eaf @ V(@) =0 (e =c)
r=0 s=0

in either formal Laurent series or in analytic functions. Examples connected to special modular

functions are considered.

Many years ago, in several papers dealing mainly with questions of
transcendency, I have studied (Mahler 1929, 1930a, 1930b) functional equations
of the type

f(z")= R(z,f(2)),

where n = 2 is a fixed integer, and R (z, w) is a rational function of its arguments
the numerator and the denominator of which are at most of degree n — 1 in w.

From the theory of transformation equations of modular functions one is
led to study the related type of functional equations

) FEY @+ 3 3 ef (7)) =0

where the coefficients ¢, are constants satisfying the symmetry conditions
(S) ¢, =c¢, forallr s

Here the unknown function f(z) is assumed to be analytic with at most a pole at
z =0.
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Although this kind of functional equation can be studied for any integer
n = 2, the theory becomes particularly simple when n=p is a prime. It is
therefore this special class of functional equations which will be considered in
the present paper. It would have some interest to investigate also the case of
general n, and further to study the more general class of functional equations
where the symmetry conditions (S) are not satisfied.

The first two chapters deal with solutions of the equation (E) that are formal
Laurent series f(z) in an indeterminate z, and we determine in particular the
number of independent parameters on which the set of all possible solutions f(z)
of this kind may depend. The third chapter contains then a proof that the formal
solutions f(z) do in fact converge for 0 < |z | < y where y denotes a sufficiently
small positive constant. This allows to prove that f(z) may be continued into the
whole unit circle, but may then possess an infinity of algebraic branch points.

In the last chapter we finally discuss connections of our results to special
modular functions and some of their transformation equations. Here the group
properties of the modular functions play only a very implicit role.

1. The basic modular function j(w) of level 1 is invariant under the full
modular group of all linear substitutions

aw + B

— Yo ¥ 6 (a, B, v, & integers satisfying ad — By = 1).

The function j(w) is regular in the upper halfplane Im (w) >0 and has a simple
pole at infinity which is made evident by the convergent Fourier expansion

jw)= E a,e’™ where a., =1, a,= 744, etc.
h=-1

Of fundamental importance are the transformation equations for j(w). Let
n = 2 be any integer. There exists then a unique irreducible symmetric polyno-
mial

F.(X,Y)=F.(Y, X)

of the exact degree

w(n)znn<1+—;—)

pln

in both X and Y, with the highest terms
X““'” and YY"

such that
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F.(j(nw), j(w))=0 identically in w.

More exactly, if {A, B, D} runs over all ¢(n) triplets of integers satisfying

A>0, 0=sB=D-1, D>0, AD=n (A B D)=1,

then the equation
F (X, j(0))=0
has as its roots exactly all the y(n) transformed functions

(éa)JrIg)
] D .

Of particular interest for us is the special case when n = p is a prime and
therefore ¢(p) = p + 1. Now the transformation equation

F(X.j(@)=0

has the p +1 roots

(2 (=) 222,

and the transformation polynomial F,(X, Y) has the explicit form

F(X,Y)= — (X" - YY" - X)+ ﬁ Z . XY’

r=0 s=0
where the coefficients c, are certain integers divisible by p and satisfying

Crs = Cypy o = 0.

2. Put
z=¢’™ and j(w)=f(2),
so that
f(@)=f(z)= 2 anz"
h=-1
becomes a Laurent series in the integral powers of z which converges for
0<|z|<1.

(The new variable z corresponds to the quantities g° of Jacobi and r of Klein.) In
terms of f(z), the roots of the transformation equation



68 K. Mahler [4]

F,(X.f(z))=0
can be written as
f(z°) f(z"7), f(ez""), -, f(e" ' 2'7),
where
g =e ™"
is a primitive pth root of unity.
If F,(X, f(z)) is written in its explicit form as a polynomial in X,

F, X, Z) :Xp{yl’SlXp’{"SzXP“l"“'{”"'isp+1,
P

then the coefficients sy, s, - - -, 5, are the elementary symmetric functions of its
roots,

5= (M) + f2"0) + flez M)+ (e 2,
522 (M) f(2 (2 )+ -+ fle? 2 2 M) (e 27,

(1)

S = f(2N)f(2")f(e2") - f(e? ' 2'7).

Each of the elementary symmetric functions is a polynomial in f(z) with
constant (integral) coefficients, and while s;, s, - - -, s, are at most of degree p in
f(z), s,.. has the exact degree p + 1 in f(z).

3. The properties just quoted have their analogues for other modular
functions, including those of higher level. In this paper, we shall try to extend
several of these properties to the solutions of a more general class of functional
equations

E(f(z"), f(z)) =0,

where F(X, Y) is a symmetric polynomial in X and Y of degree p + 1. The more
general kind of functional equation

F(f(z"), f(z)) =0,

where n =2 is a composite number, can be treated similarly, but requires the
discussion of more cases.
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Chapter 1. Formal Laurent Series

4. For the present we shall not be concerned with analytic functions of w or
z, but rather with formal Laurent series in one indeterminate z.

Denote by p a fixed prime and by K an arbitrary field not of characteristic p
which contains a root e# 1 of the equation x”—1=0; its p roots
1,e,e, -, " are then all distinct. Elements of K will be called constants.

Next let z be an indeterminate over K, and let K [[z]] denote the field of all
formal ascending Laurent series

- 5w

with coefficients a, in K. If the trivial case f(z) =0 is excluded, the notation can
always be chosen such that a,, # 0. Then m is called the order of f(z); this order
may be negative, zero or positive.

With the series f(z) there can be associated the set, Z; say, of the p +1
derived Laurent series

S0 NG (e ) (e, f(e 2

in z%, and z'”, respectively, and we can further form the elementary symmetric
functions sy, 52, -+ -, s, of these series, as defined in (1).
We now say that f(z) is an S,-series if

(A) No two of the elements of 2, are identical; and
(B) Every elementary symmetric function s, s, - - -, s,., of the elements of =, can
be expressed as a polynomial in f(z) with coefficients in K.

5. A number of simple properties of such S,-series f(z) follow immediately
from this definition.

Firstly, by (A), f(z) cannot be a constant since then all the elements of X,
would be equal to the same constant.

Secondly, since then f(z) & K, it can easily be proved that f(z) is transcen-
dental over K.

Thirdly, if C,# 0 and C, are arbitrary constants, also Cof(z)+ C, is an
S,-series and this series has the same order as f(z), unless f(z) has the order 0.

Fourthly, if n is any positive integer, also f(z") is an S,-series, but of order
mn.

Fifth, the representations of the elementary functions s, as polynomials in
f(z) with coefficients in K are unique by the transcendency of f(z).

The last property implies that we can associate with every S,-series f(z) a
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unique polynomial F(X,Y) in two independent indeterminates X and Y by
putting

FOX ) = (5 - e ¢ - etz

@ = XPT s X X s,

This polynomial F(X, Y) has again coeflicients in K; we call it the polynomial of
f(z). Before studying this polynomial, we establish a general property of certain
symmetric polynomials.

6. Denote by ®(X, Y) = ®(Y, X) any symmetric polynomial in X and Y of
the form

P P
OX, Y)=X""+ Y+ D Dy XY

r=0 s=0

with coefficients vy,, = y,, in K. The following result can then be proved.

THeoreM 1. Let f(z) be a series in K [[z]] such that all the elements of 2, are
distinct. If any one of the p + 1 equations

O(f(z"), f(z))=0 and D(f(e’z""),f(z))=0, where j=0,1,---,p—1,
is satisfied, then f(z) is an S,-series and ®(X,Y) is its polynomial.

Proor. It evidently suffices to prove that each of these equations implies the
other p equations; for then the elementary symmetric functions s, of the
elements of Z; become polynomials in f(z) with coefficients in K since they are
the roots of the monic equation

P(X, f(z))=0.
If, firstly,
P(f(z7). f(2)) =0,
then, on replacing z by &’z"%, it follows that also
O(f(z), f(e’z'"))=0 (G =0,1,---,p—1),

and the assertion is an immediate consequence of the symmetry of ®(X, Y).
Secondly, let for some j

O(f(e'2""), f(2))=0.

If now &’z is replaced by z, and hence (¢'z'?)" = z by z”, we obtain the
equation
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d(f(2), f(z7)) =0,

and so, by the symmetry of ®(X, Y), we are back in the first case in which the
assertion has already been proved.

7. The following theorem is basic for the further theory.

THEOREM 2. Let f(z) be any S,-series, and let F(X, Y') be the polynomial of
f(z). Then this polynomial is symmetric in X and Y and hence is of the form

P p
(3) FX,Y)=X"""+ Y+ Y . X'Y"

r=0 s=0

with coefficients c., in K satisfying the symmetry conditions
Crs = Cy (ns=1,"p)

Proor. Since F(X, Y) is monic in §, it suffices to prove the symmetry of
F(X, Y) because it has then the asserted form and the coefficients ¢, satisfy
Crs = Con

Two cases have to be distinguished. First assume that F(X, Y) is irreducible
over K. Since both f(z*) and f(z'") lie in X, evidently

F(f(z").f(z))=0 and F(f(z'"),f(z))= 0.

On replacing z by z” in the second equation, it follows that also

F(f(z), f(z7)) = 0.

The irreducible equation
) F(X f(z))=0

and the equation
F(f(z), X)=0

have therefore the root f(z”) in common and therefore share all the p +1
elements of 2, as roots. This requires, firstly, that F(X, Y) is at least of degree
p + 1in Y. Secondly, F(Y, X) necessarily is divisible by F(X, Y) and hence has
the form

) F(Y.X)=h(X, Y)F(X,Y)

where h(X, Y) is a certain polynomial in K [X, Y]. Here the degree in Y of
F(Y, X) is exactly p+1, and that of F(X,Y) is at least p+ 1. Hence both
polynomials are exactly of the same degrees p + 1 in both X and Y, and so the
factor
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h(X,Y)=h
is a constant. On applying twice the identity (5), once after interchanging X and
Y, it follows that
F(Y,X)=hF(X,Y)=h’F(Y, X),
hence that h’=1. Here h cannot have the value —1 since then F(Y, X)
= — F(X,Y) and therefore F(X,X)=0 so that F(X,Y) is divisible by X — Y,
contrary to the irreducibility of F(X,Y). Hence h=+1 and F(X,Y)
= F(Y, X), whence the assertion.
Secondly let F(X, Y) be reducible. It has then a factorisation

F(X,Y)=G(X, Y)H(X.Y)

where both G(X,Y) and H(X, Y) are polynomials in K [X, Y] which have
positive degrees in X. The two equations

(6) G(X, f(z))=0
and
(7 H(X,f(z))=0

together have all the p +1 elements of £, as their roots. Without loss of
generality the notation can be chosen such that the first equation (6) is
irreducible and has f(z ') as one of its roots. Replace z'"? in this equation (6)
successively by ez """ g?z"" .- ¢P7'z"". These substitutions leave both z and
f(z) unchanged, but transform f(z'"?) into f(ez'?), f(e’z'), -, f(e*~'2'"),
respectively, which therefore likewise satisfy the equation (6). This equation
cannot have more than p roots, and so the remaining element f(z”) of X,
necessarily satisfies the second equation (7). This equation (7) is linear and so is
also irreducible.
It follows then that

G(f(z"").f(z))=0 and H(f(z"),f(z))=0,
hence, on replacing z by z” and z'”, respectively, that also

G (f(z).f(z")=0 and H(f(z),f(z""))=0.

It has thus been shown that f(z'") is a root of both irreducible equation (6) and
of the equation

H(f(z), X) =0,
and similarly that f(z?) is a root of both the irreducible equation (7) and of

G(f(z), X)=0.
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These properties require that H(Y, X) be divisible by G(X,Y) and
G (Y, X) be divisible by H(X, Y), hence that G(X, Y) also be divisible by
H(Y, X). Hence there is a constant h# 0 such that

G(X,Y)=hH(Y,X)
and therefore that
FIX,Y)=G(X, Y)H(X,Y)=hH(X, Y)H(Y, X).
This identity shows that also in the present case F(X, Y')is symmetrical in X and

Y.

8. Let again f(z) be an S,-series, and let

p P
FX, Y)=X""+Y""+> > XY (¢.y = ¢o)

r=0 s=0

be its polynomial. We know already that if C, # 0 and C, are arbitrary constants,
then also

g(z)= Cof(z)+ C,

is an S,-series. Denote by

P P
GX.Y)=X""+ Y+ > d. XY, (d.=d,),

=0 =
the polynomial of g(z).
The set X, consists of the p + 1 Laurent series
g(z")=Cf(z")+ Cy;

g(e'z"")y=Cof(¢’z2"")+ C, where [j=0,1,---,p—1,

and these series are all distinct and satisfy the equation
G(X,g(z))=0,

while similarly the elements of 2, are the roots of the equation
4) F(X,f(z))=0.

Here both polynomials F(X, Y) and G(X, Y) are monic with respect to X
and to Y. They are therefore connected by the identity

(8) /(’)’H G(X, Y) = F(C()X + C], C()Y + Cl),

from which it easily follows that
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P P
(9‘1) Co,” d(m =2C 2 2 Crs CF*S,
S=0

P P

+1 + 1 p— s+ U S +S5—5
CONNS R U )cz~*+zchs(s)cf (5=1.2,-p),

R=0S8=

9c) CHd, = 2 2 ( )(f)C{“s (rns=1,2,---,p).

=r S=5s

In the special case when C, =0 and therefore
g(z) = Cof(2),
these formulae take the simpler form
(10) d,=C\" 7" "¢, (r,s=0,1,---,p).

We further note that, under no restriction on C,, the equations (9¢) imply in
particular that

(11) dy = CL ' .

9. There is one further set of transformation formulae which will soon be
needed.

Let again f(z) be any S,-series and let F(X, Y) be its polynomial. We say
that f(z)is an R,-series if also its reciprocal f(z) ' is an S,-series. Thus both f(z)
and f(z) ' are simultaneously S,-series and R,-series.

Assume that f(z)is such an R, -series, and denote as before by F(X, Y) the
polynomial of f(z) and similarly by

[
FOX, Y)= X4 Y+ 3 2 b XY (cn=ch,
r=0 s=0
the polynomial of f(z) . The set X, consists of the p + 1 Laurent series

fEP) S fET) L fez ) e (e 2 )
and both F(X, Y) and F°(X, Y) are monic and of the exact degrees p +1in X
and in Y. These two polynomials are therefore connected by the pair of
identities
(12)  FXY)=X"Y'M'FXLY), F(X,Y)=X"""YPF(XL Y.
The explicit formula (3) for F(X, Y) implies then that F°(X, Y) is given by

P P
FO(X, Y): Xrlg Ypu+ E 2 C’Sva—rH Y{)*X'Fl’

r=0 5=0
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and here both exponents p —r + L and p — s + 1 are at least 1. But F’ (X, Y) may
not contain any terms divisible by X**' Y or by XY”"'. Therefore necessarily

(13) Cm:Cm:() (5:0,1ﬁ,p)

Hence in the present case F(X, Y) has the special form

P P
(14a) FIX,Y)=X""+ YY"+ > Y c.X"Y",

=L os=1

and similarly F°(X, Y) has the form

p 14 .
(14b) FO(X, Y)=X"""+ Y+ > S o X" Y*

r=1 s=1

with the coeflicients
(15) CH=Cprirpsei (s=1,2,---,p).

By the complete symmetry in F(X, Y)and F°(X, Y) we can then conclude that
The conditions (13) are both necessary and sufficient for f(z) to be an

R, -series.

It is useful to note that both the double sums 2¢_, 27_, in (14a) and (14b) are

divisible by XY, hence are equal to zero if X =0 or Y = 0.

10. The following theorem shows the special role of series of positive order.
THEOREM 3. Every S,-series of positive order is alsc an R,-series.

Proor. Let f(z) be any S,-series of positive order. It suffices to show that
the polynomial F(X, Y) of f(z) has the form (14a), i.e. that its coefficients c,,
satisfy the conditions (13).

Assume this assertion is not true. There exists then a suffix o in the interval
0= o = p such that

co, =0 for s=0,1,---,0—1, but that ¢, #0.

We apply the identity
F(f(z"), f(z)) = f@")" + fz )" + ZO 20 ¢ f(z7)f(z) = 0.

Here by hypothesis
f(z)=a.z™ +--- and f(z°)= @uz™ + -~

where m >0, a,# 0, and the dots denote terms in higher powers of z. The
identity implies then that
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P
(16) ab ' zmPTP 4 g gl T L NN (a2 4 ) =),
r=0 s=0
If now 0=o =p—1, then there is in this identity only one term co,aoz™
involving the lowest occurring power of z, and this term cannot be cancelled by
any other term. If, however, o = p, then ¢,y = ¢, = 0 by the definition of o, and
SO Copa nz ™, which is now the term involving the lowest power of z, again cannot
be cancelled by any other term. This proves the assertion.
We shall soon show that there are S,-series of negative order which are not
also R,-series. There is thus an essential difference between the S,-series of
positive and of negative orders.

11. The next problem to be discussed concerns the question whether, for a
given integer m and a given constant a, # 0, there exists an S,-series

f:)= 3 e’

of order m and with the first coefficient a,.. The answer will depend on whether
m is positive, zero, or negative, and the conditions will be different in these three
cases.
We begin with the easiest case when m is negative, and we apply again the
identity (16) where now, however, m is a negative integer.
On writing the double sum in this identity as a Laurent series, the term in
the highest occurring negative power of z evidently is
Cop@@ P, 5 M(pzﬂJ)'
Similarly, the term in the highest occurring negative power of z arising from
(@mz™ + Y 4 (amz™ + - )P
is equal to
abtt. gmee)
These two terms must cancel one another, whence there follows the necessary
condition

(17) Cop = —aytt!

for a... This equation shows in particular that
the coefficient c,, of the polynomial F(X,Y) of f(z) is distinct from zero if
m <0, and - c,, is then the (p — 1)st power of an element of K.

12. In order to derive also sufficient conditions, it is convenient to put
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f(z)=a.g(z), where g(z)=z"+ i buz"

h=m+1

is again an §,-series of order m <0, but with the special property that 1 is the
coefficient of z™. Such a series is said to be normed.
As in §8, denote by

14 14
GX,Y)=X""+Y""'"+> 3 d.X'Y"  (d.=d.)
r=0 s=0

the polynomial of g(z). By (10), this polynomial has the coefficients
(18) d,=a," "¢ (r,s=0,1,---,p).
In particular, the necessary condition (17) takes now the simple form
(19) d, = —1.
This formula suggests to write G(X,Y) in the equivalent, but more

convenient form

200 G(X, Y)= — (X" - Y)(Y"—X)Jr}:: i D, X"Y* (D,, = D,,),

where
1) D,=d,+1=0, D,=d,+1, and otherwise D, = d,,
(r,s=0,1,---,p).
Denote now by D the set of all coefficients
D., where 0=r=s=p,

with the exception of the trivial coefficient D,, = 0. Further, if n is any integer
greater than m, let B, be any polynomial in

bwit, bpia, -+, b, and in the elements of D
with coefficients in K. The symbol B, need not always denote the same
polynomial.
13. The following basic existence result can now be proved.

THEOREM 4. Let G(X, Y) be any symmetric polynomial of the form (20) with
coefficients D,, in K where D,, =0, and let m be any negative integer. Then there
exists one and only one normed S,-series g(z) of order m such that G(X, Y) is its
polynomial.
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Proor. In analogy to earlier proofs, we apply the identity

G(g(z"),8(2)) =
(22) L
=BG NG -~ T Y 3 Dug(2")g(z) = 0.
Here
hence

g(z) = 2™ 4 sbpi 2™+ D (Sbaim + Buim-)z ™,
h=2

g(z?Y = z™ + b, 2™+ 22 (rbusm + Bhrom-1)z P,
Further, since p is at least 2,
g(z")y —g(z)=2z""+ 2 Bhimor 277"
and
g(z)" —g(z")=pbn. 2™+ E (Pbrsm + Buom 1)2™,
whence
(g(z7)" —g(2))g(2) — g(z2)) =
= Pbm+; Z Mm@l 22 (prm + Bmmvl)zm(pupw..
On the other hand,
Dl Yg(e) = Duzmt e 3 By zmirens

(r,S:(),lq"',p)‘

On substituting these Laurent series in (22) and equating the coefficients of
all the different powers of z to zero, we obtain an infinite system of recursive
formulae

(23) pbmH:DpvPﬂ; pbh—om: him-1 fOr h:2,3,4,""
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These formulae allow to determine step by step all the coefficients b,.,. and
prove both their existence and uniqueness.
The proof implies the following result.

CoroLLARY. The coefficients by ... of g(z) can be expressed as polynomials in
the elements of D with coefficients in K.

By means of a slight change of method one can show that, conversely, all the
elements of D can be written as polynomials in finitely many of the Laurent
coefficients by, with coefficients in K. This is also implicit in the definition of
G (X, Y) by means of the elementary symmetric functions of the elements of =,

14. Denote by g(z|m) the normed S,-series of order m <0 given by
Theorem 4, and put

24) glz]l=g(z |- 1).
The identity

G(glz"],glz])=0

implies that for every positive integer n also

G(glz"], glz"]) =0,

and here, by §5, g[z"] is again a normed S,-series, but of order — n. The
uniqueness proved in Theorem 4 implies then the identity

(25) glz|m)=g[z™"] for every integer m <0.

Thus, once g[z] is known, we know all the normed S,-series of negative orders
of which G(X, Y) is the polynomial.

On returning to the original S,-series f(z) of order m <0 with coefficient
a, # 0, Theorem 4 leads easily to the following more general result.

THEOREM 5. Let

PP
3) FX,Y)=X"""+ y?"'+ > > . X" Y*

r=0 s=0

be any symmetric polynomial with coefficients c,, in K where c,, # 0, and let

f)= 3

be any S,-series of order m <0 with the polynomial F(X, Y). Then a,, necessarily
is a root in K of the algebraic equation
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and f(z) has the form
f(z)=an-glz "]
where g[z] is the unique normed S,-series of order —1 with the polynomial
G(X,Y)=a,"""F(a.X, a.Y).
This result shows that it suffices to determine all normed S,-series of order — 1in

order to obtain all S,-series of arbitrary negative order.

15. The symmetric polynomial F(X, Y) contains P = [(p + 1)(p + 2)]/2 es-
sential coefficients, i.e., coefficients ¢, for which 0 = r = s = p. The most general
S,-series f(z) of negative order depends therefore on P independent parameters
¢, in K and in addition on the negative integer m which is its order. On the
other hand, the normed S,-series g[z] of order —1 involves only P—1
parameters for which we may take the elements of the set D defined in §12.

A further rather trivial reduction is possible. In the development

glz]=z"+2 bz"
h=0
the constant term b, plays no essential role, and we may consider the S,-series
hiz]=glz]—as=2z"+ 2, bz"
h=1

instead of g[z]. Also h[z] is a normed S,-series of order — 1; we call it a basic
S,-series. Let

14 14
HX,Y)= (X" - Y)(Y’"-X)+D, > E,X'Y* (E.=E,)
r=0 s=0

be the polynomial of h[z]. By the proof in §12,
(26) E,, =0.

To this condition we can add the further one,

(27) Epvl,p: Epypfl =(.
It can easily be proved by evaluating the coefficient of the power
Z—p2‘p+1

in the identity
E(h[z"], h[z])=0.
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It follows that the set of all basic S,-series depends on only

P—Z:ﬂ%}

independent parameters in K, viz., on the coefficients
E,, where O0=r=s=p,

but with the exclusion of the two trivial coefficients E,, =0 and E,_,,= 0.

We also see that, on allowing C, # 0 and C, to run over all constants, m to
run over all negative integers, and h[z] to run over all basic S,-series, the
expression

f(z)= Coh[z "]+ C,
describes all S,-series of negative orders.
16. Theorem 3 showed that if f(z) is an S,-series of positive order m, then
f(z)"is an S,-series of the negative order — m. We found that in this case the

polynomial F(X, Y) of f(z) and the polynomial F°(X, Y) of f(z)™' had the forms
(14a) and (14b) in §9, respectively. Both these polynomials contained only

0= Qg22+ 1)
essential coefficients on account of the conditions (13). If
f2)= 3 @',
the reciprocal function f(z)™' has a Laurent series which begins with the term
a,'z™™ Hence
g(z) = a.f(z)"

is a normed S,-series, and even, by Theorem 3, a normed R,-series; it has the
negative order — m. If the polynomial is written in the form

G(X,Y)= — (X" - Y)(YP—X)+§pj }pj D.X'Y' (D, =D,),

r=0 s=0

then §9 and §12 imply that
Dy, =D,,=0 for s=0,1,---,p, and D,, =0.

Here the first conditions hold because g(z) is an R,-series, and the last one since
g(z) is normed.
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Conversely, by Theorem 4, these properties of the coefficients of G(X, Y)
show that there exists to every negative integer — m one and only one normed
S,-series g(z) of the negative order — m belonging to G(X, Y), and this series is
an R,-series.

Denote again by g[z] the unique normed S,-series of order —1 the
polynomial of which is G(X, Y). Then for every positive integer m the normed
S,-series g[z™] is the unique S,-series of the negative order — m belonging to
G(X,Y). In terms of this series the original S,-series f(z) can be written as

(28) f(z)=a.glz"]".

It has in the present case no advantage to express in this formula g[z]} by the
corresponding basic series h[z].
We had put

Q:Pﬂ’{—ll

From the conditions for the coefficients D,, of G(X, Y), the normed series g[z]
depends only on the Q — 1 essential coefficients

(29) D,, where I=r=s=p,

of G(X, Y) where the trivial coefficient D,, = 0 has been excluded. The Q — 1
essential coefficients of G (X, Y) may run independently over K. Therefore the
set of all S,-series f(z) of arbitrary positive orders depends on exactly Q parameters
in K because a,,# 0 may still run over all constants. Naturally f(z) in addition
depends on its positive order m.

Since P > Q, the following result is obtained.

THEOREM 6. While the reciprocal of every S,-series of positive order is again
an S,-series, but of negative order, the reciprocal of an S,-series of negative order is
not in general an S,-series.

17. There remains the study of the S,-series of order 0. Let

f(z)=> a.z", where a,#0,
h=0

be such a series. Since f(z) may not be a constant, there exists a positive suffix m
such that

al:azz"':amlzo7 bu{ am#().
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(30) f(z) = a,+g(2),

g(z)= 2 az"
h=m

is an S,-series of the positive order m and so, by Theorem 3, is an R, -series.
This implies, by §9, that the polynomial G(X, Y) of g(z) has the form

p P
GX, Y)=X""+Y""'+> > d. XY  (d,=d,).

r=1 s=1

Let similarly

P P
FX,Y)=X"""+ YY"+ > > ¢, X'Y'  (cy=cy)

r=0 s=0
be the polynomial of f(z). Then, by the relation (30),
(31 F(X,Y)=G(X —a, Y —ao)

identically in X and Y, a formula which defines the polynomial of every possible
S,-series of order 0. We see that such a series f(z) depends on altogether Q + 1
parameters in K, namely the Q essential coefficients of G(X,Y) and the
coefficient a, # 0. In addition, f(z) depends also on the arbitrary positive integer
m, and it may be written in the form

f(z)=ao+ a.g[z"]",

where g[z]' denotes the unique normed S,-series of order 1 with the polyno-
mial G(X, Y).

18. As has just been shown, the set of all S,-series of order 0 depends on
Q + 1 parameters in K. On the other hand, we proved in §16 that the set of all
S,-series of positive order involves only Q such parameters, and it follows from
§§9-10 that the same is true for the set of all R,-series.

Therefore, in general, an S,-series f(z) of order 0 is not an R,-series and
hence its reciprocal f(z)™' is not an S,-series.

The question arises then whether there do exist exceptional S,-series of
order 0 which are R,-series. This question can be answered as follows.

Let f(z) be such an R,-series of order 0, and let again g(z) be the series of
positive order defined by the equation (30); it is of positive order and therefore is
an R,-series. Let G(X, Y) be the polynomial of g(z) as given in the last section,
and let similarly F(X, Y) be the polynomial of f(z). This polynomial has now the
simpler form
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~

P
F(X,Y)= X"+ YP'+ Z Z e X'Y? (Crs = Car).

The identity (31) can also be written as F(X + ao, Y + a)= G(X, Y) and is
equivalent to

P P
(X+a)"+(Y+a) "' +2 D e (X+a) (Y +a) =
r=1 s=1

(32)
_Xp+1+ Yp+l+2 E d,sX Ys

r=1 s=

On expanding the binomials on the left-hand side and comparing the coefficients
of the different power products of X and Y, we find that the terms in X**' and
Y”"" cancel out, and that the terms in X"Y*, where r and s run from 1 to p, just
allow to express the coefficients d,, of G(X, Y) as unique linear polynomials in
the coefficients c,.. The only remaining conditions still to be satisfied are that the
coefficients of the powers 1, X, X?,-- -, X” are equal to zero; by symmetry, this
implies then the same for the coefficients of the powers 1,Y, Y? -+ Y”.

These p + 1 conditions can also be obtained by simply putting Y = 0 in (32).
They are then contained in the single condition that

(33) (X +a)) ' +al™ + 2 E o (X +ag)ay=X"""

r=1 s=

identically in X.

If now the prime p is equal to 2, then on putting X = — a, we obtain the
condition that ag= (- a,)’, hence that a, = 0, contrary to hypothesis. Thus the
following special result holds.

THEOREM 7. There are no R,-series of order 0. In other words, if f(z) is an
S.-series of order 0, then its reciprocal f(z)™" is not an S--series.

A completely different position holds if the prime p is greater than 2.

Now, on replacing X by X — a, in (33), this identity takes the form
4 P +1
XP a3 > e Xay = E (” j 1>X' (— ao)’ ™.
r=1 s=1 r=0

Here the terms in X”*' and in a§*' cancel out, and the remaining terms lead to
the following system of p linear equations

(34 > cual = (pj1>(—ao)""” (r=1,2,---,p)

s=1
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for the coefficients c,. Each of the p diagonal coefficients ¢, occurs in one and
only one of these equations and has the coefficient a; # 0. These p equations are
therefore non-contradictory and allow to express the ¢, linearly in terms of the
remaining

essential coeflicients
(395) ¢, where 1=r<s=p,

and of the coefficient a,. Thus the following result has been established.
For p = 3 the set of all R,-series of order 0 depends on Q — p + 1 parameters

in K, viz., on the coefficients (35) and on a,.

Since both sides of the equation (34) have the common factor a,, we further find

that if F(X, Y) is given, a, has at most p — 1 possible values. For otherwise these

equations are satisfied identically in a,, and hence

Crporir = (=17 (p :L 1 ) for r=1,2,---,p, and otherwise ¢, = 0.
Therefore

14
F(X, Y) = XP+l 4 YPH 4 Z (__ 1)p~r+1 (P ‘:‘ 1 ) X'Yyr = (X _ Y)p+l'

r=1
However, the only Laurent series f(z) of order 0 satisfying the functional
equation

F(f(z"), f(2)) = (f(z°) - f(z))""' =0

is an arbitrary constant and so is not an S,-series.

19. In the preceding sections we studied in detail on how many parameters
does the general S,-series f(z) depend. The results were found to depend on
whether f(z) was of negative order, of positive order, or of order 0.

It was also found that every S,-series could be expressed in terms of the
normed S,-series g[z] of order — 1, and when we were dealing with S,-series of
negative order, this normed series could be replaced by the corresponding basic
series h[z] in which the constant term was equal to zero.

In the next chapter we shall deal in detail with the relation between such a
basic series h[z] and its polynomial H(X, Y).

Before studying this question, it is, however, appropriate to add some
remarks on the S, -series f(z) for which the corresponding polynomial F(X, Y)is
reducible.
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20. Let for the moment f(z) be an S,-series of arbitrary order, but with the
property that its polynomial F(X, Y) is reducible. By §7, F(X, Y) allows then a
factorisation

F(X,Y)=hH(X, Y)H(Y, X)

where h # 0 is a constant, and H(X, Y) is an irreducible polynomial which has
the exact degree 1 in X and p in Y, hence without loss of generality, may be
assumed to have the form

P
HX.Y)= X+ y,Y°
s=0

where yo, -, ¥o-1, ¥, 70 are certain constants. Hence
P [4

(36) F(X,Y):h(—YJrZ y,X')(—X-f—E ySY“).
r=0 s=0

Since X”"'is the term of F(X, Y) in the highest power of §, it follows at once
that
hy, = — 1.

Let now, firstly, f(z) be the negative order m, and let it be normed,
flzy=z"+-
The identity
H(f(z"), f(z)) =0,

which has already been used before, takes the explicit form
P
—(Z'“P+~--)+2 Yo (27 Ay =0,
s=0

Its term in z™ has the coefficient — 1+ vy, which must vanish; hence
v =1, h= -1

Hence the following result holds for reducible F(X, Y).
If f(z) is normed and of negative order, then its polynomial has the form

p—1 p—1
(37) F(X,Y)z—(X"—Y+Ey, ')(Y”«X+Z st$),
N r=0 s=0
hence depends on p parameters y,, yi, -, V-1 in K.
We must add a,, # 0 as a further parameter if f(z) is not normed. A similar proof
shows that if f(z) is basic, then also v,., = (.
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21. The two remaining cases lead to rather trivial results, as follows.

Let, secondly, f(z) be of positive order and normed. Then, on one hand, the
reducible polynomial F(X, Y) has the form (36). On the other hand, it follows
from §9 that F(X, Y) has the special form

(14a) F(X,Y)=X""+ Y"“+ié}ch’Y‘,
and here, by §§11-12,
Cop = — 1.

On comparing these two expressions for F(X, Y), it follows immediately that

Yo=vi= - =v.=0, y,=1, h= -1
and that therefore

F(X,Y)= —(X"=Y)Y" - X).

The corresponding equation

H(f(z"), f(z)) = f(z") = f(z)" = 0

is easily seen to have no other normed solution of the positive order m than the
monomial f(z)= z™ The general S,-series of positive order with a reducible
polynomial F(X, Y) has the form f(z) = a,z™ where again a,, # 0 is a constant.
Thirdly, let f(z) be of order 0 and not necessarily normed. Since f(z)— a, is
of positive order and still has a reducible polynomial, it follows now that f(z)is a
polynomial
f(z)=av+ a.z™, where a,#0 and a,#0

are arbitrary constants and m is any positive integer. The polynomial F(X, Y) of
f(z) has then the special form

FX,Y)= = (X = a)" = (Y = a)) (Y — a)” = (X — a0)).

In future an S,-series f(z) will be called general or special, according as to
whether its polynomial F(X, Y) is irreducible or reducible, respectively. By what
has just been proved, special S,-series of non-negative orders are monomial or
binomial polynomials and so have little interest. On the other hand, special
S,-series of negative orders have non-trivial properties.

Chapter 2. Basic series and their polynomials

22. As was found in the first chapter, S,-series of negative orders are more
general than those of non-negative orders, and the latter can always be
expressed in terms of S,-series of negative orders.
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It is for this reason that we shall from now on consider only S,-series of
negative orders. It will, in fact, be sufficient to deal only with basic series, i.e.,
with normed series of order — 1 in which the constant term is missing.

Let

(38) h[z]=z"+2 b.z"

be such a basic S,-series, and let, as in §15, its polynomial H (X, Y') be written in
the form

(39) H(X,Y)= — (X" - Y)(Y" —X)+§fj Z E.X'Y'  (E.=E,).

r=0 s=0

As was then already mentioned, the coefficients of H (X, Y) satisfy the condi-
tions

(40) E,=E, ,=E,,1=0.

We note once more that every S,-series of negative order m can be expressed in
the form

f(z)=ao+ anh[z "]

where a, and a,, # 0 are arbitrary constants, and that then, by §8, the polynomial
F(X,Y) of f(z) is given by

a':nﬂ F(X, Y) = H(an+ an X, as+ a, Y)

23. Theorem 4 and its corollary imply that, when H(X, Y) is given, the
basic S,-series h[z] is unique, and all its coefficients b, can be expressed as
polynomials in the coefficients E,, of H(X, Y). It was then already mentioned
that, conversely, it is similarly possible to write the coefficients H,, as polyno-
mials in a certain finite number of the coefficients b,. This representation will
now be established, but explicitly only in the lowest two cases when p =2 and
p = 3 because for larger primes p the formulae become rather complicated.

The idea, on which this calculation is based, is, however, quite simple. It is
founded on the definition of H(X, h[z]) as the monic polynomial in X of degree
p +1 which has as its zeros the p + 1 elements

(2] k(2" ] h[ez "], h[er 2]

of the set Z,. It is thus required to evaluate the p + 1 elementary symmetric
functions, s, s, -+, 5, say, of these p + 1 series, and then

HX h[z)=X"" =5 X"+ X" "=+ - £5,.,.
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Here the main problem lies in expressing the s; as polynomials in A[z] and in the
Laurent coefficients b,.

24. To begin with, the definition (38) of h[z] is easily seen to imply an
infinite sequence of identities

=h[z]+
z72=h[z]P=2bi+ -,
z '=h[z])'-3bh[z]-3b.+
2t = h[z])' = 4bh[z ] — 4b.h[z]+ b —4by) + - -,

(41)

etc., when the dots denote formal power series in negative powers of h[z].
Further positive powers of z are expressible as formal power series in such
negative powers.

Consider now, firstly, the simplest case when p = 2. The set £, consists of
the three series

h[z%] =27+ buz™
h=1

h 1/2 =z 4 N W=z = —z7 24 N —1)zh2,
(271 =2+ 3 b2 K[-2")= =z "+ S (- 1)
Here
h(z"]+h[—2"]=2D byz" and h[z"]h[-2z"]= -2z '— > Bu.z",
h=1 h=0
where the new coefficients B, are defined by

Bo=2b,, B.=2bs+bi, and

h—1
Bu=2bw i +22 (= 1Y "bbo ;+(—1)""bi for h=z=2.

The three elementary symmetric functions
=h[z’]+ h[z"]+ h[-2""],
:h[zl]h[zl/2]+h[zz]h[_21/2]+h[ 1/2]h[ I/Z]
5y = h[zz]h[z”z]h[— 21/2]

can therefore be written as the Laurent series
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s, =2z =2b,+ -,

(42) s:= (b= 1)z '+ Qb= 2b)+ -,
5y= =2 =2bz 7= byt b}z = (2bs+ 2bibi— b+ - -,

where the dots now denote power series in positive powers of z.

Replace now in (42) the terms in non-positive powers of z by their
expressions (41); they become then Laurent series in A[z]. But we know that
5., 5., and s, are polynomials in h[z]; hence the terms in negative powers of h[z]
must cancel out. The explicit expressions of si, 5., and s; take therefore the form

si=h[z]"—2b,
5o = (2b.— Dh[z]+ Qbs—2b).
§3 = — h[zlg— Zbih[zlz_ (2b;+ b%“ 3b1)h[2] - (2b;+ 2b.b3* b%— 3b3 - 4b%)

From these expressions, it follows immediately that the polynomial
H(X.Y) of h|z] has the following explicit form,

H(X, Y)= —(X*= Y)(Y? = X)+2b,(X*+ Y?)+ 2b.XY + (2bs = 2b)X +
(43) © (2ot b2—3b)Y + (2bs+ 2biby— b3~ 3b,— 4b3).
By Theorem 2, H(X, Y) is symmetric in X and Y. Hence
(44) 2b,=2by+ bi—b,.
The essential coefficients H,, of H(X, Y) are given by
Hy,=2b, H, =2b,
H, = 2by+ bi—3b,=2b,—2b,, Hy=2bs+2bibs— b3~ 3b,—4by,

and, conversely,
2by= Hp, 2b.=H,,

8b3 = 4Hm - H?iz + 6Hn:, 2b, = H, + Ho:,
lﬁbi = 8H(m" 4H()2H(11 + H?}Z + 2H(2)3"‘ ZH%K + 6H1).

Thus for basic S.-series h[z] the polynomial H (X, Y) is known if the first
five coefficients

(45) by, by, b3, by, bs

are given where, however, these five coefficients have to satisfy the condition
(44). Theorem 4 shows that no further restrictions on the coefficients (45) need
be imposed. Thus, when the equation (44) holds, then there always exists exactly
one basic S,-series with the first five coefficients (45).
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It should now be possible to express all further coefficients b, (h = 6) of
h[z] in terms of the coefficients (45). As we shall in fact immediately prove,
these coefficients b, with h = 6 can be written as polynomials in the coefficients
(45), where the numerical coefficients lie in the prime field of K.

25. For this purpose, a set of recursive formulae will now be established
which allows to evaluate step by step the successive coefficients b, once the
coeflicients (45) are given. Thus these recursive formulae depend only implicitly on
the polynomial H(X, Y) of h|z].

The construction is based on the two identities

sy =h|z’]+ h[z]+h[—-2"]=h[z]"—2b,,
s.=h[z)(h[z"* ]+ h(—z"*])+ h[z”.z]h[— 2= 2b, = Dh|z]|+(2b.—2b))
of the last section. If in these identities
hlz] h(27] k(2] h [~ 2"

are replaced by their Laurent series, the resulting identities contain only integral
powers of z. On comparing now the coefficients of these different powers and
putting their sums equal to 0, the required recursive formulae are obtained. By
means of a suitable linear combination, they can then be put in the following
forms where k runs over all positive integers, and empty sums are to mean 0.

k—1
(46a) bu = bacii+ 2, bbo,+ (bi— bo)/2,
j=1

2k 1

k
b4kox = blk pat E b,'bZk—,rZ~ 2 (_ l)jﬂl b,'b“,,, +
j=1 j=1

(46b) k~1
+ E bibu 4= babo + (b — b )2+ (ba+ ba)/2,
j=1
K
(46¢) bicio=bauit Z b1,
=
Kt 2k
b-tk 13 = bzk—<—4+ Z b,‘bzk j+3 E (‘ l)] ! b]b4k71r2+'
i=t =1
(46d)

k
+ E b/b4k 4j+2 7 bzban - (b§k4l" ban)/z-
j=1
There is a third identity
hl{z*)h[z"lh] - 2] =
—(h[z] +2bh[z) + (2bs+ bl —3b)h[z] + (2bs + 2bbs— b3 — 3b, — 4b3)),

Il

Il
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to which the same method may be applied. This leads then to a further set of
recursive formulae. But while the formulae (46) involve at most products of two
coeflicients by, and in addition have rather simple laws, the new formulae contain
products of up to three factors b, and are much more complicated. The first
three of the new relations are as follows.

2b7+2b1b5_2b3b4+ b%:
= b,(3bs +3b}) + 4b,b.+ (2bs + b} — 3b,)b,,

2bo+ 2b1b7 - 2b2b(~,+ 2b3b5 - bi =

2by+2b,bo—2b,bs+ 2bsb; — 2b.b+ bi=
=bi(2bs+ b))+ b+ (3bs+ 6b,bs+3b5+ b))+
+2b,(2bs+ 2b,b) + (2bs + b = 3b))bs,

and the further ones get even more involved. We can fortunately disregard all
these formulae because, by Theorem 4, they are necessarily consequences of (44)
and of the recursive formulae (46).

26. Next let p =3, and let
hlz]=z"'+ Z buz"
be any basic Si-series. The corresponding set 2, consists of the four series
h(z’]=2z"+ ;; bz ™,
and hle'z' ="z + 2 b.e"z"? where j=0,1,2.

Here ¢ denotes a primitive third root of unity in K.

The problem is again to express the elementary symmetric functions s,, s,
s3, 85 of the elements of %, -as polynomials in h[z]. This can be done just as for
p = 2, but the calculations become now more complicated. On substituting the
expressions so obtained for the s; in H(X, Y), this polynomial assumes the
following explicit form:
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H(X,Y)=
= —(X’=YNY' - X)+3b(X'Y + XY )+ 3b(X"+ Y')+3b:X° Y +
+(3by +3b,b) XY +3bo X Y?+ (3bs — 3b,by+ 3b3+ b} — 4b) X+
+ (3by— 6b,bs— 3b,) Y+ (3b, + 3b,bs + 3b,b, — 3b2— 9b) XY +
(47)  + (3bs—3b,bo+ 6b:bs— 3bsby+ 3biby—3b,b2by+ bs—9b,b, — 4b,) X +
+ (3byy+ 3b,bs+ 3b.b, — 6b3bg+ 3bsbs— 6b,bys— 6b1b, — 9b,b, — 3b) Y +
+ (3by,—3b,by+ 6b,bs— 3b3b; + 3bib, — 3b.bo— 3b,b.b + 303+
+3b3bs— 6b,bs— 3b,bsbs+ 3b,bi—3b,b:b.+ bi+ 6b1b, -
—4b;— 6b,b3—9b3—2bi+2b7 + b)).

Since H(X, Y) is symmetric in X and Y, the Laurent coeflicients b, that
occur in this representation must satisfy the following three symmetry condi-
tions:

bf»: b4+ blb2s
b(): bs+ b]b3+ b§+ (bT_ bl)/3a
(48) Bio= — buby+ by babs+ 2buby— biby— bibs+ 2b1bs— bibi+

+ bibs+2bbs— b byby+2b3b,+ (b3 — by)/3.

Thus for p = 3 the eight Laurent coefficients
(49) bl’ b27 b37 b47 b5» b7’ bxa bll

of h[z] determine b,, by, and b, and hence also determine the polynomial
H(X,Y).
The formulae (47) and (48) allow to write the eight essential coefficients

(50) E137 E()}, EZZ, EIZ, E()Z? Ell, E(Hy E(](D

of H(X, Y) as polynomials in the eight Laurent coefficients (49) of h[z], and
conversely, the latter can be expressed as polynomials in the coefficients (50) of
H(X,Y).

27. Just as for p =2, so also in the present case p =3 we can establish
recursive formulae for the coefficients b, of h[z]. It is to be expected that these
formulae will be rather more complicated. They again involve the coeflicients of
H(X,Y) only implicitly.
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Put

k(z)= D b.z™;
h=1

k(,(z)zz buz", kl(z):;bm,zh, kz(z):;obwzh.

The four elements of =, can then be written in the form
h[z’)=z "+ k(z2);

hle'z") =€z "+ koz)+ e'z2Pki(z)+ "2 ko(z) for j=0,1,2.

On evaluating their elementary symmetric functions, the terms in fractional
powers of z cancel out, and the s; become polynomials in z, k(z), ke(z), ki(2),
and k»(z). On the other hand, the expression (47) for H(X, Y) allows to write
them also as polynomials in h[z] and in the first eleven coefficients b, of h[z].

On carrying out these trivial calculations, we obtain the following set of
formulae.

Il

si=h[z]'=3bh[z]=3b.=z "+ k(z)—3ki(z),
3bsh[z)+3bsh[z]+ (3bs—6b,bs—3b)) =
32 ko(z) + 3k (2)ko(2) + 3ko(z Y — 3ki(2) - 32k (2)ko(2)
so= = 3bh[z] = 3beh [z + (1= 3bs— 3b,be— 3bb, + 33+ 9b3)h[2] -
— (3by—3b bs+ 6b.bs —3b3b,+3b7b.— 3bb:bs+ b3 —9b,b, — 4b,) =
=3z Y(ko(z)' = ki(2) = zki(2)ko(2)) + z "+ ko (2)' + 2k (2)' +
+ 3ka(2) 4+ 3zka(z ) + 27ka(2) = 3ko (2)ki(2) = 32k (2)K (2 )ha(2) +

+ 3k(z)(ko(2) = ki(z)— zk(2)k:(2)).

Ii

Here replace again h|z], k(z), ko(z), ki(z), and k.(z), by their series and then
compare on both sides of the resulting identities the coefficients of the different
powers of z: For the lower powers of z this leads only to trivial identities, or to
the symmetry conditions (48), or to equations that follow from these conditions.

But for h =4 the wanted recursive formulae are obtained. They have the
following forms:

_ 1 : 1 ~
(518) b}h = bhﬁ:"“ bxbh _lgbh/}+ 2 bjbhfjﬂ +§ 2 bhlbh'zbh,x*
R iz D hy+haths=h

where b, s denotes 0 if h is not divisible by 3, and in the multiple sum h,, h,, h;
denote positive integers of the sum h;
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1 Bt
banii= —bsby —2bsby. i — by, _:;‘b(;;+3)/3+ by.s— b Zl b,bh—j +

h+3 h—1 h—1
(Slb) + 2 bjbhr]04+ bz,b3h—3,_ 2 b’r]+lb1h 3j !+
j=1 j=1 j=0
1
+ 2 bbuwots X bubub,
1=j<h/3 P hythothy=h+3

where again b .3, denotes 0 if h is not divisible by 3, and where in the last sum
hi, h>, h; run over all positive integers of the sum h + 3;

b];Hg = %(1 - 3b7_ 3b1bs_ 3b2b4+ 3b§+ 9b?)bh - 2bﬁb}|+2_ 3h1bh.2“

h—

- b(,bh+}~ 2b3bh +4 b(hm)/x— blbh+(>+ bh+x“ brs Z b/bh—] -

j=1

h h+2 h+6

=3b1 2 b= b 2 bt X bt

J=1

h
2 bbbt D bbbyt D byby g —
j=1

1=j=h/3 1=j<(h+3)/3

51c (N
( ) - Z b]/*Zth'—R;fI - bz z thbhzbh‘-}'
j=0 hy+hothy=h
1
3 2 bububu— X bybusbut
D hy+thothy=h+6 3hi+hothy=h

+ z bh,b%kgolbkaz"l z b}h,b3h3b3h1+

3hyt+kotky=h—1 3h1+h3+hx:h
. 1
+ Z b;h]bzkz+1b1k;+z_“ b}k,olbiky—lb}kul——
hitkotks=h-1 3k|4k1+k‘;h—l
1
. b3k|+2b1ky»2blk1»27
3 kytkathky=h-2

where also b, . denotes 0 if h is not divisible by 3, and where in the multiple
sums letters h;, run over positive integers and letters k; over non-negative
integers.

There is a further set of recursive formulae corresponding to the two
expressions for the symmetric function s,, but I have not tried to determine this
set since it is naturally a consequence of the three sets (51).

28. For p =5 1 have not tried to determine H(X, Y) and the full sets of
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recursive formulae analogous to (46) for p =2 and (51) for p =3; for they
become very complicated.
We note, however, that the first symmetric function

p—1
S = h[ZP] + z h[sizl/p]’
i=o0

where ¢ denotes again a primitive pth root of unity in K, may still easily be
written as a polynomial in h[z], so that at least for the special coefficients b,, a
set of recursive formulae can be deduced. This is done as follows.

In the formula (41) of §24, we had for 1 = n = 4 written the expressions for
the terms in non-negative powers of h[z] of the developments of z " into
Laurent series in descending powers of h[z]. For n = 5 and n = 7 one similarly
finds that

(52) z °=h[z) = 5Sbh[z) = Sbh[z]+5(bi = bo)h[z]+ 5(bibs— ba)+ - - -

and
z 7 =h[z] = 7bh[z) = Tb:h[z]'+7Q2bi— bs)h[z] + T(3bib.— b)h[z] +
O3 92biba+ b3 bi= boh[z] +T(bibs+ biby— bib— b+ -

From the definition of s, as the first elementary symmetric function of the
elements of 2, it follows, on the other hand, that

(54) si=z "+ 2 bz +pY bz
h=1 h=1

Replace now again h[z] in (52) and (53) by its Laurent series and compare
the coefficients of the different powers z", where h = 1, in the resulting series
with those in the series (54). We obtain then the required recursive formulae for
b,, in the two cases when p=5or p=7.

We shorten these formulae by adopting the following notations. Similarly as
before, put b,,, equal to 0 if h is not divisible by p. Further, for any two positive
integers m and n put

o(m ;”):2 bu by, - - - b,

where the summation is extended over all sets of m positive indices hy, hs, - - -, h,,
which satisfy the equation

hi+hot o+ h, =n,

but put the sum equal to 0 if it is empty.
For p =5 the resulting formula is still reasonably simple, viz.
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b5;. = bh+4_ 3b1bh+2“‘2bzb;‘+1 + (b%‘— b;)bh + 20’(2, h +3)_
(55) —3bo(2h+ 1) = b3 h)+ 2035 h +2)— bio(3: h) +

+a(d; h+ 1)+%((T(5; h) = bus).

It becomes the trivial identity for h =1, but for 2= h =5 is equivalent to
biy=bs+ bibs+ b.b;,
bis=b,+ bibs+2b.bs+ bi+ bib,+ b,b3,
b = bs+ bibo+ 2bybs + 3bsbi+ b3+ 4b,byby+ bib,+ bibs,
bss = bo+ biby+ 2bsk o+ bibs+ 3bsbs+2b3—2b,b.bs+ 3b,b+ bibi+

+ 3bfb§+%(b? ~ b)) - bl

Here the equations for b,, and b,s occurred already amongst the recursive
formulae for p =2, and for p = 3, respectively.
For the prime p =7 the expression for b;, is far more complicated.

b = buio— Sbibus—4boby s+ 3207 — by)buo+2(3b by — b)b, . +
(2b,bs+ b3~ bi— bs)b, +30(2;h +5)— 10b,o(2; h +3)—
—6b.0(2; h +2)+32bi—b)o(2;h + 1)+
(56) +@3biby—b)o(2;h)+50(3;h +4)—10b,o(3; h +2)—
—4b,0(3; h + 1)+ (2bi—b)o (3, h)+50(4; h +3) -
=5bio(4;h+1)=bo(4;h)+30(5h +2)—b,o(5;h)+
+ o6, h+ 1) +%(0’(7; )= bu).
For h =1 this formula becomes again the trivial identity, butfor h =2 and h =3
it becomes
bis= bsy+ bibs+ b.bs + bib.,
by = bo+ bibs+ 2bybe + 2bsbs + bibs+ bi+2b b.bs+ b b3+ b3bs.
These two equations occurred already amongst the recursive formulae for p = 2,

and for p = 3, respectively.

29. As we mentioned already, the explicit determination of H(X, Y) for
p=S5 in terms of the Laurent coefficients b, of h[z] becomes excessively
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complicated. But it is still possible to formulate some general laws about this
interdependence.

By the corollary to Theorem 4, each of the Laurent coeflicients b, can be
expressed as a polynomial over K in the coeflicients E,; of H(X, Y). Conversely,
the formulae (43) and (44), and (47) and (48), show that for p =2 the E, are
polynomials in the four Laurent coefficients

bl, bz, b}, and bs,
and for p =3 in the eight Laurent coeflicients
by, by, bs, by, bs, by, bs, and by,

In each of these two cases a multiple of the highest coefficient (2bs or 3b,,) occurs
in the constant term E, of H(X, Y).

An analogous result is still valid for p = 5. Also here the highest occurring
Laurent coefficient, b,- say, arises in the constant term E,, of H(X, Y), and its
suffix h* can be found by the following simple consideration.

The highest elementary symmetric function s, ., of the elements of Z, is the
product

o 1 x
Spe1 = <z”’ +> b,,z"")h (8“’2"/" + b;.s”'z"”’).
h=1 h=1

i=0

Since p is odd, it can also be written as

p
Sp+1 ™ I’l[Z]FHLI + 2 Er)sh[zls-

s=0

On replacing in the second formula h[z] by its Laurent series, two different
developments of s,., into Laurent series are obtained, and on comparing them, it
is obvious that the coefficient of z°” will form a part of E,, and at the same time
will involve the Laurent coefficient b,.. The product formula for s,.; shows easily
that the coefficient of z° involves a term

pbPZ*'P*l 2

but none with a factor b, where h = p*+ p. Hence h* = p*+ p — 1. Itis also clear
that b,..cannot occur in any one of the other elementary symmetric functions
Sty 82,777, Spe

Thus H(X, Y) is already determined if all the Laurent coefficients

(57) : bi, where 1=h=p’+p-—1,

are given.
On the other hand, H(X, Y) depends by
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(40) Eyp=E, 1, =E, =0

on exactly

p_zzﬁﬁ1’7+_3)_1

essential coefficients E,, and the p?+p —1 Laurent coefficients (57) can be
expressed as polynomials in the latter.
This implies that the coefficients (57) have still to satisfy

(59) (¢ +p—1)- (HED- )21
independent algebraic conditions. Denote by C, this set of p(p — 1)/2 conditions.
For p =2,

pp=1_,

+p—1=5
pitp-1=5, 5 ,

and for p =3,
pap-1=11, 2E=D_3

in agreement with the results in §24 and §26.

The proof just given does not supply any information about the form of the
equations in C,. Presumably these equations will again be equivalent to the
symmetry conditions

E.,=E, (r,s=0,1,---,p).

It seems further plausible that in each of the equations of C, the coefficient b, of
largest suffix will occur linearly, just as it was for p =2 and p = 3.
The Laurent coefficients

(59) by, where h =p’+p,

do not occur in the explicit expression for H(X, Y), but, by the corollary to
Theorem 4, they can be expressed as polynomials in the coefficients E,, of
H(X, Y). The latter, on the other hand, can be written as polynomials in the
p’+p—1 Laurent coefficients (57). Hence the coefficients (59) can all be
expressed as polynomials in the coefficients (57). This suggests that they are
already polynomials in only certain

ppt3)_,
2
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of the coefficients (57). This assertion certainly holds in the two lowest cases
p =2 and p =3, as is obvious from the form of the equations (44), and (48),
respectively.

Chapter 3. Analytic S,-functions

30. So far, only formal S,-series over a field K have been considered. Here
the only restrictions on K were that its characteristic was distinct from p and that
it contained a primitive pth root of unity.

Now specialise K and assume that it possesses a non-trivial valuation w(x).
The question arises then whether a given S,-series over K has a region of
convergence relative to the metric induced by the valuation if the indeterminate
z is replaced by a variable in K.

We shall restrict the discussion of this problem to the particularly interesting
case when K is the complex number field C, and w(x) is the absolute value | x|
in C.

A given S,-series

fz)= 2 auz"
h=m
with coefficients in C may now possibly converge for
0<|z|<y

if y is a sufficiently small positive number. If this is the case, then f(z) becomes a
single-valued analytic function for |z | <y with at most a pole at z = 0.
It will be sufficient to study this convergence problem for basic S,-series

hiz]=z "+ D baz"
h=1

For by the results of the first chapter every S,-series can be expressed in a trivial
way in terms of a suitable basic series.

31. Let then h[z] be any basic S,-series with complex coefficients, and let
further

(39) H(X.Y)= —(X" - Y)(Y”—X)+§p‘, i E.X'Y' (E,=E,)

r=0 s=0

be its polynomial. We shall apply the following result which is a special example
from the theory of algebraic curves.
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(60) There exists a unique formal Laurent series
UX)= X"+ wX™""
h=1

with complex coefficients u, such that
F(X, U(X))=0.

Proor. The equation for U(X) has the explicit form

14

(61) (X”—U(X))(U(X)"—X)=§0§0E,SX'U(X)‘,

where again
Epp = Epﬂ.p: Ep‘p*l =0

since h[z] is basic.

Similarly as in previous proofs, denote by U, any polynomial in
u,, Us, - -+, u, with complex coefficients; this polynomial may vary in different
formulae.

Then evidently

o

XP—UX)=X"— X" = wX""

UXY = X = puX® 74 35 (s + Up )X,
hence
(X7 = UCONUXY = X) = pus X724 3% (puty + Uy ) X000
On the other hand,
XU(X) = X074 5, X0 27+ 3 sy + Uy )X 000

Here the sum pr + s for the terms E,,X"U(X)" with E, # 0 on the right-hand side
of (61) does not exceed the value p*>+ p — 2 obtained for the pair of suffices r = p,
s = p — 2. Hence, on comparing the coefficients of the different powers of X'
on the two sides of (61), we obtain the following infinite system of recursive
formulae,

pu,=E, 2, puy = Uy, for h=2,

which step by step determine all the Laurent coefficients u, uniquely.
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To the result (60) we can add the following corollary.

(62) There exists a positive constant ' such that
lu, |=T" (h=1,2,3,---).

For, if X runs over C, U(X) defines an algebraic function of X in the
neighbourhood of a branch point at infinity, and so the Laurent series for U(X)
necessarily converges for all sufficiently large finite values of | X|.

32. By definition, the algebraic equation

H(X, h[z])=0
has the p +1 roots
hlzP]l=z7"+---,
and hie'z""]=¢'z7""4+.-- for j=0,1,---,p—1

On replacing here X by Y and z by z”, it follows similarly by the symmetry of
H(X, Y) that the equation

H(h[z?],Y)=0
has the p + 1 roots
h(z%) =2 "+,
©3) and hle'z]=e’z'+--- for j=0,1,---,p—1.
On the other hand,
H(X, U(X))=0.
Here choose
X=h[z"]=z7"+ -,

so that

UX)=X"+> uX ""=z"+...
h=1
becomes a Laurent series in ascending powers of z beginning with the term z ',
But U(X) must be one of the series (63), and by the first terms of these series
U(X) is necessarily identical with h[z].
It has thus been established that

(64) hlz]=h[z"]" + 3 whlz*] ",
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33. In this identity write

b;.Z(hH)”: b]ZZp + szBP + b;ZAp + -

Ms

h(z?]=2z"(1+s) where s=
h

il

1
Then for every real number r,

h(z?] = z””g) ( r)s".

n

It follows therefore from (64) that

(65) h[z]zz"i ( r/lp>s"+§‘ 20 uhz"<_h/p)s".

n=0 n

The left-hand side of this identity is the Laurent series
h(z]=z""+, b.z".
h=1

Also the right-hand side can be written as such a Laurent series. On comparing
then again the coefficients of the different powers of z, we obtain a new
representation of the Laurent coefficients b, of h[z].
It is, however, advisable first to break off both sides of (65) at a suitable
finite power of z, and for this purpose we introduce the following notation.
Let M and N be any two positive integers. Then firstly, denote by

(s"; M)

the polynomial in z which consists of all those terms in the formal power series
for s” that involve only the powers 1, z, z% - -+, z™ of z. Secondly, let Lx be the
sum

N
(66) Ly=z"'42, bz"
h=1

of all terms on the left-hand side of (65) that involve only the powers

of z, and let Ry be the analogous sum of terms on the right-hand side of (65). It is
obvious that

(67) LN = RN,
and it further follows from (65) that

(68) RN:Z’1+Z"§’: (1/p)(s";N+1)+§ i uhz*’(*:/p)(s";NAh).

el n A=1 n=0
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Here the infinite sums can be replaced by finite ones. For the lowest term in

the power series for s" evidently is biz’™ and hence

(s";M)=0 unless M =2np.
It follows therefore from (68) that also
69) Ry=2z"'+z"'Y (%")(ﬂ N+ 1)+h2 uhz"< “:/”)(s" :N—h)
where the sum X, extends over all integers n satisfying

0=2np=N+1

and the double sum X, , over all pairs of integers h, n such that

h=z1l, n=z0, h+2np=N.

34. The numbers b, and u, and the numerical coeflicients that occur on the
two sides of the equation (67) are real or complex numbers. Denote by the
symbol * the operation which replaces all b, and u, and all these coefficients by
their absolute values and which simultaneously substitute 1 for z. If * changes Lx
and Ry into L% and R, respectively, it is obvious that

N
(70) Li=1+ |b.]
h=1
and
(71) LE=RE.

An upper estimate for R% can be obtained as follows. Denote by
[s";M]

the result of the operation * applied to (s" ; M). By the definition of s,

"= 2 .. 2 by, - - bhnzp(”l,+-'-+h"+n),

hy=1 hy=1

whence

(72) [ M= S by b

hy,ee

where the multiple summation is extended over all sets of n positive integers
hy, -, h, satisfying ‘

p(hi+ -+ h, +n)=M.

The number of terms on the right-hand side of (72) is therefore equal to
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<[M/P]) < oM,

n
and the suffices h,- -, h, are all less than M /p.
We know already that
(62) lu, | =T (h=1,2,3,---).

Assume that there further exists a constant C satisfying

(73) C=z5 and C=z=2""'TP +1
such that
(74) |b.|=C" for 1I=Sh=N-1,

where N is a certain integer not less than 6. For N =6 this assumption is
certainly admissible.

35. Let
M = pN,

an inequality which holds in particular when M = N + 1. The suffices h,, - - -, h,
in (72) are smaller than M/p and hence cannot exceed N — 1. The hypothesis
(74) may therefore be applied to all the coefficients b, in the multiple sum (72).

Since this sum has at most 2"’” terms, and since h,+ - - - + h,, is for all these
terms at most (M/p)— n, it follows that

[s";M]=2MP.C™P™" for 1=M =pN.

By the definition of R ¥ the equation (69) implies then the upper estimate
()
n
+ > < N h/p)

hon n

Here the sums X, and X,, are defined as in §33.
In the first sum,

2(N+1)/p . C((N+l)/p)~n +

Ri=1+,

2(N*h)/p . C((N*h)/p)fn

1/p) > ~on_ C
(n (él for all n, and ;}C _C—l<2

by the first assumption (73). Hence

o) 2|(7)

2(N+])/p‘ C((N+1)/p)7n é (2C)(N+l)/p i C*n < 2(2C)(N+I)/p'
n=0
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In the second sum,

<_::/p> has the same sign as (—1)",

so that

>

n=0 n=0

(THRYer =S (TH) o =a-cy

Therefore, by the second assumption (73),
ST ( - h/P)
h,n n

(76) . -
= QO Y 7 -2AC— )" <O E 2" =0

2(th)/p‘ C((N—h)/p)fn § 3 Iﬂh 1_ C—'l -h/p 2C (Nwh)/p____
-y

On combining the two upper estimates (75) and (76) with the earlier
formulae (70) and (71), it follows finally that

N
+ X B[S RE=14+2QO)N P+ 2C)Y7 < 1+3Q2C)N 7,
h=1

whence, in particular,
(77) [bn | <3Q2C)NTP,
36. This estimate can finally be replaced by
(78) [bn| < CN,
provided it can be established that
3eC)Mr=Cr.
This inequality will be satisfied if

(N+1yp N=(N+1)/p
3x2 =C ,

or equivalently, if
C = 3PIG-DN=11"1 3 N+ DIp=DN=1]7
This formula is, in fact, true. For N = 6 and p =2, hence
plp—1DN=-1]"=1/2 and (N+D[(p-1)N-1]"'=3/2,
and further
3P x 2 =24 <5,

while, on the other hand, C is at least 5 by the first assumption (73).
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The inequality (78) is therefore valid. Hence the induction hypothesis (74),
which was assumed to be true for N, holds also for N + 1. As it could be assumed
for N = 6, it holds then for every positive integer N, and so

(79) b |=C"  (h=1,23")

37. These inequalities (79) mean that the formal Laurent series h[z] is in fact
convergent for

0<|z|<1/C

In other words, h[z] is a single-valued analytic function for |z|<1/C with a
simple pole of residue 1 at z =0.

This result has been proved for every formal basic S,-series with complex
coefficients. It can immediately be generalised as follows.

THEOREM 8. Let f(z) be an arbitrary formal S,-series over C. Then there
exists a positive constant y such that f(z) converges for 0 <|z| <y and hence
represents a single-valued analytic function for |z | < y. The origin z = 0 is a pole
of f(z) if f(z) is of negative order, but is a regular point if the order of f(z) is
non-negative.

Proor. If the order m of f(z) is negative, then by §15 there exist a basic
S,-series h[z] and two constants C, # 0 and C, such that f(z) = Coh[z "]+ C..
If the order m of f(z) is positive, then Theorem 3 shows that f(z)™' is an
S,-series of the negative order — m. Hence in this case f(z) itself can be written
in the form

f(z)= (C()h[lm] +C)\

If, finally, f(z) has the order 0 and a, is its constant term, then f(z)— a, is an
S,-series of a certain positive order m, and so f(z) allows a representation

f(z)=(Coh[z™]+ Ci) ' + a,.

Our general convergence result for basic S,-series implies then the assertion
since in the last two cases f(z) can be expressed as a power series convergent in a
neighbourhood of z = 0.

38. If f(z) is any S,-series over C, then the same symbol f(z) is used to
denote the analytic function which is defined by the series in its region of
convergence is from here extended into its whole domain of existence by analytic
continuation. Such an analytic function is called an S,-function. In the special
case when f(z)= h[z] is a basic S,-series, we speak of basic §,-functions. It
would evidently suffice to study basic S,-functions.
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There are basic S,-functions which exist and are single-valued in the whole
z-plane; for instance, the rational functions z ' and z ' + z are for every prime p
of this kind. I do not know whether there are also non-rational algebraic basic
S,-functions. On the other hand, I conjecture that there exist transcendental
basic S,-functions which can be continued into the whole z-plane, but may be
multi-valued.

There do exist basic S,-functions which can be defined only in the unit circle

U:lz|<1,

and which in U are regular and single-valued except for the pole at z =0. A
particularly important example of this kind of function can be derived from the
modular function

](w) = E ahezpiw (a =1, a0 =744, etc.)
=1

by putting

2miw

z=e"™,

and subtracting from j(w) its constant term a,= 744. The transformation
equations for j(w) imply that the derived Laurent series

glz]l=z"+> auz"
h=1

defines for every prime p a basic S,-function. Since j(w) exists only in the
complex upper halfplane, g[z] is defined in U, but has the circle |z | =1 as its
natural boundary. It is single-valued and regular in U except for its pole at z = 0.

39. For arbitrary S,-functions only a weaker result can be proved.

THEOREM 9. Every basic S,-function can be continued into the whole of U,
but may become multi-valued by having a certain set of branch points in U, all of
finite orders. The function is regular at every point distinct from its pole z = 0 and
from these branch points.

The same result holds for general S,-functions of negative orders. For general
S,-functions of non-negative orders the same result remains valid except that now
there is no pole at z = 0, but there may be poles elsewhere.

Proor. It evidently suffices to prove the assertion for basic S,-functions
h[z]. In this case we know already that the only singularity of h2[z] in a certain
region |z|<1/C is the pole at z = 0.

Let the assertion be false. There exists then a largest open disc
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where 0 < p <1, in which the assertion is still true. We shall prove that this
assumption leads to a contradiction by constructing a larger open disc in which
h[z] has still the same properties.

For this purpose denote by p' a constant satisfying

pf<p<p' <1,
and let then V, and V, be the discs
Vii|z|=p" and V,:|z|=p/,

respectively. Thus V, is contained in V, and V is contained in V..
If H(X, Y) is again the polynomial of h[z], denote by A (X) the algebraic
function of the complex variable X which is defined by

H(X, A(X))=0.

(The formal Laurent series U(X) of §31 defines thus one of the branches of
A (X) at the point of infinity.) Since H (X, Y) is monic in X, A (X) is regular for
finite X except at its branch points, but also these branch points are not poles of
A (X).

We know that

H(h[z],h[z7])=0
identically in z. The definition of A (X) implies therefore that
h(z]= A(h[z"]).

Let now z run over the closed disc V., so that z? runs over the closed disc V,
and hence lies in a closed subset of V. By the hypothesis about V' the only
singularities of h[z”] are then its pole at z = 0 and a certain set of branch points
of finite orders; here this set can consist at most of finitely many branch points.
Since h[z] is an algebraic function of h[z?], it has the same properties for z in
V.. But by the definition of p’, V is a proper subset of the interior [z | < p' of V..
This implies our assertion and proves the theorem.

40. For the special case when p =2 and H(X, Y) is reducible, we shall now
construct a basic S,-function h[z] which is multi-valued and in fact has infinitely
many branch points in U.

By the remark to the formula (37) of §20 the polynomial H(X, Y) must have
the form

H(X,Y)= - (X°-Y+c (Y- X +c¢);

here ¢ lies in C. For simplicity, let ¢ be a positive constant.



110 K. Mahler [46]

In the present case the basic function
hlz]=2z""+ hil buz"
satisfies the functional equation
hlz)—h[z%]+c=0
from which it easily follows that h[z] is an odd function, hence that
bw =0 for h=1,2,3---.

We further find by the usual method that
h—1
bi=—c/2 and 2by. = — 2, byiibsno 1t b, for h=1.
=0

These formulae show in particular that all the coefficients b.,., are negative.
Thus, on taking only the term with j = 0 in the sum for 2b,; .4, it follows that

2b2h+|§ _blbz;,f] lf h_Z__l
and therefore that
b2h+l§_'(c/4)h (h=0’1’27...)'

Hence, if z is positive and the left-hand series converges,

S bzt = baaz* = =222 (cz¥4) = —8z(4—cz?) "
h=1 h=0

= h=0

Denote by y the radius of convergence of £5_, b,z". This estimate for the
series, and the fact that vy is positive by Theorem 8, imply that

0<y<2c ™.
Choose therefore ¢ > 4; then
0<y<l.

Since all the coefficients b, are negative or zero, the point z = y on the
positive real axis is a singular point of h[z], but by y* < y naturally is a regular
point of h[z?*]. By Theorem 9, z = y necessarily is a branch point of h[z]. The
functional equation requires then that

hlyl=c

Therefore h[z?] — ¢ has a'convergent development of the form

oo

h2f]=c= 2 ciz =),

h=1
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where ¢{#0, in a certain neighbourhood of z = y. Hence, by the functional
equation, h[z] allows in a possibly smaller neighbourhood of z = y a convergent
development

hz]= Y oz = y)”

where ¢, # 0.
On applying now the functional equation repeatedly, we see that also the
infinitely many points

2mim2-" _ 2-n m :0,1,"',2"—1>
€ Y < n:O’l’z’...

are branch points of h[z], possibly of higher order. These branch points
converge to every point of |z|=1. This circle forms therefore the natural
boundary of hz].

The same proof leads to the following result.

THEOREM 10. A basic S,-series h[z] defines a basic S,-function with at least
one branch point inside the unit circle if and only if its radius of convergence is less
than 1.

For there is again at least one singular point of h[z] on the circle of convergence,
and if its radius is less than 1, then by Theorem 9 this singular point must be a
branch point.

Just as in the example, if h[z] has at least one branch point inside |z | = 1, it
probably has an infinite sequence of branch points tending to this circle which
therefore becomes again a natural boundary.

Unfortunately, the actual determination of the radius of convergence of a
general basic S,-series h[z] when its polynomial H(X, Y) is given does not seem
to be an easy problem.

Chapter 4. Modular functions and S,-functions

41. In this final chapter we shall study relations between the theory of
S,-functions and that of certain modular functions.
To begin with, let

j(@)= 2 az’™  (a.=1)
hW="1

be the modular function of level 1. Put

2miew

zZ=e€
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and
fz)=z"'+ 20 az" and h[z]=z'+ 2 anz",
so that f(z)=h[z]+ ao.

Hence f(z) is a normed S, -function of order — 1, and h[z]is a basic S,-function,
both for every prime p. Both functions are regular for | z | £ 1, but have the circle
| z| = 1 as their natural boundaries; the origin is a simple pole of f(z) and h[z].

One has computed the coefficients a, for all suffices h = 500. Here are a few
of the first coefficients.

a, =744 a; = 4465,69940,71935

a, = 1,96884 as = 40149,08866,56000
a,=214,93760 a, = 3,17644,02297,84420

a; = 8642,99970 a,o = 22,56739,33095,93600
a. = 2,02458,56256 a;; = 146,21191,14995,19294

as = 33,32026,40600 a. = 874,31371,96857,75360
as = 425,20233,00096

For every prime p, the function j(w) satisfies the transformation equation

F,(j(pw),j(@)) =0,

where F,(X, Y) is a symmetric polynomial of degree p + 1 in X and Y which is
monic in both. Hence f(z) satisfies the functional equation

F,(f(z"),f(z))=0

and is by Theorem 1 a normed S,-function with the polynomial F,(X,Y).
Similarly, h[z] is a basic S,-function.

Since we may substitute the a. for the b,, the coefficients a, satisfy for every
prime p the corresponding infinite system of recursive formulae which allows
successively to determine all the coefficients with h = p*+ p as polynomials in
these coefficients with 1=h =p’+p—1; in addition, the latter satisfy
[p(p — 1)]/2 conditions.

For the lowest cases, we found for p =2 the recursive formulae (46)
together with the one condition (44), and for p = 3 the recursive formulae (51)
together with three conditions (48). For the next two cases p =5 and p =7 we
determined only the recursive formulae for the coefficients with suffices 5h and
7h, respectively, as well as a few other coefficients.
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Included in these recursive formulae and conditions are in particular the
following simple equations,

as= as+(ai— a))/2, as= as+ a,a;+ ai+(ai— a)/3,
as= as+ aa,, app = as+ a,a,+ aas,
az= as+ a,a;+(a3— a,)/2, a.= as+ a,a.+2a,a;+ ala..

From the earlier table of the numerical values of the coefficients they can easily
be checked.

It needs scarcely be stated that the recursive formulae for p = 2 are useful
for the computation of the coefficients a, of j(w), i.e., of h[z].

42. Denote by K(p) the set of all recursive formulae and conditions that
hold for the prime p and for every basic S,-function h[z]. The function h[z]
derived from j(w) is an S,-function for every prime p and is basic, hence satisfies
K(p) for every prime p. Therefore the infinitely many sets of formulae

K(2),K@3),K(5),K(7)," -
all hold for this special function h[z] and so are consistent with one another.

Our original investigation of basic S,-series and S,-functions involved only
one set K(p) belonging to a single prime p. It is then rather surprising that the
existence of the modular function j(w) and its property of satisfying all the
transformation equations of prime orders should imply certain relations between
the different sets K(p). It would have great interest to study these relations.

43. The theory of S,-functions allows to prove two theorems that explain in
how far the modular function j(w) is determined by its transformation equations
of any prime order.

THEOREM 11. Let p be a prime and F,(X, Y) the transformation polynomial
of j(w) of order p. Let further

d(z)=z"+D az"
h=0
be a formal Laurent series with coefficients in C such that

Fp(6(z7), ¢(2))=0.

Then ¢ (z) converges and defines a single-valued regular function for 0 <|z| <1,
and

j(@)= dle*m™

identically for all w in the complex upper halfplane.
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Proor. The polynomial F,(X, Y) is symmetric, monic, and of the exact
degree p +1 in X and Y. Further the formal series

$(z*), and (e'z"") where j=0.1,---p-1,

obviously are all distinct. It follows then from Theorem 1 that ¢(z) is a normed
S,-series of order — 1, and that F,(X, Y) is its polynomial. But the series f(z)
defined in §41 had exactly the same properties. Hence, by §12 and by Theorem 4,
the two series ¢(z) and f(z) are identical, whence the assertion.

THEOREM 12. Let p be a prime, and let

b(z)=z"+ 2 az"
h=0
be a formal S,-series such that
ar=a, for 0=h=p°’+p-1,

where the a, are the Fourier coefficients of j(w) as defined in §41. Then ¢(z)
converges and defines a single-valued function for 0 <|z|<1, and

(@)= d(e’™)
identically for all @ in the complex upper halfplane.

Proor. The coefficients a, of f(z) coincide for 0=h =p’*+p —1, from
which it follows that the polynomials ®(X, Y) of ¢(z) and F,(X, Y) of f(z) are
identical. For both polynomials are determined uniquely by the same set of
coefficients a, = a, with 0= h = p*+ p — 1. The assertion is therefore contained
in Theorem 11.

A completely different characterisation of j(w) by its transformation
equations was given by Siegel, (1964). It depended on the behaviour of j(w) near
fixed points of elliptic transformations.

44. There are modular functions of higher level which for suitable primes p
lead to S,-functions.

As a first example consider the cube root of j(w). In the notation of H.
Weber, (1908), p. 179, put

yow) = j(@)? =h(z]= 27"+ 2 bz,
k=0

where now, in the series for h[z], z denotes the cube root of the previous z,
7z = leriw/3’

and where the first coefficients bi. ., have the values
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b, =248, bs=4124, by=34752.

By Weber, (1908, l.c. p. 248), h|[z] certainly is a basic S,-function. For, as he
shows, the three functions h[z?], h[z'?], and h[— z'*] are roots of

F(X, h[z])=0,
where F(X, Y) in the present case denotes the symmetrical polynomial
F(X,Y)= —(X’= Y)Y?>= X)+496 XY — 54000 = 0.

Since h[z] is an S,-function, its coeflicients b, must satisfy the former
condition (44) and the recursive formulae (46) of §8§24-25. Here (44) trivially is
valid since b, always vanishes when h#2 (mod 3). For the same reason, the
recursive formulae (46) take now the following simpler form:

k-1
(793) 122 = Dokt Z b3j+2b6k'3/—~1,

=0

2k -1

k=1
b12k+5 = b6k+5+ 2 b3,‘+2b6k—3j+2— 2 (" 1)Jﬁlb3j+2bl2k73j+2+
=0 =0

k=1
(79b) + 2 bs,'nb 12k —12j—4 b2b6k+2 + (b§k+2 - b3k+2)/2 +
j=0
+(bakat bex2)/2,
k=1
(79C) bizis = beiis+ Z b3j+2b6k—3j+z + (b§k+'2 - b3k+2)/2,
j=0

k 2k
j—1
b12k+11 = b6k+x+ Z b3j+2b6km3j+5- 2 (_ 1)’ b3j+2bl2k~—3j+8 +
j=0 j=0

(79d) X
+ 2 bs,wzbuk-lz,wz‘ b2b6k+5'“ (bgk+5" b6k+5)/2~
j=0

Here as usual empty sums mean 0, and k may be any non-negative integer.
These recursive formulae can again be used to evaluate any number of
coeflicients b;... of h[z]. For the lowest suffices,

by =2,13126, b,.=10,57504, b,;=45,30744, by =173,33248.

It would be interesting to decide whether h[z] is an S,-function for all
primes p =2 (mod 3). The function in fact has this property when p =5, as
follows from the form of the transformation equation between j(w) and j(5w) as
given in R. Fricke, (1922), p. 393.

45. As a second example consider the Jacobi module
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= 1+4"
u(w)=k"=2vq" [ 7=

:21/2q1/8(1__q +2q2_3q3+4q4_6q5+9q6_ .. .)’

where
qa=e".
Put
z=e™"® and h[z]=(4/k)",
so that
© l6m 8
h(z]= H =z '+ E bgisrz®™,

where the lowest coefficients are
b;=bey=+1, bis=by=bss=bw=—1, byu=bs=bsw=b;=0.
Let now p be a prime satisfying
p==x1 (mod 8).

Then v(w)= u(pw) is connected with u(w) by a symmetric transformation
equation which in the lowest case p = 7 has the form (Fricke, l.c., p. 501)

u®+ v* - uv(Buv®—28u’v’ + 56u‘v* — 70u’v’ + 56u’v’ — 28uv + 8) = 0.

It follows from Theorem 1 that u is an R,-function of order + 1. By §9, this
explains why in this equation all terms different from u’ + v’ are divisible by uv.

We deduce by a trivial change of variables in this equation that the
polynomial H(X, Y) of h[z] is given by

F(X,Y)= - (X'- Y)(Y - X)+
FXY - 4X Y + 10X Y - 16X’ Y+ 16X2Y?> - 9XY) = 0.

There are thus particularly simple explicit expressions as polynomials in h[z] for
the elementary symmetric functions sy, s,, - - -, ss of the elements of Z,. These
would allow again to derive recursive formulae for the coefficients bg ..

It is clear that h[z] is a basic R,-function for all the primes 8n +1.

46. As a final example consider the Schlaefli modular equations which
concern the function (Fricke, l.c., pp. 502-8)

s(w) 21/3(kk )1/12 21/2 1/241"1 (1+q2n 1)—

=21/2q1/24(1_q+q2_2q3+2q4_3q5+4q6_...)’



193] A class of functional equations 117

where again g = ™. Put now
z =e7riw/24 and h[zlzzl/zs(w)—l’

so that
h[Z -1/2 H 1+q2n+1 =714 E b24k+23224k+237
) k=0

with the lowest coeflicients
bos= by = bos = biw=bius=bi= +1, b, =0,
bl‘?l b2]5 b239 b263 - + 2

Denote by p any prime not less than 5. Then the functions s(w) and
t(w) = s(pw) are connected by a symmetric algebraic equation with the highest
terms s”*' and ¢°*'. Hence Theorem 1 leads again easily to the result that in the
present case h[z] is a basic S,-function (and even a basic R,-function) for all
such primes.

For the lowest primes p =5 and p = 7 the transformation equations are

s+ o+ st(s*t*—4)=0 and s+ %= st(s%t°—Ts’’+8)=0,

respectively. This means that for p = 5 the polynomial H(X, Y) of h[z] is equal
to

H(X,Y)= - (X°- Y)(Y°- X)+5XY,

and for p =7 equal to
HX,Y)= -(X"- Y)Y - X)+7(X*'Y*- XY).
Of particular interest is the simple result for p = 5. From the explicit form of
H (X, Y) the elementary symmetric functions of the elements of £, are given by
si=h[z]’, s:=s:=5.=0, ss=—h[z], s¢=h[z]"

By means of these formulae it would again not be difficult, but rather tedious, to
derive recursive formulae for the coeflicients b 4x.2;. But since evidently bau .23 is
equal to the number of partitions of k + 1 into distinct odd integers, there is no
need to do so.
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